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Paper  001: 


Applications  of  DTALE:  Damage  Tolerance  Analysis  &  Life  Enhancement[3-D 

Non-planar  Crack  Growth] 

Atluri  SN 

Abstract:  The  solution  of  three-dimensional  cracks  (arbitrary  surfaces  of  discontinuity)  in  solids  and  structures  is 
considered.  The  BEM,  developed  based  on  the  symmetric  Galerkin  BIEs,  is  used  for  obtaining  the  fracture 
solutions  at  the  arbitrary  crack-front.  The  finite  element  method  is  used  to  model  the  uncracked  global  (built-up) 
structure  for  obtaining  the  stresses  in  an  otherwise  uncracked  body.  The  solution  for  the  cracked  structural 
component  is  obtained  in  an  iteration  procedure,  which  alternates  between  FEM  solution  for  the  uncracked  body, 
and  the  SGBEM  solution  for  the  crack  in  the  local  finite-sized  subdomain.  In  addition,  some  crack  growth  models 
are  used  to  advance  the  crack  front  in  fatigue  and  other  stable-carck-growth  situations.  The  crack-surface  mesh  is 
also  changed  correspondingly  in  the  BEM  model,  while  the  FEM  model  for  the  uncracked  structure  is  kept 
unchanged.  The  automatic  crack  growth  analysis  is  achieved  by  repeating  the  fracture  analysis,  and  the  life  of  the 
structural  components  is  estimated.  Furthermore,  the  initial  crack  size  and  shape  in  a  structure,  as  emanating  from 
a  microscopic  defect,  can  be  determined  by  utilizing  the  automatic  crack-growth  feature.  Some  state-of-the-art 
numerical  solutions  are  also  presented  to  indicate  the  type  of  problems  that  can  now  be  solved  using  currently 
available  techniques.  All  these  methodologies  are  embedded  in  a  user-friendly  software,  DTAEE  (Damage 
Tolerance  Analysis  and  Fife  Enhancement),  which  is  available  for  commercial  use  ,  in  the  safety  evaluation  and 
life-estimation  of  a  variety  of  structures.  Fife  enhancement  methodologies  with  deliberate  introduction  of  residual 
stress-fields,  is  also  a  feature  of  DTAEE. 

Source:  SID: Structural  Integrity  &  Durability,  1(1),  I-2I,  April  2005 
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Paper  003: 


Simulation  of  a  4(th)  order  ODE:  Illustration  of  various  primal  &  mixed  MLPG 

methods 

Atluri  SN,  Shen  SP 

Abstract:  Various  MLPG  methods,  with  the  MLS  approximation  for  the  trial  function,  in  the  solution  of  a 
4$'^{th}$  order  ordinary  differential  equation  are  illustrated.  Both  the  primal  MLPG  methods  and  the  mixed 
MLPG  methods  are  used.  All  the  possible  local  weak  forms  for  a  4$^{th}$  order  ordinary  differential  equation  are 
presented.  In  the  first  kind  of  mixed  MLPG  methods,  both  the  displacement  and  its  second  derivative  are 
interpolated  independently  through  the  MLS  interpolation  scheme.  In  the  second  kind  of  mixed  MLPG  methods, 
the  displacement,  its  first  derivative,  second  derivative  and  third  derivative  are  interpolated  independently  through 
the  MLS  interpolation  scheme.  The  nodal  values  of  the  independently  interpolated  derivatives  are  expressed  in 
terms  of  nodal  values  of  the  independently  interpolated  displacements,  by  simply  enforcing  the  strain- 
displacement  relationships  directly  by  collocation  at  the  nodal  points.  The  mixed  MLPG  methods  avoid  the  need 
for  a  direct  evaluation  of  high  order  derivatives  of  the  primary  variables  in  the  local  weak  forms,  and  thus  reduce 
the  continuity-requirement  on  the  trial  function.  Numerical  results  are  presented  to  illustrate  the  effectiveness  of 
the  primal,  as  well  as  two  kind  of  mixed  MLPG  methods.  It  is  concluded  that  the  mixed  MLPG  methods  are  very 
cost-effective. 

Source:  CMES: Computer  Modeling  in  Engineering  &  Sciences  7  (3):  241-268  MAR  2005 
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Paper  004: 


The  Basis  of  meshless  domain  discretization:  the  meshless  local  Petrov- 

Galerkin  (MLPG)  method 

Atluri  SN,  Shen  SP 

Abstract:  The  MLPG  method  is  the  general  basis  for  several  variations  of  meshless  methods  presented  in  reeent 
literature.  The  interrelation  of  the  various  meshless  approaehes  is  presented  in  this  paper.  Several  variations  of  the 
meshless  interpolation  schemes  are  reviewed  also.  Recent  developments  and  applications  of  the  MLPG  methods 
are  surveyed. 

Source:  Advances  in  Computational  Mathematics  23  (1-2):  73-93  JUL  2005 
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Paper  005: 


Truly  Meshless  Local  Petrov-Galerkin  (MLPG)  solutions  of  traction  & 

displacement  BlEs 

Han  ZD,  Atluri  SN 

Abstract:  The  numerical  implementation  of  the  truly  Meshless  Local  Petrov-Galerkin  (MLPG)  type  weak-forms 
of  the  displacement  and  traction  boundary  integral  equations  is  presented,  for  solids  undergoing  small 
deformations.  In  the  accompanying  part  I  of  this  paper,  the  general  MLPG/BIE  weak-forms  were  presented 
[Atluri,  Han  and  Shen  (2003)].  The  MLPG  weak  forms  provide  the  most  general  basis  for  the  numerical  solution 
of  the  non-hyper-singular  displacement  and  traction  BIEs  [given  in  Han,  and  Atluri  (2003)],  which  are  simply 
derived  by  using  the  gradients  of  the  displacements  of  the  fundamental  solutions  [Okada,  Rajiyah,  and  Atluri 
(1989a,b)].  By  employing  the  various  types  of  test  functions,  in  the  MEPG-type  weak-forms  of  the  non-hyper¬ 
singular  dBlE  and  tBIE  over  the  local  sub-boundary  surfaces,  several  types  of  MEPG/BIEs  are  formulated,  while 
also  using  several  types  of  non-element  meshless  interpolations  for  trial  functions  over  the  surface  of  the  solid. 
Specifically,  three  types  of  MEPG/BIEs  are  formulated  in  that  paper,  i.e.  MEPG/BIEl,  MEPG/BIE2,  and 
MEPG/BIE6,  as  per  the  consistent  categorizations  of  the  MEPG  domain  methods  [Atluri  and  Shen  (2002a)].  As 
the  accompanying  part  11,  this  paper  is  devoted  to  MEPG/BIE6.  In  particular,  the  moving  least  squares  (MES) 
method  has  been  extended  for  the  approximation  on  three  dimensional  surfaces,  which  makes  it  possible  for  the 
MEPG/BIE  methods  to  be  truly  meshless.  Numerical  examples,  including  crack  problems,  are  presented  to 
demonstrate  that  the  present  methods  are  very  promising,  especially  for  solving  the  elastic  problems  in  which  the 
singularities  in  displacements,  strains,  and  stresses,  are  of  primary  concern. 

This  paper  is  based  on  research  performed  under  the  support  of  ARO.  The  authors  gratefully  acknowledge  this 
support. 

Source:  CMES: Computer  Modeling  in  Engineering  &  Sciences  4  (6):  665-678  DEC  2003 
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Paper  006: 


The  Applications  of  Meshless  Local  Petrov- Galerkin  (MLPG)  Approaches  in 
High-Speed  Impact,  Penetration  and  Perforation  Problems 

Han  ZD,  Liu  HT,  Rajendran  AM,  Atluri  SN 

Abstract:  This  paper  presents  the  implementation  of  a  three-dimensional  dynamie  eode,  for  eontaet,  impaet,  and 
penetration  meehanies,  based  on  the  Meshless  Local  Petrov-Galerkin  (MLPG)  approach.  In  the  current 
implementation,  both  velocities  and  velocity-gradients  are  interpolated  independently,  and  their  compatibility  is 
enforced  only  at  nodal  points.  As  a  result,  the  time  consuming  differentiations  of  the  shape  functions  at  all 
integration  points  is  avoided,  and  therefore,  the  numerical  process  becomes  more  stable  and  efficient.  The  ability 
of  the  MLPG  code  for  solving  high-speed  contact,  impact  and  penetration  problems  with  large  deformations  and 
rotations  is  demonstrated  through  several  computational  simulations,  including  the  Taylor  impact  problem,  and 
some  ballistic  impact  and  perforation  problems.  The  computational  times  for  the  above  simulations  are  recorded, 
and  are  compared  with  those  of  the  popular  finite  element  code  (DynaSD),  to  demonstrate  the  efficiency  of  the 
present  MLPG  approach. 

Source:  CMES:  Computer  Modeling  in  Engineering  &  Sciences,  14(2)  1 19-128 ,2006 
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Paper  007: 


Meshless  Local  Petrov-Galerkin  (MLPG)  approaches  for  solving  nonlinear 
problems  with  large  deformations  and  rotations 

Han  ZD,  Rajendran  AM,  Atluri  SN 

Abstract:  A  nonlinear  formulation  of  the  Meshless  Local  Petrov-Galerkin  (MLPG)  finite-volume  mixed  method 
is  developed  for  the  large  deformation  analysis  of  static  and  dynamic  problems.  In  the  present  MLPG  large 
deformation  formulation,  the  velocity  gradients  are  interpolated  independently,  to  avoid  the  time  consuming 
differentiations  of  the  shape  functions  at  all  integration  points.  The  nodal  values  of  velocity  gradients  are 
expressed  in  terms  of  the  independently  interpolated  nodal  values  of  displacements  (or  velocities),  by  enforcing 
the  compatibility  conditions  directly  at  the  nodal  points.  For  validating  the  present  large  deformation  MLPG 
formulation,  two  example  problems  are  considered:  1)  large  deformations  and  rotations  of  a  hyper-elastic 
cantilever  beam,  and  2)  impact  of  an  elastic-plastic  solid  rod  (cylinder)  on  a  rigid  surface  (often  called  as  the 
Taylor  impact  test).  The  MLPG  result  for  the  cantilever  beam  problem  was  successfully  compared  with  results 
from  both  analytical  modeling  and  a  commercial  finite  element  code  simulation.  The  final  shapes  of  the 
plastically  deformed  rod  obtained  from  a  well-known  finite  element  code,  and  the  present  MLPG  code  were  also 
successfully  compared.  The  direct  comparison  of  computer  run  times  between  the  finite  element  method  (FEM) 
and  the  large  deformation  mixed  MLPG  method  showed  that  the  MLPG  method  was  relatively  more  efficient 
than  the  FEM,  at  least  for  the  two  example  problems  considered  in  the  present  study. 

Source:  CMES:  Computer  Modeling  in  Engineering  &  Sciences  10  (1):  1-12  OCT  2005 
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Paper  008: 


The  MLPG  mixed  collocation  method  for  material  orientation  and  topology 
optimization  of  anisotropic  solids  and  structures 

Li  S,  Atluri  SN 

Abstract:  In  this  paper,  a  method  based  on  a  combination  of  an  optimization  of  directions  of  orthotropy,  along 
with  topology  optimization,  is  applied  to  continuum  orthotropic  solids  with  the  objective  of  minimizing  their 
compliance.  The  spatial  discretization  algorithm  is  the  so  called  Meshless  Local  Petrov-Galerkin  (MLPG)  "mixed 
collocation"  method  for  the  design  domain,  and  the  material-orthotropy  orientation  angles  and  the  nodal  volume 
fractions  are  used  as  the  design  variables  in  material  optimization  and  topology  optimization,  respectively. 
Filtering  after  each  iteration  diminishes  the  checkerboard  effect  in  the  topology  optimization  problem.  The 
example  results  are  provided  to  illustrate  the  effects  of  the  orthotropic  material  characteristics  in  structural 
topology-optimization. 

Source:  CMES-COMPUTER  MODELING  IN  ENGINEERING  &  SCIENCES  Volume:  30  Issue:  I  Pages:  37- 
56,  2008 
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Paper  009: 


Topology-optimization  of  Structures  Based  on  the  MLPG  Mixed  Collocation 

Method 

Li,S;  and  Atluri,SN 

Abstract:  The  Meshless  Local  Petrov-Galerkin  (MLPG)  "mixed  collocation"  method  is  applied  to  the  problem  of 
topology-optimization  of  elastic  structures.  In  this  paper,  the  topic  of  compliance  minimization  of  elastic 
structures  is  pursued,  and  nodal  design  variables  which  represent  nodal  volume  fractions  at  discretized  nodes  are 
adopted.  A  so-called  nodal  sensitivity  fdter  is  employed,  to  prevent  the  phenomenon  of  checkerboarding  in 
numerical  solutions  to  the  topology-optimization  problems.  The  example  results  presented  in  the  paper 
demonstrate  the  suitability  and  versatility  of  the  MLPG  "mixed  collocation"  method,  in  implementing  structural 
topology-optimization. 

Source:  CMES:  Computer  Modeling  in  Engineering  &  Sciences,  Vol.  26,  No.  l,pp.  61-74,  2008 
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Paper  010: 


A  novel  time  integration  method  for  solving  a  large  system  of  non-linear 

algebraic  equations 

Liu  CS,  Atluri  SN 

Abstract:  Iterative  algorithms  for  solving  a  nonlinear  system  of  algebraie  equations  of  the  type: 
$F_i(xJ)=0,\nobreakspace  {}i,j=l,\ldots  ,n$  date  baek  to  the  seminal  work  of  Issac  Newton.  Nowadays  a 
Newton-like  algorithm  is  still  the  most  popular  one  due  to  its  easy  numerical  implementation.  However,  this  type 
of  algorithm  is  sensitive  to  the  initial  guess  of  the  solution  and  is  expensive  in  the  computations  of  the  Jacobian 
matrix  $\partial  F  iApartial  xj$  and  its  inverse  at  each  iterative  step.  In  a  time-integration  of  a  system  of 
nonlinear  Ordinary  Differential  Equations  (ODEs)  of  the  type  $B_{ij}\mathaccentV  {dot}05Fx_j+F_i=0$  where 
$B_{ij}$  are  nonlinear  functions  of  $x_j$,  the  methods  which  involve  an  inverse  of  the  Jacobain  matrix 
$B_{ij}=\partial  F  iApartial  xj$  are  called  "Implicit",  while  those  that  do  not  involve  an  inverse  of  $\partial 
F  iApartial  x_j$  are  called  "Explicit".  In  this  paper  a  natural  system  of  explicit  ODEs  is  derived  from  the  given 
system  of  nonlinear  algebraic  equations  (NAEs),  by  introducing  a  fictitious  time,  such  that  it  is  a  mathematically 
equivalent  system  in  the  $n+l$-dimensional  space  as  the  original  algebraic  equations  system  is  in  the  $n$- 
dimensional  space.  The  iterative  equations  are  obtained  by  applying  numerical  integrations  on  the  resultant  ODEs, 
which  do  not  need  the  information  of  $\partial  F  iApartial  xj$  and  its  inverse.  The  computational  cost  is  thus 
greatly  reduced.  Numerical  examples  given  confirm  that  this  fictitious  time  integration  method  (FTIM)  is  highly 
efficient  to  find  the  true  solutions  with  residual  errors  being  much  smaller.  Also,  the  FTIM  is  used  to  study  the 
attracting  sets  of  fixed  points,  when  multiple  roots  exist. 

Source:  CMES-COMPUTER  MODELING  IN  ENGINEERING  &  SCIENCES  Volume:  31  Issue:  2  Pages:  77- 
83,  2008. 
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Paper  Oil: 


Computational  Modeling  of  Impact  Response  with  the  RG  Damage  Model  and 
the  Meshless  Local  Petrov- Galerkin  (MLPG)  Approaches 

Liu  HT,  Han  ZD,  Rajendran,  AM,  Atluri  SN 

Abstract:  The  Rajendran-Grove  (RG)  ceramic  damage  model  is  a  three-dimensional  internal  variable  based 
constitutive  model  for  ceramic  materials,  with  the  considerations  of  micro-crack  extension  and  void  collapse.  In 
the  present  paper,  the  RG  ceramic  model  is  implemented  into  the  newly  developed  computational  framework 
based  on  the  Meshless  Local  Petrov-Galerkin  (MLPG)  method,  for  solving  high-speed  impact  and  penetration 
problems.  The  ability  of  the  RG  model  to  describe  the  internal  damage  evolution  and  the  effective  material 
response  is  investigated.  Several  numerical  examples  are  presented,  including  the  rod-on-rod  impact,  plate-on- 
plate  impact,  and  ballistic  penetration.  The  computational  results  are  compared  with  available  experiments,  as 
well  as  those  obtained  by  the  popular  finite  element  code  (DynaSD). 

Source:  CMC-Computers,  Materials  &  Continua,  4(1)  43-54,2006 
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Paper  012: 


The  optimal  radius  of  the  support  of  radial  weights  used  in  moving  least 

squares  approximation 

Me  YF,  Atluri  SN,  Zuo  CW 

Abstract:  Owing  to  the  meshless  and  loeal  characteristics,  moving  least  squares  (MLS)  methods  have  been  used 
extensively  to  approximate  the  unknown  function  of  partial  differential  equation  initial  boundary  value  problem. 
In  this  paper,  based  on  matrix  analysis,  a  sufficient  and  necessary  condition  for  the  existence  of  inverse  of 
coefficient  matrix  used  in  MLS  methods  is  developed  firstly.  Then  in  the  light  of  approximate  theory,  a  practical 
mathematics  model  is  posed  to  obtain  the  optimal  radius  of  support  of  radial  weights  used  in  MLS  methods.  As  an 
example,  while  uniform  distributed  particles  and  the  4$'^{th}$  order  spline  weight  function  are  adopted  in  MLS 
method  in  two  dimension  domain  and  two  kinds  of  norms  are  used  to  measure  error,  optimal  results  for  linear  and 
quadratic  basis  are  gained.  Finally,  the  test  data  verify  that  the  optimal  values  are  correct.  The  research  idea  can  be 
used  in  3 -dimension  problems  too. 

Source:  CMES: Computer  Modeling  in  Engineering  &  Sciences  12  (2):  137-147  APR  2006 
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Paper  013: 


Meshless  Local  Petrov-Galerkin  (MLPG)Mixed  Methods  for  Solid  Mechanics 

Han  ZD,  Atluri  SN 

Abstract:  Various  methods  have  been  developed  within  the  framework  of  the  Meshless  Local  Petrov-Galerkin 
(MLPG)  approach,  for  solving  solid  mechanics  problems.  A  "mixed"  interpolation  scheme  is  adopted  in  the 
present  implementation:  the  displacements,  displacement  gradients,  and  stresses  are  interpolated  independently 
using  identical  interpolation.  The  system  of  algebraic  equations  for  the  problem  is  obtained  by  enforcing  the 
momentum  balance  laws  at  the  nodal  points.  Numerical  examples  show  that  the  MLPG  mixed  methods  are 
accurate  and  efficient,  and  stable. 

Source:  Advances  in  Computational  &  Experimental  Engineering  and  Science,  2007,  pp.l748- 
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Paper  014: 


Atomic-level  stress  calculation  and  continuum-molecular  system  equivalence 

Shen  SP,  Atluri  SN 

Abstract:  An  atomistic  level  stress  tensor  is  defined  with  physical  clarity,  based  on  the  SPH  method.  This  stress 
tensor  rigorously  satisfies  the  conservation  of  linear  momentum,  and  is  appropriate  for  both  homogeneous  and 
inhomogeneous  deformations.  The  formulation  is  easier  to  implement  than  other  stress  tensors  that  have  been 
widely  used  in  atomistic  analysis,  and  is  validated  by  numerical  examples.  The  present  formulation  is  very  robust 
and  accurate,  and  will  play  an  important  role  in  the  multiscale  simulation,  and  in  molecular  dynamics.  An 
equivalent  continuum  is  also  defined  for  the  molecular  dynamics  system,  based  on  the  developed  definition  of 
atomistic  stress  and  in  conjunction  with  the  SPH  technique.  The  process  is  simple  and  easy  to  implement,  and  the 
fields  are  with  high-order  continuity.  This  equivalent  continuum  maintains  the  physical  attributes  of  the  atomistic 
system.  This  development  provides  a  systematic  approach  to  the  continuum  analysis  of  the  discrete  atomic 
systems. 

Source:  CMES: Computer  Modeling  in  Engineering  &  Sciences  6  (1):  91-104  2004 
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Paper  015: 


Computational  nano-mechanics  and  multi-scale  simulation 

Shen  SP,  Atluri  SN 

Abstract:  This  article  provides  a  review  of  the  computational  nanomechanics,  from  the  methods  to  classical 
molecular  dynamics  simulations,  and  multi-  temporal  and  spatial  scale  simulations.  The  recent  improvements  and 
developments  are  briefly  discussed.  Their  applications  in  nanomechanics  and  nanotubes  are  also  summarized. 

Source:  CMC-Computers,  Materials  &  Continua  1  (1):  59-90  MAR  2004 


17 


Paper  016: 


Multiscale  simulation  based  on  the  meshless  local  Petrov-Galerkin  (MLPG) 

method 

Shen  SP,  Atluri  SN 

Abstract:  A  multiscale  simulation  technique  based  on  the  MLPG  methods,  and  finite  deformation  mechanics,  is 
developed,  implemented,  and  tested.  Several  alternate  time-dependent  interfacial  conditions,  between  the 
atomistic  and  continuum  regions,  are  systematically  studied,  for  the  seamless  multiscale  simulation,  by 
decomposing  the  displacement  of  atoms  in  the  equivalent-continuum  region  into  long  and  short  wave-length 
components.  All  of  these  methods  for  enforcing  the  interface  conditions  can  ensure  the  passage  of  information 
accurately  between  the  atomistic  and  continuum  regions,  while  they  lead  to  different  performances  at  short 
wavelengths.  The  presently  proposed  Solution  Method  2  reduces  the  phonon  reflections  at  the  interface,  without 
increasing  the  computational  burden.  Multiple  length  scale,  multiple  time  step,  and  meshless  local  Petrov- 
Galerkin  (MLPG)  methods  are  used  in  the  numerical  examples. 

Source:  CMES:  Computer  Modeling  in  Engineering  &  Sciences  5  (3):  235-255  MAR  2004 
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Paper  017: 


Modeling  of  Piezoelectric  and  Piezomagnetic  Solids  by  the  MLPG  Method 

SladekJ,;  Sladek  V,;  SolekP,;  Atluri  SN 

Abstract:  A  meshless  method  based  on  the  local  Petrov-Galerkin  approach  is  proposed  to  solve  2-D  and  3-D 
axisymmetric  boundary  value  problems  in  piezoelectric  and  magneto-electric-elastic  solids  with  continuously 
varying  material  properties.  Axial  symmetry  of  geometry  and  boundary  conditions  reduces  the  original  3-D 
boundary  value  problem  into  a  2-D  problem  in  the  axial  cross  section.  Stationary  and  transient  dynamic  problems 
are  considered  in  this  paper.  The  mechanical  fields  are  described  by  the  equations  of  motion  with  an  inertial  term. 
To  eliminate  the  time-dependence  in  the  governing  partial  differential  equations  the  Laplace-transform  technique 
is  applied  to  the  governing  equations,  which  are  satisfied  in  the  Laplace-transformed  domain  in  a  weak-form  on 
small  subdomains.  Nodal  points  are  spread  on  the  analyzed  domain  and  each  node  is  surrounded  by  a  small  circle 
for  simplicity.  The  spatial  variation  of  the  displacements  and  the  electric  potential  are  approximated  by  the 
Moving  Least-Squares  (MLS)  scheme.  After  performing  the  spatial  integrations,  one  obtains  a  system  of  linear 
algebraic  equations  for  unknown  nodal  values.  The  boundary  conditions  on  the  global  boundary  are  satisfied  by 
the  collocation  of  the  MLS-approximation  expressions  for  the  displacements  and  the  electric  potential  at  the 
boundary  nodal  points.  The  Stehfesf  s  inversion  method  is  applied  to  obtain  the  final  time-dependent  solutions. 

Source:  in  Advances  in  the  MLPG  Method  ( Eds.  SN  Atluri,  J  Sladek,  and  J  Soric),  Tech  Science  Press,  GA,  2008. 
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Paper  018: 


The  Eulerian-Lagrangian  Method  of  Fundamental  Solutions  for  Two- 
dimensional  Unsteady  Burgers’  Equations 

Young  DL,  Fan  CM,  Flu  SP,  andAtluri  SN 

Abstract:  The  Eulerian-Lagrangian  method  of  fundamental  solutions  is  proposed  to  solve  the  two-dimensional 
unsteady  Burgers’  equations.  Through  the  Eulerian-Lagrangian  technique,  the  quasi-linear  Burgers’  equations  can 
be  converted  to  the  characteristic  diffusion  equations.  The  method  of  fundamental  solutions  is  then  adopted  to 
solve  the  diffusion  equation  through  the  diffusion  fundamental  solution;  in  the  meantime  the  convective  term  in 
the  Burgers’  equations  is  retrieved  by  the  back-tracking  scheme  along  the  characteristics.  The  proposed  numerical 
scheme  is  free  from  mesh  generation  and  numerical  integration  and  is  a  truly  meshless  method.  Two-dimensional 
Burgers’  equations  of  one  and  two  unknown  variables  with  and  without  considering  the  disturbance  of  noisy  data 
are  analyzed.  The  numerical  results  are  compared  very  well  with  the  analytical  solutions  as  well  as  the  results  by 
other  numerical  schemes.  By  observing  these  comparisons,  the  proposed  meshless  numerical  scheme  is  convinced 
to  be  an  accurate,  stable  and  simple  method  for  the  solutions  of  the  Burgers’  equations  with  irregular  domain  even 
using  very  coarse  collocating  points. 

Source:  Engineering  Analysis  with  Boundary  Element  Methods,  Volume:  32  Issue:  5  Pages:  395-412,  2008 
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Paper  019: 


Meshless  Local  Petrov-Galerkin  (MLPG)  Approaches  for  Solving  Nonlinear 
Problems  with  Large  Deformation  and  Rotation 

Z.  D.  Han,  A.  M.  Rajendran  and  S.  N.  Atluri 

Abstract:  A  nonlinear  formulation  of  the  Meshless  Local  Petrov-Galerkin  (MLPG)  finite-volume  mixed  method 
is  developed  for  the  large  deformation  analysis  of  static  and  dynamic  problems.  In  the  present  MLPG  large 
deformation  formulation,  the  velocity  gradients  are  interpolated  independently,  to  avoid  the  time  consuming 
differentiations  of  the  shape  functions  at  all  integration  points.  The  nodal  values  of  velocity  gradients  are 
expressed  in  terms  of  the  independently  interpolated  nodal  values  of  displacements  (or  velocities),  by  enforcing 
the  compatibility  conditions  directly  at  the  nodal  points.  For  validating  the  present  large  deformation  MLPG 
formulation,  two  example  problems  are  considered:  1)  large  deformations  and  rotations  of  a  hyper-elastic 
cantilever  beam,  and  2)  impact  of  an  elastic-plastic  solid  rod  (cylinder)  on  a  rigid  surface  (often  called  as  the 
Taylor  impact  test).  The  MLPG  result  for  the  cantilever  beam  problem  was  successfully  compared  with  results 
from  both  analytical  modeling  and  a  commercial  finite  element  code  simulation.  The  final  shapes  of  the 
plastically  deformed  rod  obtained  from  a  well-known  finite  element  code,  and  the  present  MLPG  code  were  also 
successfully  compared.  The  direct  comparison  of  computer  run  times  between  the  finite  element  method  (FEM) 
and  the  large  deformation  mixed  MLPG  method  showed  that  the  MLPG  method  was  relatively  more  efficient 
than  the  FEM,  at  least  for  the  two  example  problems  considered  in  the  present  study. 

This  paper  is  based  on  research  performed  under  the  support  of  ARO.  The  authors  gratefully  acknowledge  this 
support. 

Source:  Advances  in  Computational  &  Experimental  Engineering  and  Science,  2005,  INDIA,  pp.  1059- 
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Paper  020: 


SGBEM  for  Damage  Tolerance  Analysis  and  Safe  Life  Estimation 

Z.  D  Han  and  S.  N.  Atluri 

Abstract:  The  solution  of  3-D  arbitrary  cracks  is  obtained  by  using  the  alternatingmethod  between  the  Symmetric 
Galerkin  Boundary  Element  Method  (SGBEM)  and  the  finite  element  method  (FEM).  It  is  based  on  an  iteration 
procedure,  which  alternates  between  FEM  solution  for  the  uncracked  body,  and  the  SGBEM  solution  for  the  crack 
in  the  local  finite-sized  subdomain.  In  addition,  some  crack  growth  models  are  used  to  advance  the  crack  front  in 
fatigue  and  other  stable-carck-growth  situations.  The  crack-surface  mesh  is  also  changed  correspondingly  in  the 
BEM  model,  while  the  FEM  model  for  the  uncracked  structure  is  kept  unchanged.  The  automatic  crack  growth 
analysis  is  achieved  by  repeating  the  fracture  analysis,  and  the  life  of  the  structural  components  is  estimated. 
Furthermore,  the  initial  crack  size  and  shape  in  a  structure,  as  emanating  from  a  microscopic  defect,  can  be 
determined  by  utilizing  the  automatic  crack-growth  feature.  Some  state-of-the-art  numerical  solutions  are  also 
presented  to  indicate  the  type  of  problems  that  can  now  be  solved  using  currently  available  techniques. 

Source:  Advances  in  Computational  &  Experimental  Engineering  and  Science,  2008,  pp.l389- 
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Paper  021: 


A  Comparison  of  EfficientMeshless  Methods  with  Accelerated  Differentiation 

Algorithms 

J.S.  Eom,  S.  N.  Atluri 

Abstract:  A  series  of  efficient  meshless  methods  with  their  own  differentiation  algorithm  are  compared  in  this 
paper.  The  computational  cost  for  complicated  derivative  of  the  interpolation  functions  in  the  meshless  analysis  is 
more  expensive  than  traditional  element-based  method.  Several  promising  meshless  methods  with  simplified  and 
accelerated  algorithm  are  recently  proposed  in  order  to  reduce  or  avoid  the  direct  differentiation  of  meshless 
interpolation  function.  In  the  framework  of  Meshless  Local  Petrov-Galerkin  (MLPG)  method,  a  mixed  approach 
allows  to  use  the  independent  interpolation  scheme  for  the  displacements  and  its  gradients  and  stresses.  It  also 
reduces  the  support  size  and  lowers  requirements  for  trial  function.  In  MLPG  mixed  Finite  Difference  Method, 
the  divergence  of  the  stress  tensor  is  more  efficiently  obtained  through  the  generalized  finite  difference  method. 
Differential  quadrature  (DQ)  method  can  be  adopted  for  computing  derivatives  of  a  meshless  interpolation  from  a 
weighted  linear  sum  of  the  function  value  at  neighboring  nodes.  For  aforementioned  methods,  the  accuracy,  the 
efficiency,  and  applicability  of  the  methods  are  numerically  tested  to  linear  static  elasticity  problems.  Their 
advantages  and  disadvantages  are  compared  and  discussed  based  on  numerical  observation. 

This  paper  is  based  on  research  performed  under  the  support  of  ARO.  The  authors  gratefully  acknowledge  this 
support. 

Source:  Advances  in  Computational  &  Experimental  Engineering  and  Science,  2008,  pp.859- 
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Applications  of  DTALE:  Damage  Tolerance  Analysis  and  Life  Enhancement  [3-D 

Non-plannar  Eatigue  Crack  Growth] 

S.  N.  Atluri  1 


Abstract:  The  solution  of  three-dimensional  eraeks 
(arbitrary  surfaees  of  diseontinuity)  in  solids  and  strue- 
tures  is  eonsidered.  The  BEM,  developed  based  on  the 
symmetrie  Galerkin  BIEs,  is  used  for  obtaining  the  frae- 
ture  solutions  at  the  arbitrary  eraek-front.  The  finite  el¬ 
ement  method  is  used  to  model  the  uneraeked  global 
(built-up)  strueture  for  obtaining  the  stresses  in  an  oth¬ 
erwise  uneraeked  body.  The  solution  for  the  eraeked 
struetural  eomponent  is  obtained  in  an  iteration  proee- 
dure,  whieh  alternates  between  EEM  solution  for  the  un¬ 
eraeked  body,  and  the  SGBEM  solution  for  the  eraek 
in  the  loeal  finite-sized  subdomain.  In  addition,  some 
eraek  growth  models  are  used  to  advanee  the  eraek  front 
in  fatigue  and  other  stable-earek-growth  situations.  The 
eraek-surfaee  mesh  is  also  ehanged  eorrespondingly  in 
the  BEM  model,  while  the  EEM  model  for  the  uneraeked 
strueture  is  kept  unehanged.  The  automatie  eraek  growth 
analysis  is  aehieved  by  repeating  the  fraeture  analysis, 
and  the  life  of  the  struetural  eomponents  is  estimated. 
Eurthermore,  the  initial  eraek  size  and  shape  in  a  strue¬ 
ture,  as  emanating  from  a  mieroseopie  defeet,  ean  be 
determined  by  utilizing  the  automatie  eraek-growth  fea¬ 
ture.  Some  state-of-the-art  numerieal  solutions  are  also 
presented  to  indieate  the  type  of  problems  that  ean  now 
be  solved  using  eurrently  available  teehniques.  All  these 
methodologies  are  embedded  in  a  user-friendly  software, 
DTAEE  (Damage  Toleranee  Analysis  and  Eife  Enhanee- 
ment),  whieh  is  available  for  eommereial  use  ,  in  the 
safety  evaluation  and  life-estimation  of  a  variety  of  strue- 
tures.  Eife  enhaneement  methodologies  with  deliberate 
introduetion  of  residual  stress-fields,  is  also  a  feafure  of 
DTAEE. 

keyword:  damage  toleranee  analysis,  life  enhanee- 
menf,  arbifrary  3D  surfaee  eraek,  finife  elemenf  mefhod, 
symmefrie  Galerkin  boundary  elemenf  mefhod,  fhe  alfer- 
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nafing  mefhod. 

1  Introduction 

The  ealeulafion  of  fraeture  meehanies  parameters  (sueh 
as  the  stress  intensity  faetors  of  Modes  I,  II  and  III),  for 
arbitrary  non-planar  three-dimensional  surfaee  and  inter¬ 
nal  eraeks,  remains  an  important  task  in  the  struetural  in¬ 
tegrity  assessment  and  damage  toleranee  analysis  [Atluri 
(1997)].  The  three-dimensional  stress  analyses  of  eraek 
eonfigurations  have  reeeived  a  lot  of  attention  in  the  last 
two  deeades.  Various  methods  have  been  investigated 
to  obtain  the  stress-intensity  faetors  for  surfaee  eraeks: 
the  finite  element  method  (EEM),  the  boundary  element 
method  (BEM),  the  eoupled  EEM-BEM  method  and  the 
EEM-BEM  alternating  method,  as  summarized  in  [Atluri 
(1986)].  They  were  used  sueeessfully  for  this  purpose. 

The  finite  element  method  is  generally  regarded  as  the 
most  powerful  numerieal  method  sinee  it  ean  handle 
eomplieated  geometries  and  loading  eonditions.  The 
fraeture  meehanies  problems  are  solved  by  using  singu¬ 
larity  elements  [Tan,  Newman  and  Bigelow  (1996);  Raju 
and  Newman  (1979)]  or  displaeement  hybrid  elements 
[Atluri  and  Kathireasan  (1975)],  or  by  using  eertain  path- 
independent  and  domain-independent  integrals  based  on 
eonservative  laws  of  eontinuum  meehanies  [Nikishkov 
and  Atluri  (1987);  Shivakumar  and  Raju  (1992)].  Unfor¬ 
tunately,  these  methods  require  an  explieit  finite-element 
modeling  of  eraeks,  sueh  as  in  HKS/ABAQUS.  They  en- 
eounter  a  serious  diffieulty  in  the  mesh  generation  when 
they  are  applied  to  three-dimensional  problems,  with  the 
extremely  high  human  labor  eost  for  ereating  appropriate 
meshes  for  eraeks  in  struetural  eomponents  of  arbitrary 
geometry.  In  addition,  it  is  almost  impossible  to  keep 
ereating  the  meshes  with  high  quality,  during  eraek  prop¬ 
agation. 

It  is  well  known  that  boundary  element  methods  (BEM) 
have  distinet  advantages  over  domain  approaehes  in  solv¬ 
ing  of  linear  elastie  fraeture  meehanies  problems.  In 
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BEM,  the  mesh  should  be  generated  only  for  the  bound¬ 
ary  of  the  strueture,  and  for  the  eraek  surfaee.  Conse¬ 
quently,  it  is  simpler  to  ereate  a  boundary  element  mesh, 
in  eomparison  to  a  finite  element  mesh  for  a  body  with 
a  eraek.  The  traditional  (eolloeation)  boundary  element 
method  has  eertain  features,  whieh  make  it  suitable  for 
the  solution  of  eraek  problems.  Reeent  publieations  on 
the  dual  boundary  element  method  [Cisilino  and  Aliabadi 
(1999)]  ean  serve  as  an  example  of  applieation  of  tra¬ 
ditional  BEM  to  linear  and  non-linear  fraeture  meehan- 
ics  problems.  The  symmetrie  Galerkin  boundary  ele¬ 
ment  method  (SGBEM)  [Han  and  Atluri  (2002,  2003a)] 
has  been  reeently  developed,  based  on  a  weakly  singu¬ 
lar  weak-form  of  integral  equations.  The  system  ma¬ 
trix  shows  symmetry  and  sign-definiteness.  The  SGBEM 
overeomes  some  drawbaeks  of  the  traditional  boundary 
element  methods,  ineluding  the  nonsymmetrieal  matrix 
of  the  equation  system,  and  the  hypersingular  kernels. 
Another  advantage  of  the  SGBEM  is  that,  after  a  spe- 
eial  transformation  to  remove  the  singularity  from  ker¬ 
nels,  the  system  matriees  ean  be  integrated  with  the  use 
of  usual  Gaussian  quadrature  rule  [Andra  (1998);  Erieh- 
sen  and  Sauter  (1998)].  But  from  the  numerieal  point  of 
view,  the  SGBEM,  like  all  BEM  approaehes,  entails  fully 
populated  eoeffieient  matriees,  whieh  hinders  their  appli¬ 
eation  to  large-seale  problems  with  eomplex  geometry. 

The  eoupled  EEM-BEM  approaehes  are  also  proposed 
for  fraeture  analyses  by  limiting  the  employment  of  the 
BEM  to  the  fraetured  region  [Keat,  Annigeri  and  Cleary 
(1988);  Erangi  and  Novati  (2002)].  The  SGBEM  shows 
its  speeial  advantage  in  sueh  a  eoupled  approaeh,  with 
its  symmetrie  system  matriees  and  sign-definiteness.  An 
obvious  disadvantage  of  this  approaeh  is  that,  both  the 
mesh  of  fraetured  region  for  BEM  and  the  mesh  for  the 
remaining  part  for  EEM  should  be  modified  when  if  is 
neeessary  fo  analyze  eraeks  of  differenl  sizes  and  loea- 
fions,  ineluding  eraek-growfh. 

The  alfernafing  mefhod,  generally  known  as  fhe 
Sehwarfz-Neumann  alfernafing  mefhod,  obfains  fhe  solu- 
fion  on  a  domain  fhaf  is  fhe  inferseefion  of  fwo  ofher  over¬ 
lapping  domains  [Kanforovieh  and  Kriylov  (1964)].  The 
proeedure  has  been  applied  fo  fraelure  meehanieal  anal¬ 
yses.  Normally  fhe  fwo  domains  are  defined  fo  be:  one,  a 
finife  body  wifhouf  fhe  eraek;  and  fhe  seeond,  an  infinife 
body  wifh  eraeks.  The  solufion  is  obfained  by  iferafing 
befween  fhe  solufion  for  fhe  uneraeked  finife  body  (usu¬ 
ally  using  EEM),  and  fhe  eraeks  in  an  inifinile  region  ob- 


fained  wifh  eolloeafion  BEM  or  SGBEM.  Eaeh  solufion 
ean  be  solved  by  various  mefhods  [Afluri  (1997);  Nish- 
ioka  and  Afluri  (1983);  Vijaykumar  and  Afluri  (1981); 
Wang  and  Afluri  (1996)].  Eor  a  eomplex  geomefry 
wifh  fhe  arbifrary  eraeks,  fhe  alfernafing  proeedure  has 
been  implemenfed  by  iferafing  befween  fhe  EEM  and  fhe 
SGBEM  [Nikishkov,  Park  and  Afluri  (2001);  Han  and 
Afluri  (2002)].  In  [Nikishkov,  Park  and  Afluri  (2001)], 
fwo  solufions  are  employed  iferafively:  1.  The  EEM 
solufion  for  sfresses  in  fhe  uneraeked  global  sfruefure; 
2.  The  SGBEM  solufion  for  fhe  eraek  in  an  inifinife 
body  -  fhus  only  fhe  eraek  surfaees  are  modeled  in  fhe 
SGBEM.  This  approaeh  has  been  applied  fo  fhe  embed¬ 
ded  eraeks  wifh  high  aeeuraey.  If  also  demonsfrafed  fhe 
Ilexibilily  in  ehoosing  fhe  overlapping  domains  for  dif¬ 
ferenl  eraek  eonfiguralions.  Erom  a  eompufalional  poinl 
of  view,  if  also  shows  ifs  effieieney  in  saving  bofh  eompu- 
fafional  and  human  labor  lime,  by  leveraging  fhe  exisling 
EE  models.  This  work  has  been  exfended  in  [Han  and 
Afluri  (2002)],  in  whieh  he  solufion  is  obfained  by  aller- 
naling  befween  fwo  finife  domains:  fhe  global  uneraeked 
sfruefure  is  solved  by  using  fhe  EEM,  and  a  loeal  eraeked 
subdomain  is  solved  by  using  fhe  SGBEM.  If  eliminates 
fhe  need  for  evalualing  fhe  singular  inlegral  of  fraelions 
al  fhe  free  surfaee,  during  fhe  alfernafing  proeedure  when 
surfaee  eraek  problems  are  eonsidered.  Af  fhe  same  lime, 
if  limils  fhe  employmenl  of  fhe  SGBEM  only  for  fhe  loeal 
eraeked  subdomain,  and  reduees  fhe  eompufalional  eosl 
and  memory  requiremenls,  sinee  fhe  SGBEM  enlails  fhe 
fully  populaled  syslem  malrix.  In  addilon,  fhe  allernaf- 
ing  mefhod  may  be  also  exfended  for  fhe  eraek  problems 
by  using  fhe  Iruely  meshless  mefhods,  Ihrough  fhe  mesh¬ 
less  loeal  Pelrov-Galerkin  approaeh  (MEPG),  pioneered 
by  Afluri  and  his  eolleagues  [Afluri (2004);  Afluri,  Han 
and  Shen(2003);  Han  and  Afluri  (2003b,  2004a,  2004b)]. 

The  presenf  work  diseusses  fhe  reeenf  developmenf  of  fhe 
alfernafing  mefhod  based  on  EEM  and  SGBEM,  embed¬ 
ded  in  a  eommereial-qualily  soflware,  DTAEE:  “Dam¬ 
age  Toleranee  Analysis  and  Eife  Enhaneemenl  ”.  Wifh 
DTAEE,  fhe  BEM  is  applied  only  for  fhe  loeal  eraek  sub- 
domain,  and  reduees  fhe  eompufalional  eosl  and  memory 
requiremenls.  Wifh  fhe  use  of  fhe  buill-in  EEM  solver, 
DTAEE  ean  handle  mueh  more  eomplex  slruelural  eom- 
ponenls  lhan  pure  BEM  solvers.  In  addilion,  DTAEE 
provides  an  inlerfaee  fo  eommereial  EEM  eodes  (sueh  as 
NASTRAN,  ABAQUS  and  MARC)  fo  relrieve  fhe  EEM 
solufions  of  uneraeked  slruefures.  Erom  fhe  modeling 
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point  of  view,  this  approach  makes  the  full  use  of  the  ex¬ 
isting  FE  models  to  avoid  any  model  regeneration,  which 
is  extremely  high  in  human  labor  cost.  The  presently 
proposed  procedure  is  demonstrated  by  solving  both  the 
embedded  and  surface  cracks  problems.  The  stress  in¬ 
tensity  factors  are  calculated  and  compared  with  the  ear¬ 
lier  published  solutions.  The  good  agreements  show  that 
the  FEM-SGBEM  alternating  method  between  two  finite 
domains  is  very  efficient  and  highly  accurate  for  3D  ar¬ 
bitrary  crack  problems.  DTAEE  is  also  used  to  solve  the 
problem  of  mixed-mode  fatigue-growth  of  an  initially- 
semi-circular  surface  flaw  which  is  inclined  fo  fhe  direc¬ 
tion  of  fensile  loading  in  a  fhick  plafe.  In  addifion,  fhe  au- 
fomafic  determination  of  the  initial  crack  is  also  demon¬ 
strated  by  using  the  DTAEE. 

2  Formulation  of  the  non-hyper-singular  symmetric 
Galerkin  boundary  element  method 

The  non-hypersingular  displacement  and  traction  BIEs 
for  a  linear  elastic,  homogeneous,  isotropic  solid,  are 
summarized  in  this  section.  Consider  a  linear  elastic, 
homogeneous,  isotropic  body  in  a  domain  Q.,  with  a 
boundary  dO..  The  Eame’  constants  of  the  linear  elas¬ 
tic  isotropic  body  are  X  and  /r;  and  the  corresponding 
Young’s  modulus  and  Poisson’s  ratio  are  E  and  t),  respec¬ 
tively.  We  use  Cartesian  coordinates  ^j,  and  the  attendant 
base  vectors  e„  to  describe  the  geometry  in  Q..  The  solid 
is  assumed  to  undergo  infinitesimal  deformations.  The 
equations  of  balance  of  linear  and  angular  momentum 
can  be  written  as: 

V-o  +  f  =  0;  o  =  <f;  V  =  e;J-  (1) 

os; 

The  constitutive  relations  of  an  isotropic  linear  elastic  ho¬ 
mogeneous  solid  are: 

a  =  XI{V  -u)  +2p£.  (2) 

It  is  well  known  that  the  displacement  vector,  which  is  a 
continuous  function  of  can  be  derived,  in  general,  from 
the  Galerkin-vector-potential  (p  such  that: 

“  =  O) 

Consider  a  point  unit  load  applied  in  an  arbitrary  direc¬ 
tion  tP  at  a  generic  location  x  in  a  linear  elastic  isotropic 
homogeneous  infinite  medium.  It  is  well-known  that  the 


displacement  solution  is  given  by  the  Galerkin-vector- 
displacement-potential: 

(p*P  =  (l-'u)F*eP  (4) 

in  which  F*  is  a  scalar  function,  as 

F*  = - ; - -  for  3D  problems  (5) 

87iq(l-'u)  ^ 

and 

F*  = - 7 - -  for  2D  problems  (6) 

87iq(l-'u)  ^ 

where  r  =  ||^  —  x|| 

The  corresponding  displacements  are  derived,  by  using 
Eq.  (3),  as: 

n*^(x,^)  =  (l-t))6p,-F;,-iF;,  (7) 

and  the  gradients  of  the  displacements  in  (7)  are: 

n:5(x,4)  =  (l-t))5p,-F;,^.-^FY^.  (8) 

By  taking  the  fundamental  solution  in  Eq.  (7) 

as  the  test  functions,  one  may  write  the  weak-form  of  the 
equilibrium  Eq.  (1).  The  traditional  displacement  BIE 
can  be  written  as, 

Up{x)=  f  tj{^)u*f(xX)dS 

Jdn 

JdQ 

Where  a*f  is  the  stress  field  of  fhe  fundamenfal  solufion, 
as 

a*P{xX)^Eij,iulP 

=  q[(i -v)5piF;,j+v5ijF;,,-F;,j]  (lo) 
+f'(l  —'^)^pjFjiki 

Instead  of  fhe  scalar  weak  form  of  Eq.  ( 1 ),  as  used  for  fhe 
displacemenf  BIE,  we  may  also  wrife  a  vector  weak  form 
of  Eq.  (1),  by  using  fhe  tensor  fesf  functions  M*y(x,^) 
in  Eq.  (8)  [as  originally  proposed  in  Okada,  Rajiyah, 
and  Afluri  (1989),  Okada  and  Alluri(1994)],  and  derive 
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a  non-hypersingular  integral  equation  for  traetions  in  a 
linear  elastie  solid  [Han  and  Atluri  (2003)], 

-tb{x)=  [  tq{^)na{x)a2M)  dS 
Jdn 

+  DpUq{^)na{x)T,^bpq{^-i^)  dS 

JoQ. 


where  '^l^pq  another  derived  kernel  funetion,  whieh 
were  first  given  by  Han  and  Atluri  PI 


^ijpqi^T^)  ~  ^ijkl^nlp^nqi^^^) 

—  P  [i^inpFjqn  (^inp^jqF,bbn 
(iintk^tqkk^ jpm  Fk  mn) 

H“ '^{^inq^jp^,,bbn  H“  ^  jnq  ^ipF,bbn  )  ] 


(12) 


and  the  surfaee  tangential  operator  D,  is  defined  as, 


Dt  =  nrCrst 


(13) 


2  Jdn 


tb(x)ub(x)dSx 


=  /  A 

JdQ. 


Ub{x)dS^  j  tq{^)G2{xX)  dS^ 

rpf  (15) 

Jdn  '^^bF)Ub{x)iSf2bb^^%)dSx 

+  [  DaUb{x)dSx  [  DpUq{%)H2pq{xX)  dS^ 

JdQ.  JdQ 


where  G*P ,  t^*-'  and  H*jp^  are  kernel  funelions  and  given 


;*P  ,  *p  jj* 

'ij  ’  rij 

as  [Han  and  Afluri  (2003)], 
For  3D  problems, 

1 


G:f(x,4)  = 


871(1  -v)r 
1 


[(1  2x)^eipj-\~Ciicjrkf,p\  (16a) 


H*ipqM)  = 


(16b) 


871(1  -v)r 


[4\)5,-<^5yp  -  bipdjq 


-2v5ii5„a  +  5iir„r,a  +  5„ar.iri  (1^^^ 


JIJ  ^pq  -r  ',p',q-r  ^pq' ,j 
-25iprjr^q-5jqrqr^p] 

For  2D  problems. 


The  singularity  of  M*^is  0(l/r),  as  fhe  seeond  derivafives 
of  F*are  ineluded.  The  singularifies  are  0(1 /r^)  for  a*J 
and  '^Ibpq  beeause  of  fhe  fhird  derivafives  of  F*.  There- 
affer,  fhe  displaeemenf  and  fraefion  BIEs  in  Eqs.  (9) 
and  (11)  have  fhe  non-hyper-singularifies  only.  If  should 
be  noted  fhaf  fhese  fwo  infegral  equafions  for  Up{x)  and 
tb{x)  are  derived  independenfly  of  eaeh  ofher.  On  fhe 
ofher  hand,  if  we  derive  fhe  infegral  equafion  for  fhe 
displaeemenf-gradienfs,  by  direefly  differenlialing  Up{x) 
in  Eq.  (9),  a  hyper-singularily  is  elearly  infrodueed  due 
fo  fhe  forlh  derivafives. 

Eurfhermore,  Eqs.  (9)  and  (1 1)  may  be  safisfied  in  weak- 
forms  over  fhe  boundary  surfaee  dQ,  by  using  a  Galerkin 
seheme.  One  may  obfain  fhe  symmefrie  Galerkin  dis- 
plaeemenf  and  fraefion  BIEs  affer  applying  Sfokes’  fheo- 
rem,  as 


^  47t(/--u)  [-(1 

(17a) 

(17b) 

titjpqM)  =  4;t(r-r)) 

+  In  r5,'p  5  jq  +  2'u  In  r5,y  ^pq  ( 1 7e) 

+  ^i}r,pr^q  +  hpqrqrj 

-25,-prjr^-6y<^r;rp] 

Eor  a  eraek  problem  shown  in  Eig.  1,  fhe  boundary  sur¬ 
faee  do.  ineludes  fhe  preseribed  displaeemenf  surfaee  Su, 
fhe  preseribed  fraefion  surfaee  St,  and  fhe  eraek  surfaee 
Sc-  We  apply  fhe  weak-form  displaeemenf  infegral  equa- 
fion  on  fhe  preseribed  displaeemenf  boundary  surfaees  Su 
and  obfain  fhe  formulafion  as: 


-  /  tp{x)up{x)dSx 
J  do 

=  [  ip{x)dSx  [  t j{%)u*f  {xX)  dS^ 

J  do  J  do 

+  [  ip{x)dSxf  DiX)ujX)G2{xX)dS^ 

JdQ  JdQ 

p  pCPV 

+  tp{x)dSx  niX)ujX)^*l’ M) 

JdQ  JdQ 


-  /  tp{x)up{x)dSx 

^  Su 

=  [  ip{x)dSx  [  tjX)uf{xX)  dS^ 

J  Su  J  dt^ 

+  /  tp{x)dSx[  DiX)ujX)G2{xX)dS^ 

J  Su  JdQ 

p  pCPV 

+  tp{x)dSx  niX)ujX)^2 M) 

J  Su  JdQ 


(18) 
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Figure  1  :  A  linear  elastic  isotropic  domain  containing 
cracks  (Original  problem) 


We  apply  the  weak-form  traction  integral  equation  on  the 
prescribed  traction  boundary  surfaces  St  and  obtain  the 
similar  formulation  as: 


t,{%)G2M)  dS^ 

na(x)ub(x)(\)ll(xX)dSjc 


+  /  DaUb(x)dSjc 


'do. 


dS^ 


(19) 


We  also  apply  the  weak-form  traction  integral  equation 
on  the  crack5c,  which  are  conceived  as  a  set  of  prescribed 
traction  boundary  surfaces.  We  have 


-If  tb{x)ub{x)dSjc 
2  Js, 

=  f  DaUbix)dsJ  t2^)G2{xX)  dS^ 

J  Sc  S[-\-  Su 


fs,-\-Su 


tgi^)  dSp 


rCPV 


na{x)ub{x)(\)2b{xX)dS: 


(20) 


+ 


DaUb{x)dS,  [  dS^ 

JdQ. 


The  SGBEM  requires  the  Co  continuous  trial  and  testing 
functions  over  the  boundary  surface  dO.  =  SuU  StU  Sc- 
This  can  be  satisfied  after  discretization.  Special  atten¬ 
tion  should  be  paid  to  the  crack  surfaces.  The  displace¬ 
ment  discontinuities,  u{x)  =  m+(x+)  —  must  be 

zero  around  the  crack  fronts  where  m+(x+)  =  u^{x^).  A 


special  treatment  is  also  required  to  enforce  the  Cq  con¬ 
tinuities  for  the  surface  cracks  that  intersect  the  normal 
boundary  surface  SuU  St  ■  In  the  present  work,  quarter- 
point  singular  elements  are  adopted  and  the  displacement 
discontinuities  are  set  to  zero  explicitly  for  the  crack 
front.  In  addition,  the  weak-form  can  be  also  written  for 
the  local  sub  boundary,  by  using  the  generate  MLPG  ap¬ 
proach.  It  has  been  presented  in  [Alturi,  Han  and  Shen 
(2003)]. 

3  Schwartz-Neumann  Alternating  Method 

The  Schwartz-Neumann  alternating  method  is  based  on 
the  superposition  principle.  The  solution  on  a  given  do¬ 
main  is  the  sum  of  the  solutions  on  two  other  overlap¬ 
ping  domains.  The  alternating  method  converges  uncon¬ 
ditionally  when  there  are  only  traction  boundary  condi¬ 
tions  specified  on  the  body.  In  the  present  work,  the  over¬ 
lapping  domains  are  the  given  finite  domain,  but  with¬ 
out  the  cracks;  a  local  portion  of  the  original  given  do¬ 
main  as  described  below.  The  local  subdomain  can  be 
selected  to  include  only  the  traction  boundary  conditions 
so  that  the  alternating  procedure  converges  uncondition¬ 
ally.  To  take  advantages  of  both  the  FEM  and  SGEM, 
the  FEM,  which  is  a  robust  method  for  large-scale  elas¬ 
tic  problems,  is  used  to  solve  the  whole  uncracked  global 
structure.  The  SGBEM,  which  is  most  suitable  the  crack 
analyses,  is  used  for  modeling  a  local  finite-sized  subdo¬ 
main  containing  embedded  or  surface  cracks.  The  size 
of  SGBEM  domain  is  also  limited  in  order  to  improve 
the  computational  efficiency,  by  avoiding  an  overly-large 
fully  populated  system  matrix. 

We  consider  a  structure  containing  cracks,  as  shown  in 
Fig.  1.  The  crack  surfaces  are  denoted  collectively  as 
Sc-  The  alternating  method  uses  the  following  two  prob¬ 
lems  to  solver  the  original  one.  Eet  us  define  that  the 
domain  for  the  FEM,  denoted  as  QF™  in  Fig.  2(a),  is 
the  same  as  the  original  domain  Q.  but  no  cracks  are  in¬ 
cluded.  All  the  prescribed  tractions  p  are  applied  to  the 
FEM  domain  on  S^™ ,  as  well  as  all  the  prescribed  dis¬ 
placement  u  on  S^™  -  Another  domain  is  de¬ 

fined  for  the  SGBEM  as  shown  in  Fig.  2(b),  which  is  a 
local  finite-sized  subdomain  containing  all  the  cracks.  It 
is  clear  that  the  same  crack  surfaces  are  inherited  from 
the  original  ones,  as  We  define  fhe  boundary 

conditions  in  a  way  that  the  shared  overall  boundary  be¬ 
tween  these  two  domains  is  defined  as  fhe  traction  free 
surface  of  the  SGBEM  domain,  denoted  as  with 
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pSGBEM  _  Q  intersection  surface  is  treated  as  the 
boundary  of  the  SGBEM  domain  with  the  prescribed  dis¬ 
placements,  denoted  as  We  can  also  restrict  all 

prescribed  displacements,  ,  to  be  zero  on  . 

One  obvious  advantage  of  this  approach  is  that  two  over¬ 
lapping  domains  are  limited  to  the  local  portion  contain¬ 
ing  the  cracks,  without  any  restriction  to  the  remaining 
portion.  This  distinguishing  feature  makes  it  possible 
that  all  other  structure  elements  can  be  used  in  the  FEM 
domain,  which  are  widely  used  in  industry.  It  also  al¬ 
lows  the  present  alternating  approach  to  be  implemented 
within  any  commercial  FEM  solver  without  any  restric¬ 
tion.  Another  advantage  is  that  the  independence  of  the 
crack  model  and  finite  element  model  of  the  body  allows 
one  to  easily  change  the  crack  model  in  order  to  simulate 
crack  growth  or  perform  the  parametric  study. 

To  solve  the  original  problem,  the  superposition  of  the 
two  alternate  problems,  FEM  and  SGBEM,  yields  the 
original  solution  for  the  prescribed  displacements  u  and 
tractions  p  with  cracks.  The  detailed  procedures  are  de¬ 
scribed  as  follows. 

1.  Using  FEM,  solve  the  problem  on  domain 

with  all  externally  prescribed  displacements  and  trac¬ 
tions,  but  without  the  cracks.  The  tractions  on  crack  sur¬ 
faces  can  be  obtained  as  p^CBEM  =  _pFEM  _ 

2.  Using  SGBEM,  solve  the  local  problem  on  domain 

qSGBEM  tractions  on  the  crack  surface.  The 

prescribed  displacements  are  set  to 

zero  as  well  as  the  zero  prescribed  tractions 

SfGBEM  ^  Thg  only  loads  are  the  non-zero  tractions  on  the 
crack  surfaces,  i.e.,  pl^^™on  .  Then  the  trac¬ 

tions  on  the  intersection  surface  are  obtained  as  a  part 
of  the  SGBEM  solution  explicitly,  denoted  as  p^^^™on 

gSGBEM 


3.  Applying  the  tractions  on  the  intersection  surface 
as  the  residual  forces  to  the  FEM  domain,  denoted  as 
pFEM  =  pjg  2(c),  rc-solvc  the  FEM 

problem  and  obtain  the  traction  on  crack  surfaces 


pSGBEM 


4.  Repeat  steps  2  and  3  until  the  residual  load  p^™is 
small  enough. 


5.  By  adding  the  SGBEM  solution  to  the  FEM  one,  the 
original  one  is  obtained. 


We  now  examine  the  solution  with  the  given  boundary 
and  loading  conditions  for  the  original  problem  (denoted 
by  superscript  Org): 


(a)  the  uncracked  body  for  FEM 


(b)  the  local  SGBEM  domain  containing  cracks 


(c)  FEM  model  subjected  to  residual  loads 


(d)  alternating  solution  for  the  original  problem 

Figure  2  :  Superposition  principle  for  FEM-SGBEM  al¬ 
ternating  method 
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i)  for  the  given  traetion  on  St,  we  have  =  p  and 

pSGBEM  _  Q  ggj 

pOrg^pFEM^pSGBEM  ^21) 

ii)  for  the  given  displaeement  on  Su,  the  SGBEM  domain 
does  not  eontain  any  portion  of  Su  and  thus,  we  obtain 

u^’'s  =  =  11  on  5^  (22) 


For  weak-form  traetion  integral  on 
0=  f  DaUb{x)dsJ  tgi^)G2M)  dS^ 

J  S[  'd  Su 

r  rCPV 

-  tq{^)dS^  na{x)ub{x)(\)2M)dStc 
J  Su  'd  Si 

+  f  DaUb{x)dSx  f  DpUq{^)H*bpq{xX)  dSl^ 

fJ  S[  Sq 

For  weak-form  traetion  integral  on 


(27) 


iii)  for  the  eraek  surfaee  Sc,  we  define  that  traetions  for 
SGBEM  modelp^^^™  equal  to  —p^™  from  the  FEM 
solution,  and  thus  the  traetions  on  eraek  surfaees  are  zero 
as  in  the  original  problem,  i.e., 

pOrg  =  pFEM  ^pSGBEM  (-23) 

iv)  for  the  interseetion  surfaee  S^ ,  we  define  fhaf  fhe  resid¬ 
ual  fraefions  on  FEM  model  p^EM  equals  fo  —p^^^EEM 
from  fhe  SGBEM  solufion,  and  obfain 

pO>-g  =  pEEM  ^pSGBEM  ^2A) 


-If  tb{x)ub{x)dSjc 
2Js, 

=  f  DaUbix)dStc  f  tq{^)G2b{x,^)  dS^ 

Jpv  (28) 

-  tq{^)dSf  na{x)ub{x)^ll{xX)dSjc 

JSu  ^JSc 

+  [  DaUb{x)dSx  [  DpUq{^)H*bpq{xX)  dSt 


IS,+Sc 


Kcq  =  SKf  +  6KjKjq  +  Kfq  +  - 


Khi 


{l-vf 


(29) 


We  also  speeify  fhaf  fhe  zero  displaeemenfs  for  fhe 
SGBEM  model,  i.e.  =  q  on  S\  and  fhus,  fhere  no 

displaeemenf  diseonfinuifies  along  fhe  inferseefion  sur¬ 
faee, 

uOrg  ^  ^FEM  (-25) 

As  shown  in  Fig.  2  (d),  fhe  solufion  obfained  here  safis- 
fies  all  fhe  boundary  and  loading  eondifions  for  fhe  orig¬ 
inal  problem.  From  fhe  uniqueness  of  fhe  elasfie  linear 
problem,  we  obfain  fhe  solufion  for  fhe  original  problem 

From  a  eompufafional  poinf  of  view,  fhe  presenf  approaeh 
is  very  effieienl  in  saving  fhe  CPU  lime.  This  resulls 
from  fwo  reasons.  The  firsl  reason  is  fhaf  some  lerms 
for  SGBEM  equalions  are  ignored,  and  Eqs.  (18),  (19) 
and  3  ean  be  simplified  as  follows 

For  weak-form  displaeemenf  inlegral  on 
0  =  [  ip{x)dsj  tj{%)u*/{xX)dS^ 

JSu  Su 

+  f  tp{x)dStc  f  Di{%)uj{%)G*f{xX)dSi^  (26) 

J  Su  J  S[-\-Sc 

r  rCPy 

+  tp{x)dSjc  ni{^)uj{^)^2 M) 

J  Sjf  JSi~}-Sc 


The  seeond  reason  is  fhaf  fhe  residual  forees  applied  fo 
fhe  FEM  problem  are  obfained  as  a  pari  fhe  SGBEM 
solufion  explieifly.  There  is  no  exlra  eompufer  lime  fo 
defermine  fhe  forees,  whieh  is  normally  needed  when 
fhe  allernaling  proeedure  is  performed  belween  fhe  solu- 
lions  for  fhe  uneraeked  finile  body  and  fhe  infinile  body 
eonlaining  eraeks.  The  singular  residual  forees  may  be 
eneounlered  when  fhe  surfaee  eraeks  are  ineluded  fhe 
laler  eases,  whieh  inlroduees  fhe  numerieal  errors  dur¬ 
ing  fhe  allernaling  proeedures.  Therefore  fhe  surfaee 
eraek  solulions  near  fhe  free  surfaee  are  nol  aeeurale, 
whieh  is  well  known  as  fhe  boundary-layer  effeel.  In 
some  researehes,  fhe  fielilious  exlended  eraeks  are  used 
wilh  imaginary  fraefions  fo  reduee  sueh  errors  [Nishioka 
and  Alluri  (1983)].  Unforlunalely,  fhe  fielilious  exlended 
portion  and  fhe  imaginary  fraefions  are  hard  fo  be  defined 
when  fhe  arbifrary  non-planar  surfaee  eraeks  are  eonsid- 
ered.  In  fhe  presenf  work,  fhe  original  solufion  is  ob- 
lained  aeeuralely  by  using  fhe  non-singular  allernaling 
melhod  wilh  fhe  weak  singular  SGBEM. 

4  Automatic  crack  growth 

The  eraek  growth  analysis  plays  an  important  role  in  the 
damage  toleranee  analysis  for  determining  the  life  of  the 
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Figure  3  :  a  semi-circular  crack  in  a  plate  under  tension 


Figure  4  :  Mesh  of  a  semi-circular  crack  in  a  plate  for 
the  SGBEM 


structure.  Several  models  can  be  used  to  predict  the  di¬ 
rection  and  extension  of  cracks.  The  models  for  crack 
extension  use  in  the  equivalent  K  factorsfor  the  mixed 
mode  and  the  stress  ratio,  such  as  the  Paris,  Walker  and 
Forman  fatigue  models.  In  the  current  implementation. 


(C) 

Figure  5  :  Models  of  a  semi-circular  crack  in  a  plate  for 
FEM-SGBEM  alternating  method:  (a)  local  finite  body 
defined  in  fhe  plafe,  (b)  fhe  FEM  model  wifhouf  fhe  crack 
and  (c)  fhe  local  SGBEM  model  wifh  fhe  crack 
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Figure  6  :  Normalized  stress  intensity  faetors  {Kj /  ^/na)  for  a  semi-eireular  eraek  in  a  plate 


the  equivalent  K  faetor  is  ealeulated  as 

Thereafter,  the  rate  of  eraek  extension  is  governed  by  the 
eorresponding  models  as 

^=f{K,„R,...)  (30) 

The  maximum  eireumfeential  stress  theory  is  used  for  the 
direetion,  as 

^/sina  +  Z//(3eosa  — 1)  =  0  (31) 

Onee  the  eraek  extension  and  direetion  are  obtained,  the 
eraek  ean  be  advaneed  by  adding  another  layer  of  the  el¬ 
ements  around  the  eraek  front  to  grow  the  eraek.  As  one 
of  the  most  important  feature  of  the  alternating  method, 
the  FEM  model  keeps  unehanged  and  is  solved  only  onee 
during  the  eraek  growth  beeause  the  models  for  the  FEM 
and  BEM  are  fully  deeoupled.  It  makes  that  the  alternat¬ 
ing  method  is  very  effieient  for  eraek-growth  problems. 
In  addition,  the  mesh  generation  is  robust  beeause  only 
the  3D  surfaee  mesh  is  required  for  the  advaneed  eraek 
surfaee,  instead  of  embedding  the  new  eraek  surfaee  into 
a  finite  body. 


5  Numerical  Examples 

5.1  Semi-circular  surface  cracks 

In  order  to  verify  the  aeeuraey  of  the  present  alternating 
method  for  treating  surfaee  eraeks  in  finite  bodies,  we 
first  eonsider  a  semi-eireular  surfaee  eraek  in  a  plate  as 
shown  in  Fig.  3.  Uniform  tensile  stresses  ao  are  applied 
at  two  opposite  faees  of  the  plate  in  the  direetion  perpen- 
dieular  to  the  eraeks.  a  is  the  radius  of  the  semi  eireular 
eraek.  The  plate  eonfiguration  eonsidered  is  eharaeter- 
ized  by  the  geometrie  ratios  ^  =  5,  ^  =  5  and  ^  =  2.5. 
The  passion  ratio  v  =  0.3  is  ehosen. 

We  first  use  the  SGBEM  method  to  simulate  the  en¬ 
tire  problem  with  the  mesh  shown  in  Fig.  4.  Then  we 
solve  the  problem  with  the  alternating  method.  The  FEM 
model  is  ereated  for  the  uneraeked  body,  shown  in  Fig. 
5(b),  with  the  uniform  tensile  stresses  being  applied  at 
the  top  and  bottom  surfaees.  The  loeal  SGBEM  model  is 
also  ereated  in  the  plate,  shown  in  Fig.  5(a).  It  is  similar 
to  the  model  in  Fig.  4  for  pure  SGBEM  solution,  so  that 
we  ereate  the  mesh  for  this  loeal  finite  body  with  similar 
meshes  for  the  boundary  and  eraek  surfaees.  The  front 
and  baek  surfaees  are  free  and  others  are  the  preseribed 
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Figure  7  :  a  quarter-circular  crack  in  a  square  bar  under 
tension 


displacement  ones. 

This  problem  is  a  pure  mode-I  problem  and  has  been 
solved  by  using  the  FEM  [Raju  and  Newman  (1979)] 
and  the  SGBEM  [Erangi,  Novati,  Sprinthetti  and  Rovizzi 
(2002)].  The  analytical  solution  is  available  for  the  in¬ 
finite  plate.  The  ratios  chosen  for  this  prolem  are  large 
enough  to  represent  a  crack  in  the  infinite  plate.  As 
shown  in  Eig.  6,  a  comparison  of  the  normalized  stress 
intensity  factors  by  using  the  SGBEM-EEM  alternat¬ 
ing  method  with  the  referenced  solutions  shows  a  good 
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Figure  8  :  Mesh  of  a  quarter-circular  crack  in  a  square 
bar  for  the  SGBEM 


agreement  for  all  crack-front  locations.  It  is  well  known 
that  that  the  stress  intensity  factors  tend  to  zero  in  a 
boundary  layer  where  the  crack  front  approaches  free 
surface  of  the  body,  when  a  surface  crack  breaks  the  outer 
surface  at  a  right  angle.  This  effect  is  also  confirmed  by 
using  alfernafing  mefhod. 

5.2  A  quarter-circular  crack  in  a  square  bar 

The  second  example  for  fhe  surface  crack  is  a  square  bar 
which  confains  a  quarfer-circular  crack,  as  shown  in  Eig. 
7.  Uniform  fensile  sfresses  ao  are  applied  af  fhe  fwo  ends. 
Eef  a  denofe  fhe  radius  of  fhe  quarfer-circular  crack,  and 
fhe  ofher  dimensions  are  defined  as  ^  =  5  and  ^  =  4.  The 
Poisson  rafio  v  =  0.3  is  chosen  here.  The  dimensions  are 
chosen  fo  be  fhe  same  as  fhose  used  in  Ei,  Mear  and  Xiao 
(1998)  for  comparison  purpose. 

Again,  we  use  bofh  fhe  SGBEM  for  fhe  enfire  domain; 
and  fhe  EEM-SGBEM  alfernafing  mefhod  fo  solve  fhis 
problem  wifh  fhe  meshes  in  Eigs.  8  and  9,  respecfively. 
The  local  SGBEM  domain  is  creafed  by  fruncafing  fhe 
square  bar  as  shown  in  Eig.  9(a).  Then  fhe  lop  and 
boflom  surfaces  are  subjecfed  fo  fhe  zero  prescribed  dis- 
placemenfs  and  ofhers  are  free. 


Applications  ofDTALE:  3-D  Non-plannar  Fatigue  Crack  Growth 


11 


(a)  (b)  (c) 

Figure  9  :  Models  of  a  quarter-circular  crack  in  a  square  bar  for  FEM-SGBEM  alternating 
method:  (a)  local  finite  body  defined  in  fhe  plafe,  (b)  fhe  FEM  model  wifhouf  fhe  crack  and 
(c)  fhe  local  SGBEM  model  wifh  fhe  crack 


Figure  10  :  Normalized  sfress  intensify  factors  {KJ/oo^/na))  for  a  quarter-circular  crack  in 
a  square  bar 
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Figure  11  :  a  comer  crack  at  a  circular  hole  in  a  finite-thickness  plate  under  tension 


(b)  (c) 

Figure  12  :  Models  of  a  corner  crack  at  a  circular  hole  in  a  finite-thickness  plate  for  FEM-SGBEM  alternat¬ 
ing  method:  (a)  local  finite  body  defined  in  fhe  plafe,  (b)  fhe  FEM  model  wifhouf  fhe  crack  and  (c)  fhe  local 
SGBEM  model  wifh  fhe  crack 
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Figure  13  :  Normalized  stress  intensity  faetors  (KI  /  (ao\/tta))  foi"  ^  corner  eireular  eraek 
at  a  hole  in  a  finite-thiekness  plate 


Figure  14  :  Inelined  semi-eireular  surfaee  eraek  speeimen 
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Numerical  results  are  displayed  in  Fig.  10  in  terms  of 
the  normalized  stress  intensity  factor  contribution  along 
the  crack  front.  A  good  agreement  is  observed,  as  well 
as  those  points  near  the  free  surface.  Again  the  boundary 
effect  is  also  evidenced  by  the  alternating  method. 

5.3  Corner  crack  at  a  circular  hole  in  a  finite¬ 
thickness  plate 

As  the  third  example,  the  corner  crack  at  a  circular  hole 
in  a  plate  is  considered  and  shown  in  Fig.  1 1 .  This  exam¬ 
ple  has  been  considered  by  many  investigators  for  three 
dimensional  fracture  analyses  with  various  methods.  The 
geometry  is  characterized  by  the  ratios:  j  =  j  =  8, 
y  =  1.5  and  y  =  0.5.  The  passion  ratio  is  taken  as 
v  =  0.3. 

This  problem  is  analyzed  by  using  the  alternating  method 
only.  The  meshes  adopted  are  depicted  in  Fig.  12(b)- 
(c),  in  which  only  half  of  the  specimen  was  analyzed  due 
to  symmetry.  The  FEM  model  has  about  3300  degrees 
of  freedom  (DOFs).  In  the  contrast,  the  FEM  models 
used  in  Tan,  Newman  and  Bigelow  (1996)  had  more  than 
16000  DOEs  in  conjunction  with  special  singularity  el¬ 
ements  for  the  crack  front.  The  local  SGBEM  model  is 
cut  by  three  planar  surfaces  around  the  crack  with  zero 
prescribed  displacements,  as  shown  in  Eig.  12  (a).  All 
boundary  and  crack  surfaces  are  discretized  with  about 
500  quadrilateral  elements,  and  with  24  elements  along 
the  crack  front. 

The  normalized  stress  intensity  factors  along  the  crack 
front  are  plotted  in  Eig.  13.  The  results  are  compared 
to  the  available  published  solutions  [Tan,  Newman  and 
Bigelow  (1996)].  The  boundary  effects  are  obtained  for 
two  ends  of  the  crack  front  near  to  the  free  surface,  and 
the  boundary  layer  at  the  lateral  free  surface  is  thinner 
than  the  EEM  solution. 

5.4  Nonplanar  fatigue  growth  of  an  inclined  semi¬ 
circular  surface  crack  in  a  plate 

Eatigue-growth  of  an  inclined  surface  crack  in  a  plate  is 
considered.  As  shown  in  Eig.  14,  the  modified  ASTM 
E740  specimen  has  been  tested  for  the  mixed-mode  fa¬ 
tigue  growth  [Eorth,  Keat  and  Eavrow  (2002)].  The  spec¬ 
imens  were  taken  from  actual  parts  made  from  7075-T73 
aluminum.  The  crack  orientation  (|)  =  30°  is  used.  Max¬ 
imum  tensile  stresses  ao  =  15.88^^/  are  applied  with  a 
load  ratio  R  =  0.7.  The  Eorman  equation  is  chosen  to 
advance  the  crack  and  front  and  determine  the  fatigue 


cycles: 


^  =  C  (^ak) ” 
dN  \\-R  ) 


(32) 


where  the  growth  rate  is  based  on  empirical  material 
constantsC,  n,  p  and  q-,  f  depends  on  the  ratio  R\  AKth  is 
the  threshold  value  of  AK',  Kent  is  the  critical  stress  inten¬ 
sity  factor.  This  model  is  details  in  the  reference  manual 
of  NASGARO  3.0  [NASA,  NASGRO  (2001)].  The  ma¬ 
terial  constants  are  taken  as  C  =  1 .49  x  10-^n  =  3.321, 
p  =  0.5,  q  =  TO,  Kje  =  50ksis/in,  Kjc  =  2%ksis/in, 
AKth  =  3.0ksi^/In,  =  2.0,  =  TO,  Rd  =  0.7,a  = 

1.9,  Ah  =  1.0,  Bh  =  1.0,  Smax/cto  =  0-3,  Oys  =  60ksi  and 
^UTS  —  'lAksi. 

We  model  the  uncracked  specimen  with  the  mesh  as  in 
Eig.  15b  for  EEM.  The  local  SGBEM  model  is  located 
in  the  central  portion  that  contains  the  inclined  surface 
crack,  as  illustrated  in  Eig.  15a  with  the  attendant  mesh 
being  shown  in  Eig.  15c.  The  top  and  bottom  surfaces 
are  cutting  surfaces  and  subjected  to  the  zero  prescribed 
displacements  while  others  are  free. 

Eirst,  the  initial  crack  is  analyzed  and  stress  intensity  fac¬ 
tors  are  normalized  by  Kq  =  Gojiia  and  shown  in  Eig.  16. 
Good  agreements  are  obtained  in  comparison  with  other 
results  [Shivakumar  and  Raju  (1992);  He  and  Hutchinsen 
(2000);  Nikishkov,  Park  and  Atluri  (2001)]. 

The  crack  growth  is  simulated  by  adding  one  layer  of 
elements  along  the  crack  front,  in  each  increment.  The 
newly  added  points  are  determined  through  the  K  so¬ 
lutions.  15  advancements  are  performed.  The  fatigue 
load  cycles  are  calculated  and  compared  with  the  exper¬ 
imental  data  [Eorth,  Keat  and  Eavrow  (2002)],  shown  in 
Eig.  17.  The  normalized  stress  intensity  factors  during 
the  crack  growing  are  given  in  Eig.  18,  which  are  also 
normalized  by  Kq  =  Oofna.  KI  keeps  increasing  while 
KII  and  Kill  are  decreasing  during  the  crack  growth.  It 
confirms  thaf  fhis  mixed-mode  crack  becomes  fhe  mode- 
I  dominafed  one  while  growing.  The  shape  of  fhe  final 
crack  is  very  similar  fo  fhe  experimenfal  phofograph  in 
Eig.  19.  If  is  clear  fhaf  while  fhe  crack,  in  ifs  inifial 
configuralion,  sfarfs  ouf  as  a  mixed-mode  crack,  afler  a 
subsfanfial  growfh,  fhe  crack  configuralion  is  such  fhaf  if 
is  in  a  pure  mode-I  slale. 
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(a) 

Figure  15  :  Models  of  an  inclined  surface  crack  in  a  tensile  plate  for  FEM-SGBEM  alternating  method:  (a) 
local  finite  body  defined  in  the  specimen,  (b)  the  FEM  model  for  the  specimen  without  the  crack  and  (c)  the 
local  SGBEM  model  with  the  crack 


5.5  Automatic  detection  of  an  initial  nozzle  corner 
flaw 

As  the  final  example,  the  initial  crack  at  a  nozzle  corner 
is  detected  by  using  the  program  DTAEE,  which  employs 
the  present  alternating  method.  The  geometries  of  the 
nozzle  and  of  the  flaw  in  a  longitudinal  plane  are  shown 
in  Fig.  20.  Two  types  of  initial  flaws,  as  shown  in  Fig.  21, 
one  a  quarter-circular  flaw  (MATH)  of  depth  a  =9.5cm 
and  a  similar  “natural”  flaw  (EXPR)  obtained  in  a  pho¬ 
toelastic  test  [Smith,  Jolles  and  Peters  (1976)]  were  as¬ 
sumed  in  the  damage  tolerance  analysis.  In  most  analy¬ 
ses,  the  experimental  results  are  not  available.  The  shape, 
size  and  orientation  of  the  initial  flaw  need  to  be  assumed 
based  on  the  users’  experience,  which  is  not  easy.  An  al¬ 
ternative  way  is  to  do  the  parametric  study  by  creating 
many  initial  flaws  based  on  the  combination  of  the  pa¬ 
rameters  of  the  shape,  size,  and  orientation.  From  the 
computational  point  of  view,  it  is  not  efficient,  if  other 
parameters  are  also  considered  including  load  cases  and 
boundary  conditions. 

In  the  present  study,  one  may  determine  the  initial  flaw  by 
utilizing  the  automatic  crack-growth  function  in  DTAEE. 
At  the  beginning,  a  smaller  initial  crack  is  introduced  as 
the  crack  seed,  and  the  program  grows  the  crack  seed 
with  the  same  loading  and  boundary  conditions.  The 
present  study,  the  Walker’s  fatigue  model  is  used  to  grow 


the  crack  seed,  without  the  threshold  value  of  the  stress 
intensity  factor.  After  several  advancements  of  the  crack 
seed,  the  larger  crack  flaw  can  be  obtained  with  the 
proper  shape  and  orientation.  As  shown  in  Fig.  21,  an 
initial  crack  seed  is  given  as  the  black  portion.  The  au¬ 
tomatically  detected  portion  of  the  initial  flaw  is  shown 
in  gray,  which  agrees  with  the  experimental  results.  The 
fatigue  model  for  the  small  crack  can  be  used  here  for 
more  accurate  initial  crack  detection,  because  it  fits  the 
development  of  the  initial  crack  well. 

6  Conclusions 

In  this  paper  the  Schwartz-Neumaan  alternating  method 
has  been  extended  to  analyze  surface  cracks.  It  is  shown 
that  the  singular  traction  integral  is  avoided  during  the 
alternating  procedure  between  the  FEM  and  SGBEM, 
when  both  solutions  are  based  on  finite  bodies.  This  ap¬ 
proach  shows  a  strong  computational  competitiveness,  in 
comparison  to  the  normal  alternating  methods,  by  avoid¬ 
ing  the  stress  calculation  on  the  boundary  surfaces  of 
FEM  models.  Indeed,  the  alternating  procedure  con¬ 
verges  unconditionally  by  imposing  the  proposed  pre¬ 
scribed  displacements  and  tractions  in  the  present  ap¬ 
proach.  The  accuracy  and  efficiency  of  the  proposed  ap¬ 
proach  have  been  verified  on  some  3D  problems  with 
published  solutions  by  using  other  methods.  The  soft- 
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Angle,  degree 

Figure  16  :  Normalized  stress  intensity  faetors  KI,  KII  and  Kill  for  an  inelined  semi- 
eireular  surfaee  eraek  in  a  tensile  plate 


Figure  17  :  Fatigue  load  eyeles  of  an  inelined  semi-eireular  surfaee  eraek  in  a  tensile  plate 
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Figure  18  :  Normalized  stress  intensity  factors  KI,  KII  and  Kill  for  the  mixed-mode  fatigue  growth  of  an  inclined 
semi-circular  surface  crack  in  a  tensile  plate 


X  A - 

(c)  (d) 


Figure  19  :  Final  crack  of  an  inclined  surface  crack  in  a  tensile  plate:  (a)  the  final  crack  after  15  increments  by  using 
FEM-SGBEM  alternating  method,  (b)  the  photograph  of  the  final  crack  faken  from  fhe  specimen,  (c)  fhe  final  crack 
in  fhe  uncracked  body,  (d)  fhe  infersecfion  pafh  of  fhe  final  crack  wifh  fhe  free  surface  of  fhe  specimen,  ABCD 
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Figure  20  :  Surface-flaw  near  a  pressure-vessel-nozzle 
junction 
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Figure  21  :  Geometry  of  an  intermediate-test-vessel 
nozzle  configuration 


Figure  22  :  Automatic  initial  crack  detection 
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ware  pacakge,  DTALE,  has  been  developed  based  on  the 
present  method.  DTALE  ean  be  seen  to  have  a  wide 
industrial  applieation,  in  estimating  the  life  of  a  variety 
of  safety-eritieal  struetures.  With  DTALE,  the  effeet  of 
residual  stresses  in  a  strueture,  due  to  proeesses  sueh  as 
welding,  eold-working,  shot-peening,  ete.,  on  the  life  of 
the  strueture,  ineluding  a  possible  life-enhaneement,  ean 
also  be  assessed. 
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Simulation  of  a  4^^  Order  ODE:  Illustration  of  Various  Primal  &  Mixed  MLPG 

M  ethods 

S.  N.  Atluri^  and  Shengping  Shen^ 


Abstract:  Various  M  LPG  methods,  with  the  M  LS  ap¬ 
proximation  for  the  trial  function,  in  the  solution  of  a  4^^ 
order  ordinary  differential  equation  are  illustrated.  Both 
the  primal  M  LPG  methods  and  the  mixed  M  LPG  meth¬ 
ods  are  used.  A II  the  possible  local  weak  forms  for  a  4^^ 
order  ordinary  differential  equation  are  presented.  In  the 
first  kind  of  mixed  M  LPG  methods,  both  the  displace¬ 
ment  and  its  second  derivative  are  interpolated  indepen¬ 
dently  through  the  M  L  S  interpolation  scheme.  I  n  the  sec¬ 
ond  kind  of  mixed  MLPG  methods,  the  displacement, 
its  first  derivative,  second  derivative  and  third  deriva¬ 
tive  are  interpolated  independently  through  the  M  LS  in¬ 
terpolation  scheme.  The  nodal  values  of  the  indepen¬ 
dently  interpolated  derivatives  are  expressed  in  terms  of 
nodal  values  of  the  independently  interpolated  displace¬ 
ments,  by  simply  enforcing  the  strain-displacement  rela¬ 
tionships  directly  by  collocation  at  the  nodal  points.  The 
mixed  M  LPG  methods  avoid  the  need  for  a  direct  eval¬ 
uation  of  high  order  derivatives  of  the  primary  variables 
in  the  local  weak  forms,  and  thus  reduce  the  continuity- 
requirement  on  the  trial  function.  Numerical  results  are 
presented  to  illustrate  the  effectiveness  of  the  primal,  as 
well  as  two  kind  of  mixed  M  LPG  methods.  It  is  con¬ 
cluded  that  the  mixed  MLPG  methods  are  very  cost- 
effective. 

keyword:  MLPG,  Mixed  Methods,  Moving  Least 
Squares,  Local  Weak  Forms. 

1  Introduction 

M  ost  problems  in  mechanics  are  characterized  by  partial 
differential  equations,  in  space  and  time.  The  develop¬ 
ment  of  approximate  methods  for  the  solution  of  these 
PDEs  has  attracted  the  attention  of  engineers,  physicists 
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and  mathematicians  for  several  decades.  In  the  begin¬ 
ning,  the  finite  difference  methods  were  extensively  de¬ 
veloped  to  solve  these  equations.  As  being  derived  from 
the  vari ati onal  pri  nci  pi es,  or  thei  r  equi val ent  weak-forms, 
the  finite  element  methods  have  emerged  as  the  most  suc¬ 
cessful  methods  to  solve  these  partial  differential  equa¬ 
tions,  over  the  past  three  decades.  Recently,  the  so- 
called  meshless  methods  of  discretization  have  become 
very  attractive,  as  they  are  efficient  for  solving  PDEs 
by  avoiding  the  tedium  of  mesh-generation,  especially 
for  those  problems  having  complicated  geometries,  as 
well  as  those  involving  large  strains.  Asa  systematic 
framework  for  developing  various  truly-meshless  meth¬ 
ods,  the  Meshless  Local  Petrov-Galerkin  (MLPG)  ap¬ 
proach  has  been  proposed  as  a  fundamentally  new  con¬ 
cept  [Atiuri  and  Zhu  (1998);  Atiuri  and  Shen  (2002a,  b); 
Atiuri  (2004)].  The  generality  of  the  M  LPG  approach, 
based  on  the  symmetric  or  unsymmetric  weak-forms  of 
the  PDEs,  and  using  a  variety  of  interpolation  methods 
(trial  functions),  test  functions,  and  integration  schemes 
without  background  cells,  has  been  widely  investigated 
[Atiuri  and  Shen  (2002a,  b);  Atluri(2004)]. 

Remarkable  successes  of  the  M  LPG  method  have  been 
reported  in  solving  the  convection-diffusion  problems 
[Lin  and  Atiuri  (2000)];  fracture  mechanics  [Batra  and 
Ching  (2002)];  Navier-Stokes  flows  [Lin  and  Atiuri 
(2001)];  and  plate  bending  problems  [Long  and  Atiuri 
(2002)].  Recently,  the  MLPG  method  has  made  some 
strides,  and  it  is  applied  successfully  in  studying  strain 
gradient  materials  [Tang,  Shen  and  Atiuri,  (2003)),  three 
dimensional  elasticity  problems  [Li,  Shen,  Han  and 
Atiuri  (2003),  Han  and  Atiuri  (2004a)],  elstodynamics 
[Han  and  Atiuri  (2004b)],  and  multiscale  structure  and 
nanomechanics  [Shen  and  Atiuri  (2004,  2005)].  These 
research  successes  demonstrate  that  the  M  L  PG  method  is 
one  of  the  most  promising  alternative  methods  for  com¬ 
putational  mechanics.  The  interrelation  of  the  various 
meshless  approaches,  and  the  recent  developments  and 
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applications  of  the  M  LPG  methods  can  be  founded  in 
Atiuri  (2004). 

Very  recently,  Atiuri,  Han  and  Rajendran  (2004)  devel¬ 
oped  a  mixed  M  LPG  method  for  the  2"'^  order  partial 
differential  equation  system  of  elasticity,  in  which  both 
strains  and  displacements  were  independently  interpo¬ 
lated  through  meshless  interpolation  schemes.  The  nodal 
values  of  strains  were  expressed  in  terms  of  the  inde¬ 
pendently  interpolated  nodal  values  of  displacements,  by 
simply  enforcing  the  strain-displacement  relationships 
directly  by  collocation  at  the  nodal  points.  The  mixed 
MLPG  method  avoids  the  direct  differentiation  of  the 
trial  function  (and  the  evaluation  of  these  directly  derived 
derivatives  at  each  Gauss  point  in  the  integration  of  the 
weak  form),  and  reduces  the  continuity-requirement  on 
the  trial  function  by  one-order.  A  smaller  interpolation 
domain  can  be  used  in  the  meshless  approximation  with  a 
lower-order  polynomial  basis.  The  mixed  M  L  PG  method 
improves  very  much  the  efficiency  of  the  primal  M  LPG 
method.  In  this  paper,  we  will  employ  this  idea  to  solve 
the  4^^  order  ordinary  differential  equation. 

The  4^^  order  ordinary  differential  equation  is  more  com¬ 
plicated.  For  the  4^^  order  ordinary  differential  equa¬ 
tion,  in  the  conventional  displacement-based  approaches 
in  FEM,  the  interpolation  of  displacement  requires 
continuity  (in  order  to  ensure  convergence  of  the  finite  el¬ 
ement  procedure  for  4th  order  theories),  which  inevitably 
involves  very  complicated  shape  functions.  These  shape 
functions  involve  large  numbers  of  degrees  of  freedom 
in  every  element,  including  nodal  displacements,  nodal 
rotations  (i.e.  first  order  gradients  of  displacement), 
and  even  higher  order  derivatives.  continuous  meth¬ 
ods  are  mostly  feasible  only  for  one-dimensional  prob¬ 
lems.  The  standard  approach  for  solving  Bernoulli-Euler 
beam  problems  is  by  employing  continuous  Her- 
mite  cubic  shape  functions,  interpolating  both  displace¬ 
ments  and  rotations  (i.e.,  slopes,  the  derivative).  For 
two  dimensional  problems,  such  as  involving  plate  and 
shell  analysis,  continuous  methods  are  very  compli¬ 
cated,  and  formulations  for  three-dimensional  problems 
become  more  or  less  intractable.  The  high  computa¬ 
tional  cost  and  large  number  of  degrees  of  freedom  soon 
place  such  formulations  beyond  the  realm  of  practical¬ 
ity.  Atiuri,  Cho  and  Kim  (1999)  presented  an  analysis  of 
thin  beam  problems  using  the  M  L  PG  method  with  a  gen¬ 
eralized  moving  least  squares  (GMLS)  approximation. 
Then,  Cho  &  Atiuri  (2001)  extended  itto  the  shear  flexi¬ 


ble  beams  based  on  a  locking-free  formulation.  Raju  and 
Phillips  (2003)  applied  M  LPG  with  the  GMLS  approx¬ 
imation  to  a  continuous  beam  problem  to  evaluate  their 
effectiveness,  and  discussed  the  effects  of  various  param¬ 
eters  on  the  numerical  results  clearly  and  systematically. 
Long  &  Atiuri  (2002)  analyzed  the  bending  problem  of  a 
thin  plate  by  means  of  M  LPG  with  the  M  LS  approxima¬ 
tion. 

In  this  paper,  we  will  illustrate  various  M  LPG  methods 
with  the  MLS  approximation  for  the  simulation  of  the 
4^^  order  ordinary  differential  equation  (of  a  beam  on 
an  elastic  foundation),  including  both  the  primal  M  LPG 
methods  and  the  mixed  M  LPG  methods.  All  the  possi¬ 
ble  local  weak  forms  for  a  4^^  order  ordinary  differential 
equation  are  given  in  this  paper. 

The  outline  of  the  paper  is  as  follows.  In  Section  2,  the 
meshless  Interpol ation-the  moving  least  square  method 
is  described  briefly  for  the  sake  of  completeness.  The 
local  weak  forms  and  the  corresponding  primal  M  LPG 
methods  are  discussed  in  Section  3,  and  their  numerical 
results  are  also  presented.  In  Section  4,  the  first  kind 
of  mixed  M  L  PG  methods  and  their  numerical  results  are 
given.  In  thefirst  kind  of  mixed  M  LPG  methods,  both  the 
displacement  and  its  second  derivative  are  interpolated 
independently  through  meshless  interpolation  schemes. 
The  second  kind  of  mixed  M  LPG  methods  and  their  nu¬ 
merical  results  are  presented  in  Section  5.  In  the  second 
kind  of  mixed  M  LPG  methods,  the  displacement,  its  first 
derivative,  second  derivative  and  third  derivative  are  all 
interpolated  independently  through  meshless  interpola¬ 
tion  schemes.  The  conclusions  and  discussions  are  given 
in  Section  6. 

2  M  eshless  I  nterpolation:  the  M  oving  L  east  Square 
Method 

In  general,  meshless  methods  use  a  local  interpolation, 
oran  approximation,  to  represent  the  trial  function,  using 
the  values  (or  the  fictitious  values)  of  the  unknown  vari¬ 
able  at  some  randomly  located  nodes  in  the  local  vicin¬ 
ity.  A  variety  of  local  interpolation  schemes  that  inter¬ 
polate  the  data  at  randomly  scattered  points  (without  the 
need  for  a  mesh)  are  currently  available  [Atiuri  and  Shen 
(2002a,  b),  Atiuri  (2004)]. 

The  moving  least-square  method  is  generally  considered 
to  be  one  of  the  best  schemes  to  interpolate  data  with 
a  reasonable  accuracy.  Basically  the  M  LS  interpolation 
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does  not  pass  through  the  nodal  data.  Consider  a  domain 
in  question  with  control  points  for  boundaries  (i.e.  nodes 
on  boundaries)  and  some  scattered  nodes  inside,  where 
every  node  has  its  undetermined  nodal  coefficient  (fic¬ 
titious  nodal  value)  and  an  influence  radius  (radius  for 
local  weight  function).  Now  for  the  distribution  of  trial 
function  at  any  point  x  and  its  neighborhood  Qx  located 
in  the  problem  domain  Q,  u^(x)  may  be  defined  by 

(x)  =  (x)  a  (x)  Vx  G  Qx  (1) 

where  p^(x)=[pi(x),  P2(x),  ...,pm(x)]  is  a  complete 
monomial  basis  of  order  m,  and  a(x)  is  a  vector  contain¬ 
ing  coefficients  ay(x),  j=l,  2,  . . .  ,m  which  are  functions 
of  the  space  co-ordinates X.  The  commonly  used  bases  in 
1-D  are  the  linear  basis  (m=2),  due  to  their  simplicity.  In 
the  present  4th  order  problem,  we  will  also  employ  the 
quadratic  basis  (m=3) 

p"  (X)  =  [  1  X  x2  ]  (2) 

and  the  cubic  basis  (m=4) 

p^  (X)  =  [  1  X  x2  x3  ]  (3) 

The  coefficient  vector  a(x)  is  determined  by  minimizing 
a  weighted  discrete! 2  norm,  which  can  be  defined  as 

j  (X)  =  £  w,  (X)  [p^  (X, )  a  (X)  -  u'  ]  ^  (4) 

1=1 

where  w;(x),  is  a  weight  function  associated  with  the 
node/,  with  i/i/;(x)  >  0  for  all  x  in  the  support  of  W;(x),x; 
denotes  the  value  of  X  at  node/,  /V  is  the  number  of  nodes 
in  Qx  for  which  the  weight  functions  W;(x)  >  0.  Here  it 
should  be  noted  that  u',  1=1,  2,...,  /V,  in  equation  (4), 
are  the  fictitious  nodal  values  (undetermined  nodal  coef¬ 
ficients),  and  not  the  exact  nodal  values  of  the  unknown 
trial  function  u^(x),  in  general. 

Solving  for  a(x)  by  minimizing]  in  equation  (4),  and 
substituting  it  into  equation  (1),  give  a  relation  which 
may  be  written  in  the  form  of  an  interpolation  function 
similar  to  that  used  in  the  FEM ,  as 

N 

W  =  SV  (x)u',u\x/)  =u'  /u',XG  Qx  (5) 
1=1 

where 

m 

j=i 


with  the  matrix  A(x)  and  B(x)  being  defined  by: 

N 

A(x)  =  ^w,  (x)p(x,)p^(x,)  (7) 

1=1 

B  (x)  =  [Wi  (x)  p (Xi)  ,  W2  (x)  p (X2) ,  •  •  • ,  Wa/  (x)  P (Xa/  )] 


(8) 

Equation  (6)  can  be  rewritten  as 

0(x)  =a^(x)B(x)  (9) 

with 

Aa  =  p  (10) 

The  partial  derivatives  of  a  are  obtained  through  the  re¬ 
lations: 

Attx  =  P,x  ~  A  xOt  (11) 

Att^xx  =  P,xx  ~  A  xxtt  —  2A  xOt^x  (12) 

Ot,xxx  =  P,xxx  ~  A ^xxxOt  —  3 A ,xxOt,x  ~  3 A .xOt^xx  (13) 

Now,  the  partial  derivatives  of(|)'(x)  are  obtained  as 
(^'x  =a^xB/ +a^B;,x  (14) 

*i^/x  ~  ®^xB/ +  2a^B;  X +01^  B;  XX  (15) 

^/xx  ~  ®/xxB/  +  3ot^xB/,x  +  3tt^B;  XX  +01^  B;  xxx  (16) 


in  which  B/  is  the  /th  column  of  matrix  B.  Thus,  the 
derivatives  of  (|)'(x)  become  rather  complicated. 

The  nodal  shape  function  is  complete  up  to  the  order  of 
the  basis.  The  smoothness  of  the  nodal  shape  function 
(|)'(x)  is  determined  by  that  of  the  basis  and  of  the  weight 
function.  The  choice  of  the  weight  function  is  more  or 
less  arbitrary  as  long  as  the  weight  function  is  positive 
and  continuous.  The  following  weight  function  is  con¬ 
sidered  in  the  present  work: 

[  0<d,  <r,=p,h, 

di  >  ri  =pihi 


(6) 


0 


(17) 
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where  d;  =  |x  -  x;  |  is  the  distance  from  node  x;  to  point 
X,  hi  in  the  nodal  distance,  p;  is  the  scaling  parameter 
for  the  size  of  the  sub-domain  and  p  is  the  order 
of  spline  function.  The  coefficients  aic  are  obtained  by 
taking  the  following  boundary  conditions: 

r  W;(d;/r;  =0)  =  1,  mo  =  0 

I  (18) 

I  =  0.  mo>l 

and 

(  w,(d,/r;  =1)  =  0,  mi=0 

{  (19) 

I  W'.-i)  ,  0.  mi>l 

where  p  =mo+mi  +  1.  Theform  of  the  weightfunctions 
may  be  changed  by  the  geometry  of  the  sub-domain 
over  which  the  weight  function  is  non-zero.  Since  the 
weight  function  is  a  type  of  a  polynomial,  the  "nodal 
shape  function"  given  in  equation  (6)  has  the  charac¬ 
teristics  of  a  rational  function.  One  can  easily  obtain  a 
global  C'  continuity  up  to  a  desired  order  /  if  the  order  of 
spline  is  changed.  Therefore,  theC'  continuity  depends 
upon  value  of  mo  and  mi  in  equations  (18)  and  (19),  i.e. 
(l)(x)  g  if  mo  is  even;  (|)(x)  ^  if 

mo  is  odd.  It  is  very  important  to  preserve  the  smoothness 
of  the  derivatives  of  shape  functions,  because  discontinu¬ 
ities  and  vertices  in  the  derivatives  of  the  shape  functions 
make  numerical  integration  difficult.  In  this  paper,  we 
choose  a  4^^  order  spline  function  (C^) 


known  exact  solution  of  the  4^^  order  differential  equa¬ 
tion 


d^U  inn  1 

-rr  +u- 1  =  0,  0  <  X  <  1 
dx^ 

u  =  u"  =  0,  x  =  0,  and  1  (22) 


I.e., 


exact  —  1  + 


-e  V2  ^cos-^  +e 

TX  ^  TX 
2e  vicos-^  +  e  v2+i 


cos-^ 

V2 


+ 


+ 


+ 


-e-v^sin^ 


2e  vicos-^  +  e  v2+i 
-  ("e^^cos^  +  ll 


V2 


ev2  sin  — 

x/2 


_A.  ^  _  J_ 

2e  vicos-^  +  e  V2+1 
-e  vising 


e  VI  cos 


V2 


_ L  T  _X 

2e  vicos-^  +  e  vi  +  i 


e  '^sin-^ 


^  (23) 


In  this  simulation,  the  linear  basis,  and  the  7^^  order 
spline  function  (21)  are  employed;  20  nodes  are  dis¬ 
tributed  evenly  from  0  to  1,  the  radius  of  the  support 
domain  of  the  trial  function  is  taken  to  be  5.5/i;.  Thus, 
setting: 


(20) 


as  well  as  a  7^^  order  spline  function  (C^), 


W/  (x) 

1-35 


4 

+  84 


for  0  <  d;  <  r;,  as  weightfunctions. 

Now,  in  order  to  depict  its  performance,  we  will  employ 
the  M  LS  to  simulate  the  following  function,  which  is  the 


20 

Uexact  (Xj)  =  '^<p'  (Xj)u';J  =  1,  •  •  • ,  20  (24) 

1=1 

and  using  (6),  we  obtain  the  values  of  u'.  Then  we  obtain 
the  interpolation  (x)  for  Uexact,  as: 

20 

u'’ (x)  =  £  V  (^)  (25) 

1=1 


Fig.  1  shows  the  distinction  between  the  exact  nodal  val¬ 
ues  u'  of  the  trial  function  (x),  and  the  fictitious  nodal 
values  u'.  Figs.  2-5  compare  the  values  of  the  function 
(x)  and  its  order  derivatives  calculated  from  the 
M  LS  interpolation  with  the  corresponding  exact  values 
obtained  from  (23).  Form  these  figures,  we  can  see  that 
the  M  LS  can  interpolate  the  function  Uexact  and  its  first 
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Figure  1 :  The  distinction  between  the  exact  nodal  val¬ 
ues  u'  of  the  trial  function  (x),  and  the  fictitious  nodal 
values  u'. 


Figure  2  :  The  function  u. 


Figures  :  The  first  derivative  of  the  function  u. 


Figure  4 :  The  second  derivative  of  the  function  u. 


derivative  very  well,  but  it  has  poor  accuracy  to  inter¬ 
polate  the  higher  order  derivatives.  Hence,  in  the  weak 
forms,  we  should  avoid  the  appearance  of  the  higher  or¬ 
der  derivatives  of  (x). 


3  Locai  Weak  Forms  and  Primai  M  LPG  Methods 


Consider  a  4^^  order  ODE 


d^u 


0 


(26) 


in  domain  Q  (0  <  x  <  1).  Equation  (26)  is  actually  the 
governing  equation  for  a  thin  beam  on  an  elastic  foun¬ 
dation  undergoing  small  deformations,  in  which  u  is  the 
normalized  transverse  displacement.  The  boundary  con¬ 
ditions  at  x=0  and  x=l  can  have  several  combinations. 


Figures :  The  third  derivative  of  the  function  u. 


The  essential  boundary  conditions  are  of  the  form 
u  =  u  on  Tu 


(27) 
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u'=I7'onr,  (28) 

and  the  natural  boundary  conditions  are  of  the  form 
u"'=l7"'onr:'  (29) 

u"=i7"onr[;  (30) 


per  se.  The  mixed  methods  are  described  in  detail  in  the 
next  section.  In  this  section,  we  limit  ourselves  to  the 
primal  M  LPG  methods. 

3.1  Unsymmetric  local  weak  form  1 

By  integrating  (31)  by  part  once,  one  obtain: 


where  r^,  r[,,  r",  and  r"'  denote  the  boundary  points 
where  u  (deflection),  u'  (slope),  u"'  (shear),  and  u"  (mo¬ 
ment)  are  prescribed,  respectively.  Note  that  the  prescrip¬ 
tions  of  u  &  u"',  and  u'  &  u"  are  mutually  disjoint,  i.e., 
when  u  =  u  is  prescribed,  u'"  becomes  the  corresponding 
reaction,  and  when  u'  =I7'  is  prescribed,  u"  becomes  the 
corresponding  reaction. 

Now,  we  will  give  all  the  local  weak  forms  for  equation 
(26),  which  are  the  basis  of  the  M  L  PG  methods.  A  gener¬ 
alized  local  weak  form  (LWF)  of  the  4^'’  order  differential 
equation  (26)  over  a  local  subdomain  Qj.  can  be  written 
as: 


d^u  \ 
^+u-l]vdx 


0 


(31) 


nx[u"'v]r^-  /  u"Vdx+ f  (u-l)vdx  =  0  (32) 

where  denotes  the  boundary  term  and  Ox  is  the 
outward  normal.  For  one-dimensional  problems,  the  lo¬ 
cal  boundary  Tj  has  two  points,  and  Ox  has  the  values  of 
±1.  Equation  (32)  is  an  unsymmetric  weak  form,  and 
the  trial  function  should  be  continuious.  There  is  a 
third  derivative  of  function  u  in  LWF  (32).  Imposing  the 
boundary  conditions  (29),  one  obtains 


-f  u"'v'dx+ f  (u-l)vdx  =  0 


IQs 


IQs 


(33) 


The  local  weak  form  (31)  includes  the  fourth  derivative 
of  the  trial  function.  If  the  test  function  v  is  taken  to  be 
the  Delta  function,  the  col  location  method  will  be  derived 
from  equation  (31).  In  section  2,  it  is  shown  that  it  is  too 
difficuitto  obtain  the  accurate  higher  order  derivatives  of 
the  trial  function;  moreover,  they  are  not  very  accurate. 
FI  ence,  this  weak  form  is  not  appropriate  for  the  numeri¬ 
cal  implementation.  In  fact,  we  did  implement  the  collo¬ 
cation  in  our  numerical  experiments;  Flowever,  we  could 
not  obtain  any  meaningful  results,  as  was  expected  (these 
numerical  results  are  omitted  in  this  paper). 

To  obtain  an  accurate  and  efficient  meshless  method,  one 
should  decrease  the  order  of  the  derivatives  of  the  trial 
function  in  the  local  weak  forms.  There  are  two  ways  to 
reach  this  goal.  One  is  by  means  of  integrating  by  parts, 
through  which  the  differentiation  can  be  transferred  from 
the  trial  function,  u,  to  the  test  function,  v.  Then,  the 
higher  order  derivatives  in  the  domain  integration  will 
disappear.  Flowever,  the  higher  order  derivatives  of  the 
trial  function  still  appear  in  the  local  boundary  integral 
(local  boundary  for  ID  problem).  This  is  the  primal 
M  LPG  method.  Another  promising  approach  is  the  use 
of  the  "mixed"  M  LPG  approach  [Atiuri,  Flan,  Rajendran 
(2004)],  wherein,  independent  meshless  interpolations 
are  also  used  for  the  derivatives,  as  well  as  the  function 


where  Tsu'"  is  the  boundary  where  u"'  is  prescribed  on 
the  local  boundary  (rsfiF"').  In  general,  when  a  lo¬ 
cal  boundary,  Tj,  intersects  a  global  boundary,  r,  four 
boundary  condition  possibilities  exist.  These  possibili¬ 
ties  are  Fj  n Ty,  Fj  n F],,  Fj  n F",  and  Fj  n  F"',  and  are 
denoted  as  Fju,  Fjus  Fsu«,  and  Fj^™,  respectively;  and  Lj 
is  the  other  part  of  the  local  boundary  which  is  inside 
the  solution  domain.  Since  the  boundary  F^  and  F"'  are 
mutually  disjoint,  and  are  related  by  F  =  F(jUF"',  the  lo¬ 
cal  boundary  Fs  can  be  decomposed  into  disjoint  subsets 
of  Is,  Fsu  and  Tsu'".  By  the  same  reason,  it  can  also  be 
decomposed  into  disjoint  sunsets!  s-  Tsu'  and  Fs,«.  By  us¬ 
ing  these  decompositions,  along  with  the  boundary  con¬ 
ditions  (27)-(30),  equation  (33)  is  obtained. 

In  order  to  simplify  the  above  equation,  we  can  select  a 
test  function  v  such  that  it  vanishes  over  Lj,  then  equation 
(33)  can  be  rewritten  as 

/  uvdx-  u"'v'dx  +  nx\u"'v]^ 

Jqs  Jqs  "" 

=  [  vdx-nx\ii'”v]^  (34) 

JCls  L  J  1  5„,„ 

With  equation  (5),  one  may  discretize  the  local  unsym¬ 
metric  weak  form  (34)  as 
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1=1  L  Jtsu 


3.2  Symmetric  local  weak  form 

Integrating  (31)  by  parts  twice  yields  the  foil  owing  sym¬ 
metric  local  weak  form, 


(x) 


V  U!=  f  vdx-nx  [I7"'|/]  (35)  „  „ 

+  f  u"v"dx+ f  {u-l)vdx  =  0 
tliiri  120041.  nnpmav  rhnn';pthp  Hpav-  J^s  J^s 


As  discussed  in  Atiuri  (2004),  one  may  choose  the  Heav 
iside  function  as  the  test  function,  and  obtains 


Ox  [u"'v]^^^  +nx  [u"'v]i_^+J^  uvdx 
=  vdx-  Ox  ri7"Vl  ^ 

Equation  (36)  can  be  discretized  as 


[dVW, 

A"'  “dF“ 


V  U;+£n 


1/  U; 


H  n  p 

+  S  /  =  /  i/dx-Ox  [i7"V]j 


This  is  a  symmetric  local  weak  form,  and  both  the  trial 
and  test  function  should  beC^  continuious.  Imposing  the 
boundary  conditions  (29)  and  (30),  one  obtains 


^xK''/]r,„,„+^x  [u"V]r,„+nx  [u"V],^ 

-"x  -  Ox  -  Ox  [u'V']^^ 

+  [  u"v"dx+ [  {u-l)vdx  =  0  (40) 

JQs  J^s 

In  order  to  simplify  the  above  equation,  one  can  select  a 
test  function  v  such  that  it,  and  its  derivative,  vanish  over 
Ls,  then  equation  (40)  can  be  rewritten  as 


In  this  study,  the  collocation  method  is  used  to  impose 
the  boundary  conditions.  For  boundary  nodex;,  one  has 

PlU  (X; )  +  (32U'  (X;  )  +  (X; )  =  (3iI7  +  (3217'  +  (3317"  (38) 

It  is  noted  that  actually  there  exist  only  1  or  2  terms  in 
both  sides  of  equation  (38),  depending  on  the  combina¬ 
tion  of  the  boundary  conditions. 

However,  as  discussed  in  Section  2,  we  know  that  the 
MLS  interpolation  is  hardly  capable  of  approximating 
the  third  derivative  of  function  u.  Our  numerical  ex¬ 
periments  based  on  LWF  (33),  cannot  obtain  any  stable 
and  convergent  results  (using  some  special  parameter- 
combinations,  one  may  happen  to  obtain  some  good  re¬ 
sults),  using  either  weight  function  (20)  or  Heaviside 
function  as  test  function.  Hence,  the  unsymmetric  local 
weak  form  (33)  is  not  appropriate  for  the  numerical  im¬ 
plementation  either.  However,  the  mixed  M  LPG  method 
based  on  this  LWF  (33)  can  still  generate  stable  and  con¬ 
vergent  results,  as  will  be  described  in  next  section. 


nx[u'"vl^  -nx[u"v'l^  +/  u"v"dx+  uvdx 
=  [  vdx -Ox  [77'"  vl  +nx[77"v']  (41) 

L  -II  5^y///  L  -II  ^ijff 

By  means  of  the  M  LS  interpolation  (5),  the  local  sym¬ 
metric  weak  form  (41)  can  be  discretized  as 


The  collocation  method  is  used  to  impose  the  boundary 
conditions.  For  boundary  nodex/,  one  has 

(3iU(X;)+(32U'(X;)  =  (3iI7  +  (32l7'  (43) 
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It  is  noted  that  actually  there  may  exist  0  to  2  terms  in 
each  sides  of  equation  (43),  depending  on  the  combina¬ 
tion  of  the  boundary  conditions. 

To  illustrate  their  effectiveness,  the  MLPG  methods 
based  on  the  LWF  (41)  are  used  to  solve  equation  (26) 
with  boundary  conditions: 

u  =  u"  =  0atx  =  0,l  (44) 

The  exact  solution  is  equation  (22). 

For  the  purpose  of  error  estimation  and  convergence 
studies,  the  following  norm  is  used: 

ii"ii 

The  relative  errors  for  every  order  derivative  are  defined 
as 


ek  = 


dx^ 


num 


~dW  J 


exact 


~dW  J 


exact 


, /c  =  0,l,2,3  (46) 


For  the  present  problem  of  a  beam  on  elastic  founda¬ 
tion,  the  normalized  elastic  energy  stored  in  the  system, 
at  equilibrium,  may  be  written  as 


1/1/  = 


^^'(u"  +  u2)dx 


The  relative  error  for  the  energy  is  defined  as 
l/l/num  _|/|/exact| 

en  = 


1/1/ 


exact] 


(47) 


from  3-5h.  Fig.  7  shows  the  influence  of  the  radius  of 
the  trial  domain  on  the  errors  eo  and  ei,  where  the  radius 
of  the  test  domain  is  taken  to  be  3.5h.  The  results  for 
the  function  u  and  its  first  derivative  are  highly  accurate. 
The  relative  errors  eo  and  ei  are  not  sensitive  to  the  radius 
of  the  trial  function  domain  from  3.5-5.5h,  and  less  than 
1%.  For  the  linear  (m=2)  basis,  the  same  trends  can  be 
observed.  Flowever,  for  m=2,  a  larger  radius  of  the  trial 
function  domain  should  be  chosen  to  obtain  an  accurate 
and  stable  result.  In  fact,  in  M  LS,  to  increase  the  radius 
of  the  trial  function  domain  is  equivalentto  increase  m  of 
the  basis  function. 

The  convergence  rate  is  investigated  with  three  nodal 
configurations:  11,  21,  and  41  nodes.  We  also  consider 
the  effects  of  the  basis  functions:  linear  (m=2)  and  cu¬ 
bic  (m=4)  bases  are  used  in  this  investigation.  For  cu¬ 
bic  (m=4)  basis,  the  radius  of  the  test  domain  is  taken  to 
be  3.5h,  and  the  radius  of  the  trial  domain  is  taken  to  be 
4.5h.  For  linear  (m=2)  basis,  the  radius  of  the  test  domain 
is  taken  to  be  3.5h,  and  the  radius  of  the  trial  domain  is 
taken  to  be  8/i.  The  relative  errors  eo  and  ei  and  the  con¬ 
vergence  rates  R  of  the  displacement  and  first  derivative 
are  depicted  in  Fig.  8,  for  both  m=4  and  m=2.  The  con¬ 
vergence  rates  R  of  the  relative  errors  62,  63  and  ep  for 
the  second,  third  derivatives  and  the  energy,  are  plotted 
in  Fig.  9  only  for  m=4.  It  can  be  seen  that  the  present 
M  LPG  method  has  high  rates  of  convergence  for  norms 
eo,  ei,  62,  and  ep,  and  gives  very  accurate  results  for  the 
unknown  variable,  its  first  and  second  derivatives,  and  the 
energy.  The  results  from  the  cubic  (m=4)  basis  are  more 
accurate,  and  of  higher  convergent  rate  than  those  from 
the  linear  (m=2)  basis.  Flowever,  the  results  for  the  third 
derivative  are  not  very  accurate,  and  the  convergence  rate 
for  the  relative  error  63  is  not  high. 

3.3  U  nsymmetric  local  weak  form  2 


At  first,  we  use  the  cubic  basis,  i.e.  m=4.  Both  the 
weight  function  in  the  MLS  interpolation  and  the  test 
function  are  taken  to  be  equation  (20).  41  nodes  are  used 
(h=0.025,  with  h  being  the  distance  between  nodes).  Fig. 
6  shows  the  influence  of  the  radius  of  the  test  domain  on 
the  relative  errors  eo  and  ei,  where  the  radius  of  the  trial 
function  domain  is  taken  to  be  4.5h.  From  this  figure,  it 
can  be  found  that  the  relative  errors  of  the  function  u  and 
its  first  derivative  are  less  than  1%  when  the  trial  func¬ 
tion  domain  is  big  enough  (>  2.5h).  It  is  noticed  that  the 
accuracy  is  not  sensitive  to  the  radius  of  the  test  domain 


Integrating  (31)  by  parts  three  times  yields  the  foil  owing 
local  unsymmetric  weak  form, 

nx  [u"V]r^-nx  [uV]^^+nx 

-[  uV'dx+ [  (u-l)vdx  =  0  (48) 

Jcis  JCls 

This  is  an  unsymmetric  weak  form,  and  the  trial  function 
can  be  C°  continuious.  Imposing  the  boundary  condi¬ 
tions  (29)  and  (30),  one  obtains 
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Figure  6  :  The  influence  of  the  test  domain  size  (41 
nodes). 


Figure  7  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Figures :  Convergence  rate  in  relative  errors  eo  and  ei. 


Figures  :  Convergence  rate  in  relative  errors  62,  63,  and 

ep. 


function  is  given  in  (20)  and  (21).  Then  equation  (49) 
can  be  simplified  as 


+  +nx  +nx  [uV"],^ 

-f  u'v'"dx+ f  (u-l)vdx  =  0 
JQs  J^s 


+  /  uvdx-  /  u'v'''dx 

JQs  JQs 

(49) 


I  r„,// 


(50) 


One  can  select  a  test  function  v  such  that  itself,  and  its 

first  and  second  derivatives  vanish  over  Lj.  Such  a  test  With  equation  (5),  one  may  discretize  the  local  symmet- 
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ric  weak  form  (50)  as 
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(51) 


The  collocation  method  is  used  to  impose  the  only 
boundary  condition,  which  does  not  appear  in  the  left 
side  of  equation  (51).  For  boundary  nodex; ,  one  has 


(3iu(x,)  =  (3iI7  (52) 

In  the  numerical  example,  we  also  use  the  cubic  basis, 
i.e.  m=4.  The  weight  function  in  M  LS  is  taken  to  be 
as  in  equation  (20),  while  the  test  function  in  LWF  (49) 
is  chosen  to  be  as  in  equation  (21).  41  nodes  are  used 
(h=0.025)  to  consider  the  influences  of  the  radius  of  both 
test  and  trial  domains.  Fig.  10  shows  the  influence  of  the 
radius  of  the  test  domain  on  the  errors  eo  and  ei,  where 
the  radius  of  the  trial  function  domain  istaken  to  be4.5/i. 
From  this  figure,  it  can  be  found  that  the  accuracy  of  the 
function,  u  as  well  as  its  first  derivative,  is  high,  when  the 
trial  function  domain  is  big  enough  (>  2.5h).  Similarly, 
it  is  noticed  that  the  accuracy  is  not  sensitive  to  the  radius 
of  the  test  domain  from  3-5h.  Fig.  11  showsthe  influence 
of  the  radius  of  the  trial  domain  on  the  errors  eo  and  ei, 
where  the  radius  of  the  test  domain  is  taken  to  be  3.5h. 
The  results  for  the  function  u,  as  well  as  its  first  deriva¬ 
tive,  are  of  high  accuracy.  The  relative  errors  eo  and  ei 
are  less  than  1%,  and  are  not  sensitive  to  the  radius  of 
the  trial  function  domain  as  the  radius  of  the  trial  domain 
is  greater  than  4h.  For  the  linear  (m=2)  basis,  the  same 
trends  can  be  observed.  Again,  for  m=2,  a  larger  radius 
of  the  trial  function  domain  should  be  chosen  to  obtain 
an  accurate  and  stable  result. 

Similarly,  the  convergence  rate  is  investigated  with  three 
nodal  configurations:  11,  21,  and  41  nodes.  The  ef¬ 
fects  of  the  basis  functions:  linear(m=2)  and  cubic  (m=4) 
bases  are  investigated.  For  cubic  (m=4)  basis,  the  radius 


Normalized  radius  of  the  test  domain  (r/h) 


Figure  10  :  The  influence  of  the  test  domain  size  (41 
nodes). 


of  the  test  domain  is  taken  to  be  3.5h,  and  the  radius  of 
the  trial  domain  is  taken  to  be4.5h.  For  linear  (m=2)  ba¬ 
sis,  the  radius  of  the  test  domain  is  taken  to  be  3h,  and 
the  radius  of  the  trial  domain  istaken  to  be6.5h.  The  rel¬ 
ative  errors  eo  and  ei  and  the  convergence  rates  R  of  the 
displacement  and  first  derivative  are  depicted  in  Fig.  12, 
for  both  m=4  and  m=2.  The  convergence  rates  R  of  the 
relative  errors  62,  63  and  ep  for  the  second,  third  deriva¬ 
tives  and  the  energy,  are  plotted  in  Fig.  13  only  for  m=4. 
It  can  be  seen  that  the  present  M  L  PG  method  has  stable 
convergence  rates  for  norms  eo,  ei,  62,  and  ep,  and  gives 
reasonably  accurate  results  for  the  unknown  variable,  its 
first  and  second  derivatives,  and  the  energy.  The  results 
from  the  cubic  (m=4)  basis  are  more  accurate,  and  are  of 
a  higher  convergent  rate  than  those  from  the  I  i  near  (m=2) 
basis.  Flowever,  the  results  for  the  third  derivative  are  not 
very  accurate,  and  the  convergence  rate  for  the  relative 
error  63  is  not  high. 

3.4  U  nsymmetric  local  weak  form  3 

Integrating  (31)  by  parts  four  times  yields  the  following 
unsymmetric  local  weak  form. 


nx  [u"V]^^-nx  [u"v']^^+nx  [uV']^^ 
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Figure  11 :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Figure  13 :  Convergence  rate  in  relative  errors  62, 63,  and 
en. 


Figure  12 :  Convergence  rate  in  relative  errors  eo  and  ei. 


-nx  -Hx  [u"y\^^  -nx  [u"y\ 

+  ^x  +nx  [^'y\^„  +nx  [uV]^^ 


(54) 


In  order  to  simplify  the  above  equation,  we  can  select  a 
test  function  v,  such  that  itself  and  its  first,  second  and 
third  derivatives  vanish  over  Lj.  Such  a  test  function  is 
given  in  (21).  Then  equation  (54)  can  be  rewritten  as 


I  n  this  weak  form,  no  derivatives  of  the  trial  function  ap¬ 
pear  in  the  domain  integration.  M  oreover,  all  the  bound¬ 
ary  conditions  become  "natural"  boundary  conditions. 
Then,  there  is  no  difficulty  in  the  implementation  of  the 
boundary  conditions. 

I  mposing  the  boundary  conditions  (29)  and  (30),  one  ob¬ 
tains 


(55) 

With  equation  (5),  one  may  discretize  the  local  unsym- 
metric  weak  form  (55)  as 
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=  f  vdx-nx\Ti"'v]^  +nx\Ti"v']. 


(56) 


Normalized  radius  of  the  test  domain  (r/h) 


To  illustrate  the  effectiveness  of  the  M  LPG  method  base 
on  the  local  weak  form  (54).  The  same  problem  as  that 
in  the  Subsection  3.2  is  solved  here.  We  also  start  with 
the  cubic  basis,  i.e.  m=4,  in  the  M  LS  interpolation.  The 
weight  function  in  MLS  is  taken  to  be  equation  (20), 
while  the  test  function  in  LWF  (55)  is  chosen  to  be  equa¬ 
tion  (21),  because  of  theC^  continuity-requirement  for 
the  test  function.  41  nodes  are  used  (d=0. 025).  Fig.  14 
shows  the  influence  of  the  radius  of  the  test  domain  on 
the  errors  eo  and  ei,  where  the  radius  of  the  trial  func¬ 
tion  domain  is  taken  to  be  4.5d.  From  this  figure,  it  can 
be  found  that  the  accuracy  of  the  function  u,  and  its  first 
derivative,  is  very  high  when  the  trial  function  domain 
is  big  enough  (>  2.5h).  Similarly,  it  is  noticed  that  the 
accuracy  is  not  sensitive  to  the  radius  of  the  test  domain 
from  3-6h,  the  relative  errors  eo  and  ei  are  less  than  1%. 
Fig.  15  shows  the  influence  of  the  radius  of  the  trial  do¬ 
main  on  the  errors  eo  and  ei,  where  the  radius  of  the  test 
domain  is  taken  to  be  4h.  The  results  for  the  function  u 
and  its  first  derivative  are  of  high  accuracy.  The  relative 
errors  eo  and  ei  are  not  sensitive  to  the  radius  of  the  trial 
function  domain.  For  the  linear  (m=2)  basis,  the  same 
trends  can  be  observed.  Again,  for  m=2,  a  larger  radius 
of  the  trial  function  domain  should  be  chosen  to  obtain  an 
accurate  and  stable  result.  It  can  be  found  that  the  results 
in  this  subsection  are  more  accurate  that  those  in  the  pre¬ 
vious  subsections,  sinceno  derivative  of  the  trial  function 
appears  in  the  domain  integration  in  the  local  weak  form. 


Figure  14  :  The  influence  of  the  test  domain  size  (41 
nodes). 


to  be  4h,  and  the  radius  of  the  trial  domain  is  taken  to  be 
5h.  For  linear  (m=2)  basis,  the  radius  of  the  test  domain 
is  taken  to  be  4h,  and  the  radius  of  the  trial  domain  is 
taken  to  be6.5h.  The  results  clearly  illustrate  stable  con¬ 
vergence  rates  for  both  eo  and  ei  for  the  present  M  L  PG 
methods.  Obviously,  the  results  from  the  cubic  (m=4) 
basis  are  more  accurate  than  those  from  the  linear  (m=2) 
basis.  The  relative  errors  eo  and  ei  and  the  convergence 
rates  R  of  the  displacement  and  first  derivative  are  de¬ 
picted  in  Fig.  16,  for  both  m=4  and  m=2.  The  conver¬ 
gence  rates  R  of  the  relative  errors  62,  63  and  ep  for  the 
second,  third  derivatives  and  the  energy,  are  plotted  in 
Fig.  17  only  for  m=4.  It  can  be  seen  that  the  present 
M  LPG  method  has  high  convergence  rates  for  norms  eo, 
ei,  62,  and  ep,  and  gives  very  accurate  results  for  the  un¬ 
known  variable,  as  well  as  its  first  and  second  derivatives, 
and  the  energy.  The  results  from  the  cubic  (m=4)  ba¬ 
sis  are  more  accurate  and  of  higher  convergent  rate  than 
those  from  the  linear  (m=2)  basis.  Flowever,  the  results 
for  the  third  derivative  are  not  very  accurate,  and  the  con¬ 
vergent  rate  for  the  relative  error  63  is  low. 

4  The  First  Kind  of  Mixed  M  LPG  Methods 


Similarly,  the  convergence  rate  is  investigated  with  three 
nodal  configurations:  11,  21,  and  41  nodes.  We  also  con¬ 
sider  the  effects  of  the  basis  functions,  and  linear  (m=2) 
and  cubic  (m=4)  bases  are  used  in  this  investigation.  For 
cubic  (m=4)  basis,  the  radius  of  the  test  domain  is  taken 


Fora  4^^  order  ODE,  there  are  two  approaches  to  develop 
the  M  LPG  mixed  methods.  In  this  section,  the  first  kind 
of  mixed  M  LPG  methods  will  be  developed  to  solve  the 
4^^  order  ODE.  In  the  first  kind  of  mixed  M  LPG  methods, 
both  the  displacement  as  well  as  its  second  derivative  are 
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Figure  15  :  The  influence  of  the  trial  domain  size  (41  Figurel?:  Convergence  rate  in  relativeerrors  62, 63,  and 
nodes).  ep. 


Figure  16 :  Convergence  rate  in  relativeerrors  eo  and  ei. 


interpolated  independently  through  meshless  interpola¬ 
tion  schemes,  in  order  to  eliminate  the  direct  differentia¬ 
tion  of  the  trial  function  to  obtain  its  second  and  higher 
order  derivatives  of  the  shape  function  in  the  local  weak 
forms. 

First,  we  introduce  a  function  z  as 

u"  =  z  (57) 

Then,  equation  (26)  becomes 


With  the  use  of  the  M  LS  approximation,  the  function  z 
can  be  independently  interpolated  as 

N 

z^(x)  =  (x)z',z'’(x,)  =z'  /z',xeQx  (59) 

1=1 

4.1  L  ocal  weak  form  1 

A  nalogously,  a  local  weak  form  can  be  derived  as 
nx[zV]r^-/’  z'v'dx+ [  (u-l)vdx  =  0  (60) 

This  weak  form  corresponds  to  the  local  unsymmetric 
weak  form  (32),  but,  now  there  exist  only  the  first  deriva¬ 
tives  of  z  and  v  in  the  local  weak  form,  and  the  require¬ 
ment  of  the  continuity  for  the  trial  function  z  is  only  C°. 
A  s  discussed  in  Section  2,  the  direct  differentiation  of  u  is 
not  efficient  in  calculating  its  higher  order  derivatives  ev¬ 
erywhere.  Thus,  compared  to  the  primal  M  LPG  method 
based  on  LWF  (32),  the  present  mixed  MLPG  method 
should  be  more  efficient. 

In  order  to  simplify  the  above  equation,  a  test  function  v 
can  be  selected  such  that  it  vanishes  over  Lj.  then  equa¬ 
tion  (60)  can  be  rewritten  as 

nxfzVl^  +/  uvdx-  z'v'dx 
[  vdx-nx\z'v] 


z"  +  u-l  =  0 


(58) 


(61) 
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With  the  interpolations  (5)  and  (59),  one  may  discretize 
the  local  weak  form  (61)  as 


(62) 


0  ne  may  choose  the  H  eaviside  function  as  the  test  func¬ 
tion,  and  obtains 


n,[z'v]^^^+n,[z'v]L^+  [  uvdx 

«/  *25 

=  [vdx-nx[7'v]  (63) 

Jo.;  ^  5“"' 

Equation  (63)  can  be  discretized  as 


dx 


I  rdV(x)  1  „  ^ 

x,  +  Xnx 

;=l  L  Jtsu  /=! 

H  n  p 

+  X/  V  (x)'/dxu;  =  /  vdx-nx\2^\/ 


(64) 


In  equation  (62)  or  (64),  there  are  2N  independent  un¬ 
know  ns  (A/  second  derivative  variables  z/  and  A/  displace¬ 
ment  variables  u; ),  but  the  number  of  the  equation  is  only 
A/ .  H  owever,  one  can  reduce  the  number  of  the  variables 
by  relating  z  to  u"  via  the  collocation  methods,  without 
any  changes  to  equation  (62)  or  (64).  The  collocation 
method  is  employed  to  enforce  equation  (57)  only  at  each 
nodex;,  instead  of  the  entire  solution  domain.  Thus,  the 
function  z  at  nodex/  is  expressed  in  terms  of  the  function 
u  at  nodex;,  as 

z(xi)  =  u"(xi)  (65) 

With  the  interpolations  (5)  and  (59),  the  two  sets  of  nodal 
variables  can  be  transformed  through  a  linear  algebraic 
matrix. 


(66) 


where  the  transformation  matrix  H  is  banded.  Substi¬ 
tuting  equation  (66)  into  equation  (62)  or  (64),  one  can 
obtain  a  linear  algebraic  equation  system  of  u;. 

The  collocation  method  is  used  to  impose  the  boundary 
conditions.  For  boundary  nodex;,  one  has 

(3iU(X,)+(32U'(X;)+(33Z(X;)  =(3iI7  +  (32l7'  +  (33Z  (67) 

It  is  noted  that  actually  there  exist  only  1  or  2  terms  on 
both  the  sides  of  equation  (67),  depending  on  the  combi¬ 
nation  of  the  boundary  conditions. 

T 0  demonstrate  the  effectiveness  of  thi  s  method,  the  same 
numerical  example  as  in  Section  3  is  considered  in  this 
section. 

In  this  subsection,  only  the  linear  basis,  i.e.  m=2,  is  em¬ 
ployed  in  the  M  LS  interpolation,  and  the  weight  function 
in  M  LS  is  taken  to  be  equation  (20). 

4.1.1  The  test  function  is  taken  to  be  the  weightfunction 

At  first,  we  take  equation  (20)  as  the  test  function,  i.e. 
use  the  discretized  equation  (62).  41  nodes  are  used 
(h=0.025).  Fig.  18  shows  the  influence  of  the  radius  of 
the  test  domain  on  the  errors  eo  and  ei,  where  the  ra¬ 
dius  of  the  trial  function  domain  is  taken  to  be  5.1h.  It 
is  noticed  that  the  relative  errors  eo  and  ei  (around  2%) 
are  almost  independent  of  the  radius  of  the  test  domain 
from  1-3. 5h.  Fig.  19  shows  the  influence  of  the  radius 
of  the  trial  domain  on  the  errors  eo  and  ei,  where  the  ra¬ 
dius  of  the  test  domain  is  taken  to  be  2.5h.  The  results 
for  the  function  u  and  its  first  derivative  are  acceptable 
(less  than  10%).  The  relative  errors  eo  and  ei  are  not 
very  sensitive  to  the  radius  of  the  trial  function  domain 
from  2.5-5.5h.  The  convergence  rate  is  investigated  with 
three  nodal  configurations:  11,  21,  and  41  nodes  for  lin¬ 
ear  (m=2)  basis.  The  radius  of  the  test  domain  is  taken 
to  be  2.5/1,  and  the  radius  of  the  trial  domain  is  taken 
to  be  2.5/1.  The  results  clearly  demonstrate  stable  con¬ 
vergence  rates  for  both  eo  and  ei  for  the  present  mixed 
M  LPG  methods.  The  relative  errors  eo  and  ei  and  the 
convergence  rates  R  of  the  displacement  and  first  deriva¬ 
tive  are  depicted  in  Fig.  20.  The  convergence  rates  R 
of  the  relative  errors  e2,  03  and  ep  for  the  second,  third 
derivatives  and  the  energy,  are  plotted  in  Fig.  21.  It  can 
be  seen  that  the  present  mixed  M  L  PG  method  has  stable 
convergence  rate  for  norms  eo,  ei,  62,  and  ep,  and  gives 
reasonably  accurate  results  for  the  unknown  variable,  its 
first  and  second  derivatives,  and  the  energy.  FI  owever. 
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Figure  18  :  The  influence  of  the  test  domain  size  (41 
nodes). 


Figure  19  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


the  results  for  the  third  derivative  are  not  accurate,  and 
the  convergence  rate  for  the  relative  error  63  is  not  stable. 

These  figures  show  that,  based  on  the  same  LWF  (32), 
the  mixed  MLPG  method  can  obtain  stable  results,  al¬ 
though  the  accuracy  of  the  results  Is  not  very  high,  while 
the  primal  M  LPG  method  cannot  work. 

4.1.2  The  test  function  Is  taken  to  be  H  eaviside  function 

N  ow,  we  choose  H  eaviside  function  as  the  test  function, 
i.e.  use  the  discretized  equation  (64).  41  nodes  are  used 
(/i=0.025).  Fig.  22  shows  the  influence  of  the  radius  of 


Nodal  distance  (h) 


Figure 20 :  Convergence  rate  in  relative  errors  eo  and  ei. 


Nodal  distance  (h) 

Figure 21 :  Convergence  rate  in  relative  errors  62, 63,  and 

ep. 


the  test  domain  on  the  errors  eo  and  ei,  where  the  radius 
of  the  trial  function  domain  is  taken  to  be  5.1h.  It  is  no¬ 
ticed  that  the  relative  errors  eo  and  ei  (around  1%)  are 
al  most  i  ndependent  of  the  radi  us  of  the  test  domai  n  from 
0.5-2.5h.  Fig.  23  shows  the  influence  of  the  radi  us  of  the 
trial  domain  on  the  errors  eo  and  ei,  where  the  radius  of 
the  test  domain  is  taken  to  be  2.5h.  The  results  for  the 
function  u  and  its  first  derivative  are  acceptable.  The  rel¬ 
ative  errors  eo  and  ei  are  not  very  sensitive  to  the  radius 
of  the  trial  function  domain  from  2.5-5.5/1.  The  conver¬ 
gence  rate  is  investigated  with  three  nodal  configurations: 
11, 21,  and  41  nodes  for  linear  (m=2)  basis.  The  radi  us  of 
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Normalized  radius  of  the  test  domain  (r/h) 

Figure  22  :  The  influence  of  the  test  domain  size  (41 
nodes). 


the  trial  domain  is  taken  to  be  5.1h,  and  the  radius  of  the 
test  domain  is  taken  to  be  2.5h.  The  relative  errors  eo  and 
ei  and  the  convergence  rates  R  of  the  displacement  and 
first  derivative  are  depicted  in  Fig.  24.  The  convergence 
rates  R  of  the  relative  errors  62,  63  and  ep  for  the  sec¬ 
ond,  third  derivatives  and  the  energy,  are  plotted  in  Fig. 
25.  It  can  be  seen  that  the  present  mixed  M  L  PG  method 
has  stable  convergence  rates  for  norms  eo,  ei,  62,  and  ep, 
and  gives  reasonably  accurate  results  for  the  unknown 
variable,  its  first  and  second  derivatives,  and  the  energy. 
Flowever,  the  results  for  the  third  derivative  are  not  accu¬ 
rate,  and  the  convergence  rate  for  the  relative  error  63  is 
not  stable.  The  mixed  M  LPG  method  with  the  Fleaviside 
function  being  the  test  function  is  more  accurate  than  the 
mixed  M  LPG  method  with  equation  (20)  being  the  test 
function. 

4.2  L  ocal  weak  form  2 

In  LWF  (60),  there  still  exists  the  first  derivative  of  z  in 
the  domain  integration,  which  can  be  eliminated  by  inte¬ 
grating  (60)  by  part  once.  Thus,  another  local  weak  form 
can  be  obtained  as 

Ox  [zV]  -  Ox  [z/]  f  zv"dx  +  f  (u  - 1)  vdx  =  0 

(68) 

which  corresponds  to  the  local  symmetric  weak  form 
(39),  but  no  derivatives  of  either  z  or  u  appear  in  the  do- 


Figure  23  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Figure 24 :  Convergence  rate  in  relative  errors  eo  and  ei. 


main  integration.  In  LWF  (39),  there  the  second  deriva¬ 
tive  of  u  occurs  in  the  domain  integration. 

In  order  to  simplify  the  above  equation,  we  can  select 
a  test  function  v  such  that,  itself  and  its  first  derivative, 
vanish  overLj,  then  equation  (68)  can  be  rewritten  as 


nxfzVlp  -nxfz/lp  +/  uvdx+  zv"dx 
=  (69) 

With  equations  (5)  and  (59),  one  may  discretize  the  local 
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Figure 25 :  Convergence  rate  in  relative  errors  62, 63,  and 
ep. 


Figure  26  :  The  influence  of  the  test  domain  size  (41 
nodes). 


weak  form  (69)  as 


En, 

1=1 


dV  (x) 

,  I 
dx 


[V  WV]  z, 


JTsu  /=! 


N  „ 

+  X  /  (^)  (^) 

=  [  vdx-n,[7'v]^  +n,[7v% 

Jn,  ^  s“"'  ^ 


(70) 


Substituting  equation  (66)  into  equation  (70),  one  can  ob¬ 


tain  a  linear  algebraic  equation  system  of  u/. 

The  collocation  method  is  employed  to  impose  the 
boundary  conditions,  as  in  equation  (43). 

To  illustrate  the  effectiveness  of  this  method,  the  same 
numerical  example  as  in  the  previous  section  is  consid¬ 
ered  here  again.  At  first,  the  cubic  basis  (m=4)  is  used  in 
the  M  LS  interpolation.  Both  the  weight  function  in  M  LS 
and  the  test  function  are  taken  to  be  equation  (20).  41 
nodes  are  used  (/i=0.025).  Fig.  26  shows  the  influence  of 
the  radius  of  the  test  domain  on  the  relative  errors  eo  and 
ei,  where  the  radius  of  the  trial  function  domain  is  taken 
to  be  4.5/1.  From  this  figure,  it  can  be  found  that  the  accu¬ 
racy  of  the  function  u  and  its  first  derivative  is  high  when 
the  test  function  domain  is  big  enough  (>  2.5h).  It  is  no¬ 
ticed  that  the  relative  errors  eo  and  ei  are  not  sensitive  to 
the  radius  of  the  test  domain  from  3-5h  (less  than  1%). 
Fig.  27  shows  the  influence  of  the  radius  of  the  trial  do¬ 
main  on  the  errors  eo  and  ei,  where  the  radius  of  the  test 
domain  is  taken  to  be  3.5/i.  The  results  for  the  function 
u  and  its  first  derivative  are  accurate.  The  relative  errors 
eo  and  ei  are  not  sensitive  to  the  radius  of  the  trial  func¬ 
tion  domain  from  3.5-7/1.  For  the  linear  (m=2)  basis,  the 
same  trends  can  be  observed.  FI  owever,  for  m=2,  a  larger 
radius  of  the  trial  function  domain  should  be  chosen  to 
obtain  an  accurate  and  stable  result. 

The  convergence  rate  is  investigated  with  three  nodal 
configurations:  11,  21,  and  41  nodes.  We  also  consider 
the  effects  of  the  basis  functions:  linear  (m=2)  and  cu¬ 
bic  (m=4)  bases  are  used  in  this  investigation.  For  cu¬ 
bic  (m=4)  basis,  the  radius  of  the  test  domain  is  taken 
to  be  4h,  and  the  radius  of  the  trial  domain  is  taken  to 
be  4.5/1.  For  linear  (m=2)  basis,  the  radius  of  the  test 
domain  is  taken  to  be  3.5/i,  and  the  radius  of  the  trial 
domain  is  taken  to  be  8/1.  The  relative  errors  eo  and  ei 
and  the  convergence  rates  R  of  the  displacement  and  first 
derivative  are  depicted  in  Fig.  28,forbothm=4andm=2. 
The  convergence  rates  R  of  the  relative  errors  62,  63  and 
ep  for  the  second,  third  derivatives  and  the  energy,  are 
plotted  in  Fig.  29  only  for  m=4.  It  can  be  seen  that  the 
present  mixed  M  LPG  method  has  high  rates  of  conver¬ 
gence  for  norms  eo,  ei,  e2,  and  ep,  and  gives  reason¬ 
ably  accurate  results  for  the  unknown  variable,  its  first 
and  second  derivatives,  and  the  energy.  The  results  from 
the  cubic  (m=4)  basis  are  more  accurate  and  of  higher 
convergent  rate  than  those  from  the  linear  (m=2)  basis. 
FI  owever,  the  results  for  the  third  derivative  are  not  very 
accurate,  while  the  convergence  rate  for  the  relative  error 
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Figure  27  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Figure 29 :  Convergence  rate  in  relative  errors  62, 63,  and 

ep. 


n,[z'v]^^-n,[zv%+n,  [uV']^^ 

-n,[uv"']^  +  f  u^dx+ f  {u-l)vdx  =  0  (71) 

Jcis  OX  Jcis 

Compared  to  the  LW  F  (53),  the  LW  F  (71)  does  not  have 
higher  derivatives  in  the  local  boundary. 

I  mposing  the  boundary  conditions  (29)  and  (30),  one  ob¬ 
tains 


Figure 28 :  Convergence  rate  in  relative  errors  eo  and  ei. 


63  is  high. 

Compared  to  the  corresponding  primal  MLPG  method 
based  on  the  local  weak  form  (39),  this  mixed  MLPG 
method  requires  less  Gaussian  points,  and  is  more  stable 
and  accurate.  The  mixed  M  LPG  method  is  cheaper  and 
faster. 


-"x  -nx  -nx  [zv\^ 

+  ^x  +nx  +nx  [uV"],^ 

-"xK]r,„-nx  [uv"l^ 


(72) 


4.3  L  ocal  weak  form  3 

By  means  of  the  idea  of  the  mixed  M  LPG  method,  the 
local  weak  form  (53)  can  be  rewritten  as. 


In  order  to  simplify  the  above  equation,  we  can  select  a 
test  function  v  such  that,  itself  and  its  first,  second  and 
third  derivatives  vanish  over  Lj.  Such  a  test  function  is 
given  in  (21).  Then  equation  (72)  can  be  rewritten  as 
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nxTzVl^  -nx\zv']^  +nx\u’v‘ 

L  J  1  SU  >-  -11  cn'  >- 


,//■ 

-  r„ 


(73) 


With  the  interpolations  (5)  and  (59),  one  may  discretize 
the  local  symmetric  weak  form  (73)  as 


w 

1=1 
N 

1=1 

N  p 

+  I  L  V  (X) 


(X)  ^ 

dx 

dV  (x)^ 

dx 


zi-lnx  [V  i^)^']rji  + 

Jrs„  1=1 


N 


ui-ln,  [V  Wv'"]  ui 

Jr,„„  1=1 

d\l 


1/  + 


dx^ 


dxui 


=  l^/dx-n,  [7' 

-"x[t7V"]  +nxK']r^^ 


(74) 


Substituting  equation  (66)  into  equation  (74),  one  can  ob¬ 
tain  a  linear  algebraic  equation  system  of  u;. 

The  numerical  results  still  start  with  the  cubic  basis,  i.e. 
m=4,  in  the  M  LS  approximation.  The  weight  function 
in  M  LS  is  taken  to  be  equation  (20),  while  the  test  func¬ 
tion  in  LW  F  (73)  is  chosen  to  be  equation  (21).  41  nodes 
are  used  (h  =0.025).  Fig.  30  shows  the  influence  of  the 
radius  of  the  test  domain  on  the  errors  eo  and  ei,  where 
the  radius  of  the  trial  function  domain  istaken  to  be4.5h. 
From  this  figure,  it  can  be  found  that  the  accuracy  of  the 
function  u  and  its  first  derivative  is  very  high  when  the 
trial  function  domain  is  big  enough  (>  2.5h).  Similarly, 
it  is  noticed  that  the  accuracy  is  not  sensitive  to  the  ra¬ 
dius  of  the  test  domain  from  3-6h.  Fig.  31  shows  the 
influence  of  the  radius  of  the  trial  domain  on  the  errors 
eo  and  ei,  where  the  radius  of  the  test  domain  is  taken  to 
be  4h.  The  results  for  the  function  u,  as  well  as  its  first 
derivative,  are  of  high  accuracy.  The  relative  errors  eo 
and  ei  are  less  than  1%  for  the  radius  of  the  trial  func¬ 
tion  domain  between  3.5-7h.  For  the  linear  (m=2)  basis, 
the  same  trends  can  be  observed.  Flowever,  in  this  mixed 


M  L  PG  method,  for  m=2,  a  larger  radius  of  the  trial  func¬ 
tion  domain  is  needed,  in  order  to  obtain  an  accurate  and 
stable  result. 

Similarly,  the  convergence  rate  is  investigated  with  three 
nodal  configurations:  11,  21,  and  41  nodes.  We  also  con¬ 
sider  the  effects  of  the  basis  functions:  linear  (m=2)  and 
cubic  (m=4)  bases  are  used  in  this  investigation.  For  cu¬ 
bic  (m=4)  basis,  the  radius  of  the  test  domain  is  taken 
to  be  4h,  and  the  radius  of  the  trial  domain  is  taken  to 
be  4.5h.  For  linear  (m=2)  basis,  the  radius  of  the  test 
domain  is  taken  to  be  4h,  and  the  radius  of  the  trial  do¬ 
main  is  taken  to  be  6.5h.  The  relative  errors  eo  and  ei 
and  the  convergence  rates  R  of  the  displacement  and  first 
derivative  are  depicted  in  Fig.  32,forbothm=4andm=2. 
The  convergence  rates  R  of  the  relative  errors  62,  63  and 
Bp  for  the  second,  third  derivatives  and  the  energy,  are 
plotted  in  Fig.  33  only  for  m=4.  It  can  be  seen  that  the 
present  M  L  PG  method  has  high  rates  of  convergence  for 
norms  eo,  ei,  62,  and  Bp,  and  gives  very  accurate  results 
for  the  unknown  variable,  its  first  and  second  derivatives, 
and  the  energy.  This  mixed  M  LPG  method  can  obtain  the 
almost  the  same  accurate  results  for  both  m=2  and  m=4. 
FI  owever,  the  results  for  the  third  derivative  are  not  very 
accurate,  and  the  convergence  rate  for  the  relative  error 
63  is  low. 

Compared  to  the  corresponding  primal  MLPG  method 
based  on  the  local  weak  form  (53),  this  mixed  M  LPG 
method  requires  less  Gaussian  points,  and  is  more  sta¬ 
ble  and  accurate,  especially  for  m=2.  The  mixed  M  LPG 
method  is  cheaper  and  faster. 

5  The  Second  Kind  of  Mixed  MLPG  Methods 

In  the  first  kind  of  mixed  M  LPG  methods,  there  still  ex¬ 
ists  the  first  derivative  of  z  or  u  in  the  local  weak  forms. 
To  avoid  fully  the  appearance  of  any  derivatives  in  the 
local  weak  forms,  in  this  section,  the  second  kind  of  the 
mixed  MLPG  methods  are  introduced.  In  the  second 
kind  of  mixed  M  LPG  methods,  the  displacement,  its  first 
derivative,  second  derivative,  as  well  as  the  third  deriva¬ 
tive  are  all  interpolated  independently  through  meshless 
interpolation  schemes.  The  second  kind  of  mixed  M  LPG 
method  is  developed  by  introducing  the  foil  owing  3  func¬ 
tions 

u'  =  g 
g'  =  z 
z'  =  q 


(75) 
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Figure  30  :  The  influence  of  the  test  domain  size  (41 
nodes). 


Figure  31 :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Then,  equation  (26)  becomes 

c?'  +  u-l  =  0  (76) 

W ith  the  use  of  the  M  L S  approximation,  the  functions  g, 
z,  and  q  can  be  independently  interpolated  as 

N 

9^  W  =  s  V  w  s'  -  9^  {Xi  )=g'  ^g',xeQx  (77) 
1=1 

N 

z\x)  =  Y,<^'  /z',xeQx  (78) 

1=1 


Figure 32 :  Convergence  rate  in  relative  errors  eo  and  ei. 


Figure 33 :  Convergence  rate  in  relative  errors  62, 63,  and 

ep. 


N 

q\x)  =  Y,<^'  {x)q' .q\xi)=q'  ^q'.xeQx  (79) 
1=1 

5.1  T he  local  weak  form  1 

A  nalogously,  the  following  local  weak  forms  can  be  de¬ 
rived,  as 

nx[c?'/]r  -  f  qv'dx+  [  (u-l)vdx  =  0  (80) 

"  Jcis  Jcis 

This  weak  form  corresponds  to  the  unsymmetric  weak 
form  (32)  or  (60).  However,  no  derivative  of  the  trial 
functions  appear  in  this  local  weak  form. 
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In  order  to  simplify  the  above  equation,  one  can  select  a 
test  function  v  such  that  it  vanishes  over  Lj;  then  equation 
(80)  can  be  rewritten  as 

^x[Q'/]r,„+  /  I  qv'dx=  [  vdx-nx[TJv]^ 

""  Jas  Jq-s  Jas 

(81) 

With  equations  (5)  and  (79),  one  may  discretize  the  local 
weak  form  (81)  as 


w  w  „ 

X Hx  [^'  (X)  v]  q,  +  X  /  ^'  (^) 

1=1 

=  f  vdx-nx[tfv]r^^„,  (82) 

I  n  equation  (82),  there  are  2H  independent  unknowns  (A/ 
second  derivative  variables  q;  and  A/  displacement  vari¬ 
ables  u;),  butthe  number  of  the  equation  is  only  A/.  How¬ 
ever,  one  can  reduce  the  number  of  the  variables  by  trans¬ 
forming  the  variables  q,  z,  and  q  back  to  the  displace¬ 
ment  variable  via  the  collocation  methods,  without  any 
changes  to  equation  (82).  The  collocation  method  is  em¬ 
ployed  to  enforce  equation  (75)  only  at  each  nodex;,  in¬ 
stead  of  the  entire  solution  domain.  Thus,  the  functions 
g,  z,  and  q  at  nodex/  are  expressed  in  terms  of  the  deriva¬ 
tives  of  the  related  function  at  nodex;,  as 

q(x,)  =u'(x,) 

z(xi)=g'(xi)  (83) 

q(xi)=z'(xi) 

With  the  interpolations  (5)  and  (77)-(79),  the  two  related 
sets  of  nodal  variables  can  be  transformed  through  a  lin¬ 
ear  algebraic  matrix, 

gi  =GijUj 

Zi=Gijgi  (84) 

q;  =GijZi 

where  the  transformation  matrix  G  is  banded.  Through 
(84),  the  nodal  variables  of  the  function  g,  z,  and  q  can 
be  related  to  the  nodal  variable  of  function  u,  as 

gi  =GijUj 

Zi=RijUj  (85) 

di  =  Tij  uj 


where  R  =  and  T  =  G^. 

Substituting  equation  (85)  into  equation  (82),  one  can  ob¬ 
tain  a  linear  algebraic  equation  system  of  u/. 

H  owever,  our  numerical  experiments  based  on  LW  F  (80), 
cannot  obtain  any  stable  and  convergent  results  (using 
some  special  parameter-combinations,  one  may  happen 
to  obtain  some  good  results),  using  either  weight  function 
(20)  or  Heaviside  function  as  test  function.  Hence,  this 
local  weak  form  is  not  appropriate  for  the  numerical  im¬ 
plementation  either.  This  may  be  since  the  errors  intro¬ 
duced  by  the  collocation  method  are  enlarged  by  T  =  G^. 

5.2  T he  local  weak  form  2 

By  using  the  auxiliary  functions  (75),  the  local  weak 
form  (39)  can  be  rewritten  as 

nx[qv]y -nx\zv']j.  +  zv''dx+  (u-l)vdx  =  0 
"  ^  JQs  J^s 

(86) 

Compared  to  the  local  symmetric  weak  form  (39),  the 
LW  F  (86)  has  no  derivative  of  the  trial  function  in  either 
domain  integration  or  local  boundary  integration. 

In  order  to  simplify  the  above  equation,  we  can  select 
a  test  function  v  such  that,  itself  and  its  first  derivative, 
vanishes  overLj.  then  equation  (86)  can  be  rewritten  as 


nx[qv]r^  -Hx  [zv']  +  /  uvdx+  [  zv"dx 

With  the  interpolations  (5)  and  (78),  one  may  discretize 
the  local  weak  form  (87)  as 


w  w 

Xnx  [V  -  I^x  [V 
1=1  1=1  "" 
w  p 

+  X  /  (^)  (^) 

=  +nx  (88) 

Substituting  equation  (85)  into  equation  (88),  one  can  ob¬ 
tain  a  linear  algebraic  equation  system  of  u). 
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The  collocation  method  is  employed  to  impose  the 
boundary  conditions,  as  in  equation  (43). 

To  i  1 1  ustrate  the  effectiveness  of  thi  s  method,  we  consi  der 
the  same  numerical  example  as  in  previous  section  again. 
At  first,  we  use  the  cubic  basis,  i.e.  m=4  in  theM  LS  inter¬ 
polation.  Both  the  weight  function  in  MLS,  and  the  test 
function,  are  taken  to  be  as  in  equation  (20).  41  nodes 
are  used  (h  =0.025).  Fig.  34  shows  the  influence  of  the 
radius  of  the  test  domain  on  the  errors  eo  and  ei,  where 
the  radius  of  the  trial  function  domain  istaken  to  be4.5/i. 
From  this  figure,  it  can  be  found  that  the  accuracies  of  the 
function  u  and  its  first  derivative  are  very  high,  when  the 
test  function  domain  is  big  enough  (>  h).  The  relative 
errors  eo  and  ei  are  less  than  0.01%.  It  is  noticed  that  the 
accuracy  is  almost  independent  of  the  radius  of  the  test 
domain  from  1.5-5h.  Fig.  35  shows  the  influence  of  the 
radius  of  the  trial  domain  on  the  errors  eo  and  ei,  where 
the  radius  of  the  test  domain  is  taken  to  be  3.5h.  The  re¬ 
sults  for  the  function  u  and  its  first  derivative  are  highly 
accurate.  The  relative  errors  eo  and  ei  are  not  sensitive  to 
the  radius  of  the  trial  function  domain  from  3.5-7h.  For 
the  linear  (m=2)  basis,  the  same  trends  can  be  observed. 
In  this  method,  for  m=2,  the  requirement  of  a  larger  ra¬ 
dius  of  the  trial  function  domain  is  not  needed. 

The  convergence  rate  is  investigated  with  three  nodal 
configurations:  11,  21,  and  41  nodes.  We  also  consider 
the  effects  of  the  basis  functions:  linear  (m=2)  and  cu¬ 
bic  (m=4)  bases  are  used  in  this  investigation.  For  cubic 
(m=4)  basis,  the  radius  of  the  test  domain  is  taken  to  be 
4h,  and  the  radius  of  the  trial  domain  is  taken  to  be  5h. 
For  linear  (m=2)  basis,  the  radius  of  the  test  domain  is 
taken  to  be  3.5h,  and  the  radius  of  the  trial  domain  is 
taken  to  be  4.5h.  The  relative  errors  eo  and  ei  and  the 
convergence  rates  R  of  the  displacement  and  first  deriva¬ 
tive  are  depicted  in  Fig.  36,  for  both  m=4  and  m=2.  The 
convergence  rates  R  of  the  relative  errors  62,  63  and  ep 
for  the  second,  third  derivatives  and  the  energy,  are  plot¬ 
ted  in  Fig.  37  only  form=4.  Itcan  be  seen  that  the  present 
mixed  M  L  PG  method  has  very  high  rates  of  convergence 
for  norms  eo,  ei,  62,  and  ep,  and  gives  very  accurate  re¬ 
sults  for  the  unknown  variable,  its  first  and  second  deriva¬ 
tives,  and  the  energy.  The  results  from  the  cubic  (m=4) 
basis  are  more  accurate,  and  are  of  higher  convergent  rate 
than  those  from  the  linear  (m=2)  basis.  Flowever,  the  re¬ 
sults  for  the  third  derivative  are  not  very  accurate,  while 
the  convergence  rate  for  the  relative  error  63  is  very  high. 
Compared  to  the  corresponding  primal  MLPG  method 


based  on  the  local  weak  form  (39),  this  mixed  M  LPG 
method  requires  less  Gaussian  points,  is  more  stable, 
and  the  results  is  of  two-orders  higher  accuracy.  This 
mixed  M  L  PG  method  is  also  more  accurate  than  the  cor¬ 
responding  first  kind  of  mixed  M  LPG  method. 


Figure  34  :  The  influence  of  the  test  domain  size  (41 
nodes). 


Figure  35  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


5.3  T he  local  weak  form  3 

By  using  the  auxiliary  functions  (75),  the  local  weak 
form  (48)  can  be  rewritten  as 


Simulation  of  a  4^^  Order  ODE 


263 


Figure 36 :  Convergence  rate  in  relative  errors  eo  and  ei. 


^x[tr'/]r,„„,+nx[c?'/]r,„+nx 

-^x  -n,  [zv']r^^,  -nx  [zv\ 

+  ^x  +n,  +nx  [gv\ 

-[  gv'"dx+ [  (u-l)vdx  =  0  (90) 

j£Js  Jns 

In  order  to  simplify  the  above  equation,  one  can  select 
a  test  function  v  such  that,  itself  and  its  first  and  second 
derivatives,  vanish  over  Lj.  Such  test  functions  are  given 
in  (20)  and  (21).  Then  equation  (90)  can  be  rewritten  as 


Figures? :  Convergence  rate  in  relative  errors  62, 63,  and 
ep. 


nx[qi/]r,„-nx[z/]^^^,+nx  [gv"]^^^„ 

+  /  uvdx-  /  gv'"dx 

Jns  Jqs 

=  4  +nx  -Hx  (91) 

With  the  interpolations  (5)  and  (78),  one  may  discretize 
the  local  weak  form  (91)  as 


N  N 

I^x  [VW>/]r,„q^-Inx 

1=1  1=1  ' 

N 

+  I^x 

1=1  ™ 
w 


fV  p 

+  X  /  Vw[u;v-g>"']dx 
=  X  +nx  -Hx  (92) 


nx[qv]r^-nx[z/]^^+nx  [gv"]^^ 
-[  gv'"dx+ [  (u-l)vdx  =  0 


IQs 


IQs 


(89) 


Compared  to  the  local  symmetric  weak  form  (48),  the 
LW  F  (89)  has  no  derivatives  of  the  trial  function  in  either 
domain  integration  or  local  boundary  integration. 

I  mposing  the  boundary  conditions  (29)  and  (30),  one  ob¬ 
tains 


The  collocation  method  is  used  to  impose  the  boundary 
condition  as  in  equation  (52).  Substituting  equation  (85) 
into  equation  (92),  one  can  obtain  a  linear  algebraic  equa¬ 
tion  system  of  u;. 

The  collocation  method  is  used  to  impose  the  boundary 
conditions,  as  in  equation  (43). 

To  i  1 1  ustrate  the  effectiveness  of  thi  s  method,  we  consi  der 
the  same  numerical  example  again.  Similarly,  we  start 
with  the  cubic  basis,  i.e.  m=4,  in  the  M  LS  interpolation. 
The  weight  function  in  M  LS  istaken  to  be  equation  (20), 
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Normalized  radius  of  the  test  domain  (r/h) 

Figure  38  :  The  influence  of  the  test  domain  size  (41 
nodes). 


while  the  test  function  in  LWF  (49)  is  chosen  to  be  equa¬ 
tion  (21).  41  nodes  are  used  (h=0. 025).  Fig.  38  shows 
the  i  nfl  uence  of  the  radi  us  of  the  test  domai  n  on  the  errors 
eo  and  ei,  where  the  radius  of  the  trial  function  domain  is 
taken  to  be4.5h.  From  this  figure,  it  can  be  found  that  the 
accuracy  of  the  function  u,  as  well  as  its  first  derivative, 
is  very  high  when  the  test  function  domain  is  big  enough 
(>  h).  The  relative  errors  eo  and  ei  are  less  than  0.1%, 
when  the  radius  of  the  test  domain  is  greater  than  1.5h. 
It  is  noticed  that  the  accuracy  is  not  sensitive  to  the  ra¬ 
dius  of  the  test  domain  from  1.5-5h.  Fig.  39  shows  the 
influence  of  the  radius  of  the  trial  domain  on  the  errors  eo 
and  ei,  where  the  radius  of  the  test  domain  is  taken  to  be 
3.5h.  The  results  for  the  function  u  and  its  first  derivative 
are  high  accurate.  The  relative  errors  eo  and  ei  are  not 
sensitive  to  the  radius  of  the  trial  function  domain  from 
3. 5-7/1.  For  the  linear  (m=2)  basis,  the  same  trends  can 
be  observed.  I  n  this  method,  for  m=2,  the  requirement  of 
a  larger  radius  of  the  trial  function  domain  is  not  needed 
either. 

The  convergence  rate  is  investigated  with  three  nodal 
configurations:  11,  21,  and  41  nodes.  We  also  consider 
the  effects  of  the  basis  functions:  linear  (m=2)  and  cu¬ 
bic  (m=4)  bases  are  used  in  this  investigation.  For  cubic 
(m=4)  basis,  the  radius  of  the  test  domain  is  taken  to  be 
Ah,  and  the  radius  of  the  trial  domain  is  taken  to  be  5h. 
For  linear  (m=2)  basis,  the  radius  of  the  test  domain  is 
taken  to  be  3.5h,  and  the  radius  of  the  trial  domain  is 


taken  to  be  4.5h.  The  relative  errors  eo  and  ei  and  the 
convergence  rates  R  of  the  displacement  and  first  deriva¬ 
tive  are  depicted  in  Fig.  40,  for  both  m=4  and  m=2.  The 
convergence  rates  R  of  the  relative  errors  62,  63  and  ep 
for  the  second,  third  derivatives  and  the  energy,  are  plot- 
tedinFig.  41onlyform=4.  Itcan  be  seen  that  the  present 
mixed  M  L  PG  method  has  very  high  rates  of  convergence 
for  norms  eo,  ei,  62,  and  ep,  and  gives  very  accurate  re- 
sultsfortheunknownvariable,  its  first  and  second  deriva¬ 
tives,  and  the  energy.  The  results  from  the  cubic  (m=4) 
basis  are  more  accurate,  and  are  of  higher  convergent  rate 
than  those  from  the  linear  (m=2)  basis,  although  in  this 
method  the  results  from  m=2  are  already  very  accurate. 
FI  owever,  the  results  for  the  third  derivative  are  not  very 
accurate,  while  the  convergence  rate  for  the  relative  error 
63  is  very  high. 

Compared  to  the  corresponding  primal  MLPG  method 
based  on  the  local  weak  form  (48),  this  mixed  M  LPG 
method  requires  less  Gaussian  points,  is  more  stable,  and 
the  results  is  of  two-orders  higher  accuracy.  This  mixed 
M  L  PG  method  is  more  accurate,  cheaper  and  faster. 

5.4  T he  local  weak  form  4 

By  using  the  auxiliary  functions  (75),  the  local  weak 
form  (53)  can  be  rewritten  as 

nx  [Q v]r^  -  nx  [z/]  +  n,  [gv"]  -  n,  [u v'"] 

+  f  u^dx+ f  (u-l)vdx  =  0  (93) 

Jas  ox^  Jas 

Compared  to  the  local  symmetric  weak  form  (53),  the 
LW  F  (93)  has  no  derivative  of  the  trial  function  in  either 
domain  integration  or  local  boundary  integration. 

I  mposing  the  boundary  conditions  (29)  and  (30),  one  ob¬ 
tains 


-"xK]r^„-nx  [u 


(94) 
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Figure  39  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Figure 41 :  Convergence  rate  in  relative  errors  62, 63,  and 

ep. 


Nodai  distance  (h) 


nx[Q>/]r,„-nx[zv']r^^,+nx 
-nx\uv"']^  +[  u^dx+ [  uvdx 

-^xMr^^,+nxK']r,„  (95) 

With  the  interpolations  (5)  and  (78),  one  may  discretize 
the  local  symmetric  weak  form  (95)  as 


Figure 40 :  Convergence  rate  in  relative  errors  eo  and  ei. 


N  N 

Xnx  [V  Wv]  q,  -Xnx  [V  + 

1=1  1=1 

N  N 

tnx  [V  (^)'/"]r,„„9'  -  [V  (^)'/"']r, 

/=!  ""  1=1  "" 

W  . 


+  I  /„  V  (X) 


1/  + 


dxuj 


=  f^vdx-nxm^^^„,+nx[7v^], 
-"x  [Vv\  +nx  [uv"']^^^ 


(96) 


In  order  to  simplify  the  above  equation,  we  can  select  a 
test  function  v  such  that  it  and  its  first,  second  and  third 
derivatives  vanish  over  Lj.  Such  a  test  function  is  given 
in  (21).  Then,  equation  (94)  can  be  rewritten  as 


Substituting  equation  (85)  into  equation  (96),  one  can  ob¬ 
tain  a  linear  algebraic  equation  system  of  u;. 

Again,  the  same  numerical  example  is  considered  to  il¬ 
lustrate  the  effectiveness  of  this  method.  We  also  start 
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Figure  42  :  The  influence  of  the  test  domain  size  (41 
nodes). 


with  the  cubic  basis,  i.e.  m=4,  in  the  M  LS  interpolation. 
The  weight  function  in  MLS  is  taken  to  be  equation  (20), 
while  the  test  function  in  LWF  (95)  is  chosen  to  be  equa¬ 
tion  (21).  41  nodes  are  used  (/i=0.025).  Fig.  42  shows 
the  i  nfl  uence  of  the  radi  us  of  the  test  domai  n  on  the  errors 
eo  and  ei,  where  the  radius  of  the  trial  function  domain  is 
taken  to  be4.5h.  From  this  figure,  it  can  be  found  that  the 
accuracy  of  the  function  u  and  its  first  derivative  is  high 
when  the  trial  function  domain  is  big  enough  (>  2.5h). 
Similarly,  it  is  noticed  that  the  accuracy  is  not  sensitive  to 
the  radius  of  the  test  domain  from  3-6h,  and  the  relative 
errors  eo  and  ei  are  less  than  1%.  Fig.  43  shows  the  influ¬ 
ence  of  the  radius  of  the  trial  domain  on  the  errors  eo  and 
ei,  where  the  radius  of  the  test  domain  is  taken  to  be  4h. 
The  results  for  the  function  u  and  its  first  derivative  are  of 
high  accuracy.  The  relative  errors  eo  and  ei  are  not  sen¬ 
sitive  to  the  radius  of  the  trial  function  domain.  For  the 
linear  (m=2)  basis,  the  same  trends  can  be  observed.  In 
this  method,  for  m=2,  the  requirement  of  a  larger  radius 
of  the  trial  function  domain  is  no  longer  needed. 

Similarly,  the  convergence  rate  is  investigated  with  three 
nodal  configurations:  11,  21,  and  41  nodes.  We  also  con¬ 
sider  the  effects  of  the  basis  functions:  linear  (m=2)  and 
cubic  (m=4)  bases  are  used  in  this  investigation.  For  cu¬ 
bic  (m=4)  basis,  the  radius  of  the  test  domain  is  taken  to 
be  4h,  and  the  radius  of  the  trial  domain  is  taken  to  be  5h. 
For  linear  (m=2)  basis,  the  radius  of  the  test  domain  is 
taken  to  be  4h,  and  the  radius  of  the  trial  domain  is  taken 
to  be  6.5/1.  The  relative  errors  eo  and  ei  and  the  conver¬ 


gence  rates  R  of  the  displacement  and  first  derivative  are 
depicted  in  Fig.  44,  for  both  m=4  and  m=2.  The  con¬ 
vergence  rates  R  of  the  relative  errors  62,  63  and  ep  for 
the  second,  third  derivatives  and  the  energy,  are  plotted 
in  Fig.  45  only  for  m=4.  It  can  be  seen  that  the  present 
mixed  M  L  PG  method  has  very  high  rates  of  convergence 
for  norms  eo,  ei,  62,  and  ep,  and  gives  very  accurate  re- 
sultsfortheunknownvariable,  its  first  and  second  deriva¬ 
tives,  and  the  energy.  Flowever,  the  results  for  the  third 
derivative  are  not  very  accurate,  while  the  convergence 
rate  for  the  relative  error  63  is  very  high.  In  this  method 
the  results  from  m=2  are  also  very  accurate. 

Compared  to  the  corresponding  primal  MLPG  method 
based  on  the  local  weak  form  (39),  this  mixed  M  LPG 
method  requires  less  Gaussian  points,  is  more  stable  and 
accurate.  This  mixed  M  LPG  method  is  also  more  accu¬ 
rate  than  the  corresponding  first  kind  of  mixed  M  LPG 
method.  This  mixed  M  LPG  method  possesses  very  high 
convergence  rates  for  the  displacement  and  its  first  to 
third  derivatives. 

6  Conclusions 

Both  the  primal  and  mixed  MLPG  methods  are  pre¬ 
sented  fro  the  4^^  order  ordinary  differential  equations. 
Various  local  weak  forms  are  developed.  In  the  first 
kind  of  mixed  MLPG  methods,  both  the  displacement 
and  its  second  derivative  are  interpolated  independently 
through  the  moving  least  squares  interpolation  scheme. 
In  the  second  kind  of  mixed  M  LPG  methods,  the  dis¬ 
placement,  its  first  derivative,  the  second  derivative  and 
the  third  derivative  are  all  interpolated  independently 
through  the  moving  least  squares  interpolation  scheme. 
The  mixed  M  LPG  methods  avoid  the  occurrence  of  high 
order  derivatives  of  the  primary  trial  function,  in  the  local 
weak  forms,  and  thus  reduce  the  continuity-requirement 
on  the  trial  function.  The  mixed  M  L  PG  methods  are  far 
more  efficient  than  the  primal  M  L  PG  methods.  The  nu¬ 
merical  examples  demonstrate  that  both  the  primal  and 
mixed  M  LPG  methods  obtain  accurate  results  and  pos¬ 
sess  excellent  rate  of  convergence  for  the  displacement, 
its  first  and  second  derivatives,  and  the  energy.  FI  owever, 
among  them,  the  second  kind  of  mixed  M  LPG  methods 
give  more  stable  and  accurate  results,  and  possess  very 
high  convergence  rates,  even  for  the  third  derivative. 
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Figure  43  :  The  influence  of  the  trial  domain  size  (41 
nodes). 


Figure 44 :  Convergence  rate  in  relative  errors  eo  and  ei. 
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The  M  LPG  method  is  the  general  basis  for  several  variations  of  meshless  methods  pre¬ 
sented  in  recent  literature.  The  interrelation  of  the  various  meshless  approaches  is  presented 
in  this  paper.  Several  variations  of  the  meshless  interpolation  schemes  are  reviewed  also. 
Recent  developments  and  applications  of  the  M  LPG  methods  are  surveyed. 
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1.  Introduction 

Meshless  methods,  as  alternative  numerical  approaches  to  eliminate  the  well- 
known  drawbacks  in  the  finite  element  and  boundary  element  methods,  have  attracted 
much  attention  in  recent  decades,  due  to  their  flexibility,  and  due  to  their  potential 
in  negating  the  need  for  the  human-labor  intensive  process  of  constructing  geometric 
meshes  in  a  domain.  Such  meshless  methods  are  especially  useful  in  those  problems 
with  discontinuities  or  moving  boundaries.  The  main  objective  of  the  meshless  meth¬ 
ods  is  to  get  rid  of,  or  at  least  alleviate  the  difficulty  of,  meshing  and  remeshing  the 
entire  structure;  by  only  adding  or  deleting  nodes  in  the  entire  structure,  instead.  M  esh- 
less  methods  may  also  alleviate  some  other  problems  associated  with  the  finite  element 
method,  such  as  locking,  element  distortion,  and  others. 

Sometimes,  in  numerical  simulations,  a  mesh  may  result  in  an  inherent  bias.  For 
example,  the  simulation  of  the  strain  localization  problem  is  very  sensitive  to  the  mesh 
alignment  [38].  This  is  one  of  the  reasons  why  the  meshless  method  is  so  attractive. 
M  oreover,  in  the  finite  element  method,  the  construction  of  even  a  trial  function  ap¬ 
proximation  is  difficult,  and  has  been  unsatisfactory  so  far.  However,  the  trial  functions 
commonly  employed  in  the  M  L  PG  method,  can  achieve  high-order  continuous  approxi¬ 
mations  (even  C“  approximations)  in  a  very  straightforward  manner.  Hence,  the  M  LPG 
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method  will  clearly  excel  the  finite  element  method,  for  materials  with  strain  gradient 
effects,  and  in  thin-shell  analysis. 

The  objective  of  this  paper  is  to  present  an  interrelation  of  the  various  meshless 
approaches,  and  review  the  recent  developments  and  applications  of  the  M  LPG  meth¬ 
ods.  These  approaches  are  associated  with  weak  forms.  Some  meshless  methods  are 
based  on  global  weak  forms.  The  major  dilemma  in  the  class  of  meshless  methods, 
which  are  based  on  the  global  weak  forms,  revolves  around  how  to  evaluate  the  inte¬ 
grals  in  the  weak  form.  In  many  methods,  such  as  the  element-free  Galerkin  method,  the 
background  cells  are  used  for  this  integration.  Asa  matter  of  fact,  the  background  cell 
integration  does  not  lead  to  a  truly  meshless  method.  Hence,  in  order  to  develop  a  truly 
meshless  method,  the  local  weak  forms  must  be  used,  so  as  to  avoid  the  background 
mesh,  besides  employing  the  meshless  interpolations  for  trial  and  test  functions.  The 
truly  meshless  method  should  be  based  on  local  weak  forms,  which  is  the  main  point 
of  the  departure  of  the  M  LPG  methods.  The  M  LPG  concept  provides  a  rational  basis 
for  constructing  a  variety  of  meshless  methods.  M  LPG  method  is  the  general  basis  for 
several  recent  published  variations  of  meshless  methods,  such  as  the  finite  point  method, 
the  finite  cloud  method,  SPH,  the  finite  sphere  method,  and  the  local  point  interpolation 
method,  etc.,  as  shown  in  this  paper.  Moreover,  the  M  LPG  methods,  based  on  local 
weak  formulations,  can  also  include  all  the  other  meshless  methods  based  on  global 
formulation,  as  special  cases. 


2.  Basisof  truly  meshless  methods:  the  local  weak  forms 

In  the  M  LPG  method,  a  local  weak  form  over  a  local  subdomain  L2s,  which  is 
located  entirely  inside  the  global  domain  ^2,  is  used.  This  is  the  most  distinguishing 
feature  of  the  M  LPG.  Even  though  a  particular  approximation  of  the  local  weak  form 
gives  the  same  resulting  discretized  equations,  as  from  the  Galerkin  approximation  of 
the  global  weak  form,  the  local  weak  form  provides  a  clear  concept  for  a  local  meshless 
integration  of  the  weak-form,  which  does  not  need  any  background  integration  cells  over 
the  entire  domain.  Also,  it  leads  to  a  natural  way  to  construct  the  global  stiffness  matrix: 
not  through  the  integration  over  a  contiguous  mesh,  and  by  assembly  of  the  stiffness 
matrices  of  the  elements  in  the  mesh,  but  through  the  integration  over  local  subdomains. 
Theselocal  subdomains  may  overlap  each  other.  In  contrast  to  the  conventional  Galerkin 
finite  element  method,  which  is  based  on  the  global  weak  form,  the  M  L  PG  method  [7,8] 
stems  from  a  weak  form  over  a  subdomain  L2s  as  shown  in  figure  1,  where  the  domain 
of  support  of  the  test  function  ^24  is  synonymous  with  the  subdomain  L2s. 

Consider  a  linear  Poisson's  equation  (in  a  global  domain  L2,  bounded  by  r): 

V^m(x)  =  ^.(x),  xgL2,  (1) 

where  is  a  given  source  function,  with  boundary  conditions 


u  =  u  on  r„: 


du 

—  =q  =  q  on  To, 
dn 


(2) 


S.N.AtIuri,  S.  Shen  / M  eshless  local  Petrov-Galerkin  method 


75 


where  u  and  q  are  the  prescribed  potential  and  normal  flux,  respectively,  on  the  bound¬ 
ary;  and  n  is  the  outward  normal  direction  to  the  boundary  r.  In  general,  according 
to  the  computational  modeling,  there  are  two  methods  to  solve  equation  (1):  one  is  the 
approximation  of  the  strong  forms  of  partial  differential  equations  (PDEs),  and  another 
is  the  approximation  of  the  global  weak  forms  of  PDEs.  However,  after  introducing  the 
"local"  concept,  both  of  these  two  methods  can  be  derived  from  the  local  weak  forms.  A  s 
the  basis  of  the  truly  meshless  methods,  three  local  weak  formulations  of  the  differential 
equation  (1)  are  listed  in  this  section. 

A  local  unsymmetric  weak  formulation  (LUSWFl)  of  the  problem  (1)  is  written  as 

f  (y^u  —  p)v =  0,  (3) 

J  ^5 

where  u  is  the  trial  function,  v  is  the  test  function.  This  LUSWF  requires  that  u  be  at 
least  continuous,  while  v  may  be  discontinuous. 

Using  the  divergence  theorem,  the  local  symmetric  weak  formulation  (LSWF)  is 
obtained 


/  qv6r+l  qvdr+l  <7i;dr—  /  (ujVj  +  pv)diQ  —  a  (u  —  u)vdr  =  0 


(4a) 


in  which,  is  a  part  of  9^2;,  over  which  the  natural  boundary  condition  is  specified. 
The  LSWF  requires  that  both  u  and  v  be  C°  continuous. 
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We  can  select  a  test  function  v  such  that  it  vanishes  over  Lj.  Therefore  the  first  inte¬ 
gral  in  equation  (4a)  vanishes.  Then,  we  obtain  the  following  local  weak  form  (LSWF), 

I  ujvjdQ—  I  ^udr+a  /  Mudr  =  /  ^udr—  /  pv6Q+a  I  Uvdr.  (4b) 

Using  the  divergence  theorem  twice  yields  another  "local  unsymmetric  weak  for¬ 
mulation"  (LUSWF2), 

I  qvdr  —  I  uvjtii  dr  +  I  qvdr  +  I  qvdr  —  I  uvjni  dr 

J  Ls  Ls  ^ sq  ^ su  ^ sq 

—  I  iiv jUi  dr  +  I  uV^odri—  I  pvdQ  =  0.  (5a) 

J  Y'sif  J  Qg  J 

This  LUSWF  requires  that  v  be  at  least  continuous,  while  u  may  be  discontinuous. 
Also,  by  selecting  a  test  function  v  which  vanishes  over  Ls,  we  obtain 

I  qvdr  —  I  uvjHi  dr  —  I  uv jUi  dr  +  I  uV^vdo. 

JVsu  Ls  '^Lsq 

=  j  pvdQ—  j  ^vdr-i-  /  dr.  (5b) 

JLsu 


It  should  be  noted  that  these  local  weak  forms  (3)-(5)  hold,  irrespective  of  the  size 
and  shape  of  d^s-  With  the  local  weak  form  for  any  point  x,  the  problem  (1)  becomes 
one  as  if  we  are  dealing  with  a  localized  boundary  value  problem  over  an  sphere  ^s- 
The  equilibrium  equation  and  the  boundary  conditions  are  satisfied,  a  posteriori,  in  all 
local  subdomains  and  on  their  r^,  respectively.  Theoretically,  as  long  as  the  union  of 
all  local  domains  covers  the  global  domain,  the  equilibrium  equation  and  the  boundary 
conditions  will  be  satisfied,  a  posteriori,  in  the  global  domain  and  on  the  boundary  r, 
respectively. 

In  M  LPG,  the  Petrov-Galerkin  method  is  used  in  each  local  subdomain,  which  uses 
the  trial  function  and  test  function  from  different  spaces.  If  the  local  domain  is  taken 
to  be  the  entire  domain  ^2,  we  can  get  three  corresponding  'global'  weak  formulations 
of  the  differential  equation  (1).  M  any  of  the  so-called  meshless  methods,  such  as  the 
EFG  (element-free  Galerkin)  method,  are  based  on  the  global  weak  form  over  the  entire 
domain  Q.  In  finite  volume,  boundary  element,  the  Galerkin  finite  element,  and  element 
free  Galerkin  [16]  methods,  which  are  based  on  the  global  Galerkin  formulation,  one 
uses  the  global  weak  form  over  the  entire  domain  ^2  (or  boundary),  to  solve  the  problem 
numerically. 

M  LPG  provides  a  rational  basis  for  constructing  meshless  methods  with  a  greater 
degree  of  flexibility.  The  M  LPG  method  is  a  very  general  concept  whose  underlying  con¬ 
cept  serves  as  a  basis  for  a  large  number  of  variously  named  minor  variations,  such  as: 
finite  points  method  [39],  finite  spheres  method  [21],  finite  clouds  method  [1],  boundary 
node  method  [17],  boundary  clouds  method  [28],  regular  boundary  node  method  [65], 
SPH  [36],  etc. 


S.N.AtIuri,  S.  Shen  / M  eshless  local  Petrov-Galerkin  method 


11 


3.  M  eshless  approximation  of  triai  functions 

In  this  section,  various  available  methods  of  approximating  a  trial  function  over  an 
arbitrary  domain  without  using  a  mesh,  are  discussed.  In  general,  meshless  interpola¬ 
tions  are  constructed  among  a  set  of  scattered  nodes  that  have  no  particular  topological 
connection  among  them.  An  appropriate  meshless  interpolation  scheme  should  satisfy 
the  following  requirements: 

1.  Locality; 

2.  Continuity; 

3.  Consistency  (or  completeness). 

M  oreover,  the  sensitivity  of  any  meshless  interpolation  scheme  to  a  variable  num¬ 
ber  of  nodes  in  each  interpolation  domain  must  be  low  enough  to  preserve  the  freedom 
of  adding,  moving  or  removing  nodes.  The  first  requirement  is  crucial  to  the  meshless 
method,  for  it  makes  the  method  efficient.  Otherwise,  the  interpolation  will  produce  a 
full  width  stiffness  matrix.  The  second  arises  from  the  local  weak  forms,  which  ensure 
that  the  weak  forms  are  integrable.  The  third  depends  on  the  order  of  the  partial  differ¬ 
ential  equations  to  be  solved.  The  continuity  and  consistency  conditions  are  related  to 
the  convergence  of  the  Interpol  ant- based  weak-form  methods.  A  variety  of  typical  local 
interpolation  schemes  is  summarized  in  this  section. 

The  moving  least-square  method  is  generally  considered  to  be  one  of  the  best 
schemes  to  interpolate  data  with  a  reasonable  accuracy.  Here  is  given  a  brief  summary 
of  the  MLS,  for  its  details,  see  [4,16]. 

Consider  a  subdomain  ^2x,  which  is  defined  as  the  neighborhood  of  a  point  x  and 
denoted  as  the  domain  of  definition  of  the  M  LS  approximation  for  the  trial  function 
at  X.  To  approximate  the  distribution  of  the  function  u  in  ^2x,  over  N  randomly  located 
nodes  {X/},  the  moving  least  squares  approximant  m'’(x)  of  u,  Vx  e  can  be  defined 
by 

m\x)  =  p^(x)a(x)  Vx  e  L2x,  (6) 

where  p’'’(x)  =  [pi(x),  ;?2(x), . . . ,  PmW]  is  a  complete  monomial  basis,  m  is  the  num¬ 
ber  of  terms  in  the  basis;  we  denote  by  t  the  highest-order  polynomial  which  is  com¬ 
pletely  included  in  the  basis;  and  a(x)  is  an  m-length  vector  which  are  functions  of  the 
space  coordi nates  X.  M  LS  interpolation  possesses  r-order  completeness.  The  linear  basis 
assures  that  the  M  LS  approximation  has  the  linear  completeness.  Thus,  it  can  reproduce 
any  smooth  function  and  its  first  derivative  with  arbitrary  accuracy,  as  the  approximation 
is  refined.  The  vector  a(x)  is  determined  by  minimizing  a  weighted  discrete  Lj  norm: 

N 

7(X)  =  ^u;/(X)[p^(X/)a(X)  -  u'f, 

/=! 


(7) 
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where  w/(x)  is  a  weight  function  associated  with  the  node  I,  with  w/(x)  >  0  for  all  x  in 
the  support  of  w/(x).  It  should  be  noted  that  are  the  fictitious  nodal  values,  and  not 
the  actual  nodal  values  of  the  trial  function  u^(x),  in  general.  Then,  a  relation  is  given  as 

N 

U^{x)  =  'Y^^\x)u' ,  u'‘ (Xi)  =  u’ ^  u' ,  X  e  ^2x.  (8) 

1=1 


The  expression  of  0^(x),  the  shape  function  of  the  M  LS  approximation,  can  be 
found  in  [5].  The  fact  that  (j}\x)  vanishes,  for  x  not  in  the  support  of  nodal  point  X/, 
preserves  the  local  character  of  the  moving  least  squares  approximation.  The  nodal 
shape  function  is  complete  up  to  the  order  of  the  basis.  The  smoothness  of  the  nodal 
shape  function  is  determined  by  that  of  the  basis,  and  of  the  weight  function. 

The  choice  of  the  weight  function  is  more  or  less  arbitrary,  as  long  as  the  weight 
function  is  positive  and  continuous.  It  is  noted  that  the  basis  functions  can  be  other 
function  than  monomial.  The  smoothness  of  the  shape  functions  ^\x)  is  determined  by 
that  of  the  basis  function  P(x)  and  of  the  weight  functions  wj(x).  Let  w/(x)  e  C^(Q) 
and  pj(x)  e  C'(L2),  the  shape  functions  0^(x)  e  C''(L2)  with  r  =  min(^,/).  Usually, 
the  order  of  the  continuity  for  the  basis  function  P(x)  is  higher  than  that  for  the  weight 
functions  w/(x),  thus  r  =  k.  For  example,  for  the  monomial  basis  function,  p^fx)  e 
C°°(Q),  in  this  case,  the  order  of  the  continuity  for  the  shape  functions  only  depends 
on  the  weight  functions  w/(x).  Hence,  it  is  easy  for  the  M  LS  approximation  to  yield 
a  higher  order  of  continuity  for  the  shape  functions,  simply  by  increasing  k.  A  simple 
practical  way  is  to  use  high-order  spline  functions.  The  following  weight  function  is 
recommended: 


W/(X)  = 


k=i 

0, 


0  ^  dj  ^  r/  =  pjhj 
dj  >  ri  =  pihj, 


(9) 


where  <i/  =  |x  -  X/|,  hi  in  the  nodal  distance,  pi  is  the  scaling  parameter  for  the  size  of 
the  subdomain  p  is  the  order  of  spline  function.  The  coefficients  a,t  are  obtained 

by  taking  the  following  boundary  conditions: 


wi\  —  =  o]  =  l, 

n  / 

d'^^wiidilri  =  0) 

9x'”o 


niQ  =  0, 


and 


=  0,  mo  ^  1, 


w/1  —  =  =  0, 

ri  / 

d'^^wiidi/ri  =  1) 

ax™! 


mi  =  0, 

=  0,  mi  ^  1, 

(10) 

where  p  =  mo  +  mi  +  1.  The  form  of  the  weight  functions  may  be  changed  by  the 
geometry  of  the  subdomain  ^2/^.  Since  the  weight  function  is  a  type  of  a  polynomial, 
the  "nodal  shape  function"  has  the  characteristics  of  a  rational  function,  mo  controis  the 
interior  continuity  in  the  iocai  subdomain,  whiie  mi  controis  the  boundary  continuity  of 
the  iocai  subdomain.  One  can  easily  obtain  a  global  c‘  continuity  up  to  a  desired  order/ 
if  the  order  of  spline  is  changed.  Therefore,  the  C'  continuity  depends  upon  value  of 
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mo  and  mi  in  equation  (10),  i.e.  (p(x)  e  it  is  very  important  to  preserve  the 

smoothness  of  the  derivatives  of  shape  functions,  because  discontinuities  and  vertices  in 
the  derivatives  of  the  shape  functions  make  numerical  integration  difficult. 

The  size  of  support,  r/,  of  the  weight  function  wi  associated  with  node  I  should  be 
chosen  such  that  r/  should  be  large  enough  to  have  sufficient  number  of  nodes  covered  in 
the  domain  of  definition  of  every  sample  point  {N  ^  m),  in  order  to  ensure  the  regularity 
of  A.  A  very  small  r,  may  result  in  a  relatively  large  numerical  error,  while  using  the 
Gauss  numerical  quadrature  to  calculate  the  entities  in  the  system  stiffness  matrix.  On 
the  other  hand,  r/  should  also  be  small  enough  to  maintain  the  local  character  of  the 
MLS  approximation.  \\  N  =  m,  no  effect  of  the  weight  functions  is  presented  and  the 
FEM  type  interpolation  is  recovered,  then  m*(X/)  =  . 

The  locality  of  the  shape  functions  </)^(x)  is  determined  by  the  basis  function  P(x) 
and  the  weight  functions  w/fx).  For  the  monomial  basis  functions  which  are  global,  the 
local  weight  functions  w/(x)  enable  the  shape  functions  <p^(x)  to  be  local. 

A  generalization  of  the  M  LS  interpolation  scheme  using  the  data  for  the  derivative 
of  a  function,  in  addition  to  the  value  of  the  function  itself,  at  a  finite  number  of  nodes, 
can  be  found  in  [2]. 

Actually,  M  LS  can  be  the  general  basis  for  several  variations  of  meshless  interpo¬ 
lations,  such  as: 

1.  Shepard  functions  [47]; 

2.  Least  squares  [39]; 

3.  Local  point  interpolation  [33]; 

4.  Local  radial  point  interpolation  [33]; 

5.  Compact  support  radial  basis  functions  [59,63];  and  so  on. 

If  the  M  LS  nodal  shape  functions  only  represent  a  globally  constant  function,  i.e. 
m  =  1,  we  obtain  the  so-called  Shepard  function  [47].  The  Shepard  functions  satisfy 
the  zeroth  order  completeness.  The  Shepard  shape  functions  have  a  simpler  structure 
than  the  higher  order  M  LS  shape  functions,  but  they  are  still  in  a  rational  form.  The 
application  of  the  Shepard  function  in  M  LPG  the  can  be  found  in  [5]. 

If  the  weight  function  in  the  MLS  is  taken  to  be  the  Heaviside  function,  then  we  can 
get  the  local  (truncated)  least  square  (LSQ)  scheme  from  the  MLS.  The  computational 
cost  for  calculating  the  local  LSQ  shape  functions  and  their  derivative  is,  of  course,  less 
than  that  of  M  LS.  H  owever,  the  locality  is  coerced  by  the  H  eaviside  function,  which  low¬ 
ers  the  performance  (including  global  continuity)  of  the  shape  functions.  For  FI  eaviside 
function,  mo  =  oo,  mi  =  -1,  which  leads  to  a  global  C~^  continuity  shape  function. 
As  shown  by  Onate  et  al.  [39],  the  use  of  a  Gaussian  or  spline  weight  function  in  M  LS 
improves  considerably  the  results  with  respect  to  the  least-square  (LSQ)  approach.  As 
noted  in  the  beginning  of  this  section,  to  add  or  delete  nodes  freely,  the  sensitivity  of  the 
meshless  interpolation  scheme  to  a  variable  number  of  nodes  in  each  interpolation  do¬ 
main  must  be  low  enough.  FI  owever,  the  local  LSQ  approximation  is  very  sensitive 
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to  the  neighbors  of  the  evaluated  node  due  to  the  truncated  locality,  while  this  sensi¬ 
tivity  is  quite  low  in  M  LS  methods  [39].  Moreover,  in  M  LS,  a  high-order  continuous 
approximation  throughout  the  whole  domain  can  be  constructed  for  high-order  differ¬ 
ential  equations  easily,  simply  by  adjusting  value  of  mo  and  mi  of  the  weight  function, 
without  increasing  the  bandwidth.  Those  indicate  some  advantage  of  the  M  LS  method 
for  practical  applications. 

If,  in  addition,  wetake  N  =  min  local  LSQ  method,  then  one  can  get  the  so-called 
local  point  interpolation  [33].  Obviously,  this  method  inherits  all  the  shortcomings  of 
local  LSQ  scheme  due  to  the  same  truncated  locality,  listed  in  the  proceeding  paragraph. 
In  [33],  the  basis  functions  are  taken  to  be  monomial;  and  thus,  as  a  matter  of  fact,  it 
is  not  a  new  method:  it  is  just  a  FEM  type  interpolation.  Here,  we  list  the  procedure. 
The  unknown  function  m(x)  can  be  interpolated  from  the  neighboring  nodes  of  a  point  x 
using  the  polynomials  basis  functions  as 

N 

u^(x)  =  J2p/(x)aj  =  p'^(x)a.  (11) 

7=1 

The  coefficients  aj  are  determined  by  enforcing  the  above  equation  at  the  N 
nodes  surrounding  point  x,  as  u  =  Pa,  where  u’’’  =  [u'^,  m*'],  P’’’  =  [pi(Xi), 

P2(X2), . . . ,  pAr(Xiv)].  Hence,  it  can  be  obtained  that  a  =  P“^u.  So,  we  have 

u\x)  =  pTp-^u.  (12) 

For  the  monomial  basis  function  pi{x),  this  procedure  is  totally  same  as  that  in  the  FEM  . 

In  LPIM ,  to  ensure  N  =  m,  where  m  is  fixed  for  certain  order  completeness,  it 
means  that  the  number  of  nodes  in  the  local  domain  is  constrained  by  the  number  of 
the  monomial  basis  functions;  and  thus,  it  reduces  the  flexibility  of  the  meshless  inter¬ 
polation.  M  oreover,  for  an  arbitrarily  chosen  set  of  scattered  nodes,  special  techniques 
should  be  used  to  assure  a  successful  computation  of  shape  functions  (to  avoid  the  ma¬ 
trix  P  to  be  singular).  If  the  basis  functions  are  taken  to  be  globally  supported  radial  basis 
functions,  then  one  can  get  the  so-called  Local  Radial  Point  Interpolation  (LRPIM )  [33]. 
This  method  is  stable  and  flexible  compared  to  LPIM  .  It  is  noted  that  the  LRPIM  method 
suffers  from  a  lack  of  consistency.  Hence,  to  remedy  this,  a  sum  of  polynomials  up  to 
degree?  with  additional  constraints  is  attached  to  the  interpolation  function  [33,44].  The 
details  related  to  the  radial  basis  functions  can  be  founded  in  the  review  paper  [44]. 

Compact  support,  positive  definite  Radial  Basis  Functions  have  been  suggested 
only  recently  [59,63].  If  A?  =  m  is  taken  in  M  LS  method,  and  the  basis  functions  are 
taken  to  be  compact  support  radial  basis  functions,  we  get  yet  another  new  local  interpo¬ 
lation:  Compact  Support  Radial  Basis  Functions  (CSRBF).  In  thisscheme,  u''(Xj)  =  mC 
In  this  case,  the  basis  function  is  local  because  it  is  compact  supported.  Therefore,  the 
weight  function  can  be  taken  to  be  1,  which  belongs  to  C“(L2).  The  resulting  shape 
function  is  not  truncated  local.  It  is  not  sensitive  to  the  neighbors  of  the  evaluated  node. 
A  high-order  continuous  approximation  throughout  the  whole  domain  can  be  constructed 
easily  for  high-order  differential  equations,  simply  by  choosing  higher-order  continuous 
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compact  support  radial  basis  function,  without  increasing  the  band-width.  However,  this 
interpolation  suffers  from  a  lack  of  completeness.  Atiuri  and  Shen  [5]  employed  this 
interpolation  in  M  LPG  method.  Zhang  et  al.  [66]  employed  both  global  and  compact 
support  radial  basis  function  in  the  collocation  method.  The  Hermite-Birkhoff-type  in¬ 
terpolation  of  scattered  multidimensional  data,  through  radial  basis  functions,  can  be 
found  in  [62];  and  this  type  of  interpolation  is  desirable  when  the  derivative  is  also  used 
as  a  degree  of  freedom  at  each  node. 

M  eshless  methods  can  also  be  based  on  partitions  of  unity  [11].  PU  method  is  not  a 
good  choice  for  the  M  LPG  method,  since  the  test  function  needs  m  unknowns  per  node, 
or  indirectly,  m  test  functions  are  needed;  otherwise  there  are  insufficient  equations  to 
determine  the  unknowns.  In  addition,  it  is  more  time-consuming  to  form  and  solve  the 
resulting  algebraic  equations,  since  the  dimension  of  the  stiffness  matrix  will  be  m  times 
of  that  in  the  case  when  M  LS  are  used  [5]. 

The  reproducing  kernel  particle  method  (RKPM  )  is  developed  in  [32].  Here,  the 
shape  function  was  derived  from  the  reproducing  conditions.  The  equivalence  between 
MLS  and  RKPM  is  discussed  in  [26]. 

There  also  exist  some  other  meshless  interpolations,  such  as  smoothed  particle 
hydrodynamics  (SPH)  [36],  finite  cloud  method  [1],  etc. 

It  is  noted  that  the  nodal  shape  functions  (trial  functions)  from  the  MLS,  Shepard 
function,  partition  of  unity,  RKPM ,  and  CS-RBF  interpolations  possess  a  high-order  of 
continuity.  This  high-order  of  continuity  provides  solutions  with  smooth  derivatives, 
and  is  very  different  to  the  FEM  .  Thus,  these  methods  have  the  advantage  of  providing 
better  (smooth)  approximation  of  stresses.  Consequently,  the  postprocessing  in  M  LPG 
is  relatively  straightforward,  and  no  additional  stress  smoothing  is  required.  On  the  other 
hand,  the  LPIM  [33]  and  LRPIM  [33]  suffer  from  a  lower  continuity  due  to  the  truncated 
locality;  further  more,  the  LPIM  leads  more  or  less  to  an  FEM  -type  interpolation. 

The  approximations  with  Ar  =  m(LPIM, LRPIM, CSRBF),  are  interpolation  type, 
and  possess  Delta  function  property.  The  approximations  with  N  ^  m,  are  fit  type  and 
do  not  possess  Delta  property.  The  latter  are  optimal  methods,  and  hence,  achieve  a  high- 
order  continuous  approximation  over  the  entire  domain;  this  is  one  of  the  reasons  why 
a  meshless  method  is  beyond  the  FEM ,  as  compared  to  LPIM  ,  LRPIM ,  etc.  Although 
the  interpolation  type  can  result  in  simple  shape  functions,  when  compared  to  the  fit 
type,  it  still  cannot  remedy  the  integration  difficulties  in  the  meshless  method.  That 
the  Gaussian  integration  is  not  so  good  in  a  meshless  method  as  in  the  FEM ,  is  mainly 
because  the  domain  of  the  interpolation  is  different  to  the  domain  of  the  integration. 
With  the  Delta  property,  in  meshless  method,  the  essential  boundary  conditions  can  be 
directly  implemented  same  as  in  FEM  . 

In  trial -function  interpolation  schemes  without  the  Kronecker  delta  properties,  it 
is  not  easy  to  implement  the  essential  boundary  conditions.  However,  the  enforcement 
of  essential  boundary  conditions  is  not  the  problem  now,  some  convenient  treatments 
have  been  proposed.  I  n  many  researches,  a  Lagrange  multiplier  technique  has  been  used 
to  impose  the  essential  boundary  conditions.  However,  this  technique  produces  a  non- 
banded  and  a  nonpositive  definite  stiffness  matrix.  One  of  the  promising  methods  to 
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enforce  the  essential  boundary  conditions  in  meshless  methods  is  the  penalty  parameter 
technique  as  developed  by  Zhu  and  Atiuri  [67],  which  is  efficient  and  does  not  need  any 
other  additional  unknown  variables.  A  collocation  method  is  also  a  very  important  tech¬ 
nique  to  enforce  the  essential  boundary  conditions  in  the  meshless  method  [67]  due  to  its 
simplicity.  Our  numerical  results  show  that  both  the  penalty  parameter  and  collocation 
techniques  are  effective  and  convenient  [4,5].  Another  technique  to  exactly  impose  the 
essential  boundary  conditions  in  meshless  methods  is  a  transformation  method  devel¬ 
oped  by  Atiuri  etal.  [3]. 


4.  The  basis  of  meshless  domain  discretization:  the  meshless  local 
Petrov-Galerkin  (M  L PG )  approach 

In  general,  in  M  LPG,  the  nodal  trial  and  test  functions  can  be  different,  the  nodal 
trial  function  may  correspond  to  any  one  of  the  interpolant  schemes  listed  in  section  3; 
and  the  test  function  may  be  totally  different.  Furthermore,  the  size  of  the  subdomains 
over  which  the  nodal  trial  and  test  functions  are,  respectively,  nonzero,  may  be  different. 

Soon  after  the  debut  of  the  concept  of  M  LPG  [7],  variants  of  the  M  LPG  method 
appeared  in  literature,  by  using  different  trial -function  interpolant  schemes,  or  different 
test  functions,  or  different  shapes  of  the  support  domain  of  the  trial  function,  or  differ¬ 
ent  shapes  of  the  support  domain  of  the  test  function,  or  even  different  shapes  of  the 
local  domain  Actually,  if  there  areN  different  trial-function  interpolating  schemes, 
M  different  test  functions,  L  different  shapes  of  the  support  domain  of  the  trial  function, 
I  different  shapes  of  the  support  domain  of  the  test  function,  and  J  different  shapes  of 
the  local  domain  ^2s,  then  (NxMxLxIxJ)  number  of  M  LPG  methods  can  be 
developed! 

Based  on  the  concept  of  the  M  LPG,  the  test  functions  over  each  local  ^2s  can  be 
chosen  through  a  variety  of  ways: 

(1)  the  weight  function  in  the  M  LS  approximation; 

(2)  the  collocation  Dirac's  Delta  function; 

(3)  the  error  function  in  the  differential  equation,  using  discrete  least  squares; 

(4)  the  modified  fundamental  solution  to  the  differential  equation; 

(5)  constant  for  second  order  PD E  (or  linear  function  for  4th  order  PDE); 

(6)  identical  to  the  trial  function; 

(7)  any  other  convenient  functions. 

We  label  these  methods  as  MLPGl,  MLPG2,  MLPG3,  MLPG4,  MLPG5,  and 
M  LPG  6  corresponding  to  the  first  six  terms,  respectively  [4,5]. 

Asa  known  test  function  is  used  in  the  local  weak  form  (LWF),  the  use  of  the  LWF 
for  one  point  (and  here  for  one  domain  Qs)  will  yield  only  one  algebraic  equation.  One 
can  obtain  as  many  equations  as  the  number  of  nodes.  Flence,  as  many  local  domains 
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Qs  as  the  number  of  nodes  are  needed  in  the  global  domain,  in  order  to  obtain  as  many 
equations  as  the  number  of  unknowns. 

4.1.  MLPGl,  MLPG5,  and  M LPG 6  based  on  theLSWF 

M  LPGl  is  developed  by  employing  the  M  LS  weight  function  (9)  (or  some  other 
compact  continuous  functions)  as  the  test  function  in  each  ^2s.  Substitution  of  any  mesh¬ 
less  interpolations  listed  in  section  3  into  the  LSWF  (4b)  for  all  the  nodes,  leads  to  the 
following  discretized  system  of  linear  equations: 


K  u  =  f, 


(13) 


where  the  entries  of  the  global  'stiffness'  matrix  K  and  the  global  'load'  vectorf,  respec¬ 
tively,  are  defined  as: 


90^  (X) 


K!j=  [  0l(x)ut(x,X7)d^2-  f  '"'i;(x.  X/)dr 

J  Qs  ^  ^  Su 


dn 


+  a  (/)''(X)i;(X,  X/)dr, 
Jtsu 


(14) 


fi=  q(X)v{X,Xi)(ir  -  /  ;7(X)i;(X,  X/)d^2  +  Q'  /  u{X)v(X,Xi)  dT.  (15) 

The  details  of  M  LPGl  using  the  M  LS,  Shepard  function  and  CSRBF  to  approxi¬ 
mate  the  trial  functions  can  be  found  in  [5,7],  By  employing  L  PI  M  andLRPIM  to  con¬ 
struct  the  shape  functions  instead  of  M  LS,  Liu  and  Gu  [33]  repeated  this  procedure,  and 
get  an  MLPGl  method;  however,  they  labeled  it  the  "meshfree  local  point  interpolation 
method  (LPIM )". 

M  LPG 5  is  derived  from  the  LSWF  (4a);  while  any  meshless  interpolations  can  be 
used  to  approximate  the  trial  function.  A  constant  function  for  second  order  PDE  (or 
linear  function  for  4th  order  PDE)  is  taken  to  be  the  test  function  in  each  The  reason 
to  choose  such  a  test  function  is  to  try  to  avoid  the  domain  integration  in  the  LSWF.  The 
entries  of  the  global  'stiffness'  matrix  K  and  the  global  'load'  vectorf  are  defined  by 


Ku  =  - f  (/.,i(x)«,dr- /"  4)f,{x)n,dr +  a  [  </)"(x)dr,  (16) 

(17) 


fi=  I  ^(x)dr-  j  p(x)di^  +  a  I  M(x)dr. 

Jcsu  Jc2s  Jcsu 


Tsu 

The  numerical  integration  plays  an  important  role  in  the  convergence  of  numerical 
solutions  of  meshless  methods.  It  may  be  difficult  to  perform  the  domain  integration 
for  the  stiffness  matrix  in  meshless  methods,  due  to  the  fact  that  the  domain  of  the 
interpolation  is  different  to  the  domain  of  the  integration.  From  equation  (16),  it  can  be 
seen  that  the  domain  integral  over  is  altogether  avoided,  which  greatly  improves  the 
effectiveness  of  this  method.  Flence,  this  method  is  an  attractive  meshless  method.  The 
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details  of  M  LPG5  using  the  M  LS,  Shepard  function  and  CSRBF  to  construct  the  shape 
functions  can  be  found  in  [4,5]. 

In  M  LPG6,  the  trial  and  test  functions  come  from  the  same  space.  To  obtain  the 
discrete  equations  from  the  LSWF  (4b),  any  meshless  interpolations  can  be  used  to  ap¬ 
proximate  the  trial  function.  The  entries  of  the  global  'stiffness'  matrix  K  and  the  global 
'load'  vector  f  can  be  found  in  [5]. 

Atiuri  etal.  [3]  studied  M  LPG6  in  great  detail  by  using  the  M  LS,  Shepard  function 
and  partitions  of  unity.  Their  results  showed  that  the  partition  method  for  numerical 
integration  must  be  used  to  get  a  convergent  result.  Based  on  their  research  and  the 
results  in  [5],  it  can  be  concluded  that  the  Galerkin  method  is  not  a  good  option  for 
the  M  LPG  method,  from  the  viewpoint  of  calculation  and  application.  By  employing 
partition  of  unity  to  construct  the  shape  functions,  and  taking  the  shape  of  the  local 
domain  to  be  sphere,  De  and  Bathe  [21]  repeated  this  procedure,  and  get  an  M  LPG6 
method;  however,  they  called  it  the  "method  of  finite  sphere  (M  FS)". 

The  test  function  can  also  be  chosen  to  be  any  other  function.  Based  on  LSWF, 
Barry  and  Thulasi  [12]  introduced  Wachspress  polynomials  as  test  functions  with  the 
subdomain  to  w-sided  polygons  (Wachspress  cells),  and  use  M  LS  to  construct  the  trial 
functions.  They  named  it  Wachspress  MLPG  method  (WMLPG).  Flowever,  in  this 
method,  to  form  the  Wachspress  cells  is  the  same  as  to  generate  meshes  in  FEM  . 

4.2.  MLPG2  and  MLPG3  based  on  LUSWFl 

MLPG 2  and  MLPG 3  are  based  on  the  local  unsymmetric  weak  formulation 
(LUSWFl)  (3).  M  LPG2  employs  the  collocation  Dirac's  Delta  function  as  the  test  func¬ 
tion  in  each  f2s.  Any  interpolations  listed  in  section  3  can  be  used  into  the  LUSWFl  (3) 
for  the  internal  nodes.  The  detail  of  M  LPG2  can  be  found  in  [5].  M  LPG2  does  not 
involve  any  numerical  integration  to  generate  the  global  stiffness  matrix,  so  it  is  the 
simplest  form  of  the  meshless  method. 

Thus,  the  collocation  method  can  be  treated  simply  as  a  special  case  of  the  M  L  PG 
approach.  Smoothed  Particle  FI ydrodynamics  (SP FI)  [36]  is  one  of  the  earliest  meshless 
methods  in  computational  mechanics.  SPFI  can  also  be  regarded  as  an  MLPG 2,  by 
using  SPFI  to  approximate  the  trial  functions.  Finite  point  method  (FPM )  [39]  is  a  point 
collocation  method  by  employing  the  weighted  least  squares  as  the  trial  functions.  If  we 
use  the  weighted  least  squares  to  approximate  the  trial  functions  in  M  LPG2,  we  can  get 
FPM  .  Using  the  finite  cloud  method  to  approximate  the  trial  functions  in  M  LPG2,  one 
can  get  finite  cloud  method  (FCM  )  [1].  The  details  of  M  LPG2  using  the  M  LS,  Shepard 
function  and  CSRBF  to  approximate  the  trial  functions  can  be  found  in  [5]. 

M  LPG  3  employs  the  error  function  as  the  test  function  in  each  L2s.  In  this  method, 
the  test  function  can  also  be  assumed  as  in  the  discrete  least  square  method.  The  test 
function  and  the  trial  function  come  from  the  same  space  in  M  LPG  3.  Any  interpolations 
listed  in  section  3  can  be  used  as  the  trial  function.  Theentriesof  the  'stiffness'  matrix  K 
and  'load'  vector  f  are  derived  in  [5]. 
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The  details  of  M  LPG3  using  the  M  LS,  Shepard  function  and  CSRBF  to  approxi¬ 
mate  the  trial  functions  can  be  found  in  [5].  In  M  LPG3,  letting  the  local  domain  to  be 
the  entire  domain,  in  conjugation  with  M  LS,  leads  to  so-called  least-squares  meshfree 
method  (LSM  FM  )  [43]. 

4.3.  The  LBIE  based  on  LUSWF2 

Based  on  the  local  unsymmetric  weak  formulation  (LUSWF2)  (5b),  M  LPG4  (the 
LBIE)  is  developed  by  employing  the  modified  fundamental  solution  u*  (which  vanishes 
at  9f2s  as  long  as  9^2s  does  not  intersect  with  r),  as  the  test  function.  Any  meshless 
interpolations  discussed  in  section  3  can  be  used  to  approximate  the  trial  function. 

The  details  of  this  method,  using  the  M  LS,  Shepard  function  and  CSRBF  to  con¬ 
struct  the  shape  functions,  can  be  found  in  [5,68].  It  is  noted  that  no  derivatives  of  the 
shape  functions  are  needed,  in  constructing  the  stiffness  matrix  for  the  interior  nodes,  as 
well  as  for  those  boundary  nodes  with  no  essential  boundary  condition  prescribed  sec¬ 
tions  on  their  local  boundaries.  Flowever,  singular  integrals  appear  in  the  local  boundary 
integral  equation  (defined  only  over  a  sphere  centered  at  each  point  in  question),  to  which 
special  attention  should  be  paid  [50]. 

4.4.  Summary 

A  summary  of  the  meshless  approximations  is  given  in  table  1,  where  t  denotes 
the  highest-order  of  the  polynomial  which  is  completely  included  in  the  basis.  A  sum¬ 
mary  of  the  variety  of  M  LPG  methods  is  given  in  table  2.  In  this  table,  for  convenience, 
we  denote  the  support  of  the  trial  function  as  L2tr,  and  the  support  of  the  test  function 
as  L2te.  The  interrelationships  of  these  developments  can  also  be  illustrated  as  in  fig¬ 
ure  2.  Underlying  all  these  meshless  methods  is  the  general  concept  of  the  meshless 
local  Petrov-Galerkin  method;  thus,  M  LPG  provides  a  rational  basis  for  constructing 
meshless  methods  with  a  greater  degree  of  flexibility. 

In  [5],  a  comprehensive  study  to  these  six  M  LPG  methods  is  conducted.  Among 
them,  M  LPG5  yields  somewhat  of  a  better  result  than  the  others,  while  all  the  methods 


Table  1 

Selected  meshless  approximation  of  the  trial  function. 


Interpolation  (u) 

Continuity 

Completeness 

Delta  function  property 

MLS  (ifi) 

Flighorder 

t 

No 

Shepard  function  (uj) 

Fligh  order 

0 

No 

Partitions  of  unity  (^3) 

Fligh  order 

t 

No 

RKPM  (M4) 

Fligh  order 

t 

No 

LPIM  (m5) 

s;c° 

t 

Yes 

LRPIM  (ms) 

s;c° 

t 

Yes 

CS-RB F  (u-j) 

Fligh  order 

none 

Yes 

Finite  cloud  (wg) 

Fligh  order 

t 

No 

SPFI  (wg) 

Fligh  order 

0 

No 

WMLPG 


'-Galerkin  method 


Figure  2.  Variation  of  the  M  LPG  approaches. 
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Table  2 

M  eshless  local  Petrov-Galerkin  (M  LPG)  methods. 


M  ethods 

Test  function  (d)  in  Lite 

Local  weak  form 
over  each  Lis 

Relation  between 
9nd 

Integral  to  evaluate 
the  weak-form 

MLPGl 

M  LS  weight  function  (di) 

LSWF 

^2^0  < 

Domain  integral 

MLPG2 

Kronecker  delta  (112) 

LUSWFl 

^2te  can  be  arbitrary 

None 

MLPG3 

Least  square  0fj.(x)  (i;3) 

LUSWFl 

^2^0  = 

Domain  integral 

MLPG4 

Fundamental  solution  u*  (114) 

LUSWF2 

^2t0  < 

Singular  boundary 
integral 

MLPG5 

Constant  (115) 

LSWF 

^2^0  < 

Regular  boundary 
integral 

MLPG6 

Same  as  the  trial  function  (v  =  u) 

LSWF 

^2t0  =  ^2tr 

Domain  integral 

possess  high  accuracy.  For  the  trial -function  interpolations,  it  seems  that  the  M  LS  yields 
somewhat  of  a  better  result  than  the  Shepard  function  or  the  CSRBF.  The  rates  of  con¬ 
vergence  in  all  the  M  LPG  methods,  especially  using  the  M  LS  and  Shepard  functions  as 
the  trial  function,  are  higher  than  that  in  the  FEM  . 

M  LPG  has  little  or  no  preprocessing  and  postprocessing  costs,  thus  the  human- 
labor  cost  in  M  LPG 5  is  negligible  compared  to  that  in  FEM ;  for  the  same  accuracy,  the 
computational  cost  in  M  LPG5  is  also  lower  than  that  in  FEM  .  Thus,  we  are  certain  that 
M  LPG5  may  prove  to  be  a  simple  and  efficient  alternative  to  the  currently  popular  finite 
element  and  boundary  element  methods. 


5.  Applicationsof the M LPG  approach 

Due  to  the  distinct  advantages,  the  M  LPG  methods  are  widely  adopted  as  some  of 
the  efficient  computational  techniques  to  solve  applied  mechanics  problems. 

Atiuri  and  Zhu  [9]  solved  some  elasto-static  problems  by  using  MLPGl.  Kim 
and  Atiuri  [27]  solved  some  elasto-static  problems  by  using  MLPG6  with  polygonal 
local-domains,  and  a  method  which  uses  primary  and  secondary  nodes  in  the  domain 
and  on  the  global  boundary  is  introduced.  This  method  is  very  useful  in  an  adaptive 
calculation.  Batra  and  his  coworkers  employed  M  LPGl  method  to  analyze  static  [19], 
and  transient  [13]  deformations  near  a  crack^otch  tip  in  a  linear  elastic  plate.  The  row- 
sum  technique  was  used  to  obtain  the  lumped  mass  matrices.  The  Newmark  family  of 
methods  was  taken  as  the  time  integration  scheme.  The  numerical  results  showed  that 
the  M  L  PG  method  is  an  appreciate  tool  to  treat  the  elastic  problem. 

M  LPG4  has  been  successfully  applied  to  potential  problems,  elastostatics,  elas- 
todynamics,  thermoelasticity,  and  plate  bending  problems  [6,48,49,51,53-55,68,69]. 
A  summary  of  recent  developments  in  the  applications  of  M  LPG4  can  be  found  in  [52], 

Using  MLPG6  with  generalized  MLS  to  construct  the  shape  functions,  Atiuri 
et  al.  [2]  studied  the  deformation  of  thin  beams.  Then,  Cho  and  Atiuri  [20]  extended 
it  to  the  shear  flexible  beams  based  on  a  locking-free  formulation.  Raju  and  Phillips  [46] 
applied  M  LPGl  and  M  LPG 5  to  a  continuous  beam  problem  to  evaluate  their  effective- 
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ness,  and  discussed  the  effects  of  various  parameters  on  the  numerical  results  clearly  and 
systematically.  Their  numerical  results  show  that  both  M  LPGl  and  M  LPG5  methods  are 
effective.  Gu  and  Liu  [24]  analyzed  the  static  and  free  vibration  of  thin  plate  by  means 
of  M  LPGl.  X  iao  and  M  cCarthy  [64]  investigated  the  unilateral  contact  problem  of  beam 
by  using  M  LPGl.  Long  and  Atiuri  [34]  applied  M  LPGl  to  solve  thin  (Kirchhoff)  plates. 
The  quintic  spline  weight  function  is  used  in  the  M  LS  approximation,  which  leads  to 
approximations.  Their  numerical  results  show  that  the  M  LPG  method  possesses  an 
excellent  rate  of  convergence  for  the  deflection  and  strain  energy.  Qian  et  al.  [45]  used 
M  LPGl  and  M  LPG 5  to  analyze  the  deformation  fields  in  a  thick  plate  with  a  higher- 
order  shear  and  normal  deformable  plate  theory,  and  presented  extensive  studies  on  vari¬ 
ous  parameters  of  the  M  LPG  method  for  pi  ate  problems.  Their  numerical  results  showed 
that  both  MLPGlandMLPGS  methods  are  effective  to  treat  the  elastostatic  problem  of 
a  plate. 

Tang  et  al.  [57]  developed  a  true  rotation-free  numerical  approach  based  on  the 
M  LPGl  method  for  materials  within  the Toupin-M  indlin  framework  of  strain  gradient 
type  constitutive  theory.  The  remarkable  accuracy  in  these  numerical  simulations  shows 
promising  characteristics  of  M  LPG  for  solving  general  problems  of  material  inelasticity, 
where  strain-gradient  effects  may  be  important. 

Recently,  the  MLPG  method  is  extended  to  the  three  dimension  problem.  Li 
et  al.  [29]  applied  it  to  the  3-D  problem  problems  with  singularities,  and  material  dis¬ 
continuities.  The  high-order  nature  of  M  LPG  provided  accurate  stress  simulation  when 
dealing  with  singular  problem  like  Boussinesq  problem  which  is  very  difficulty  for  FEM  . 
Their  numerical  results  also  verified  this  viewpoint.  With  the  combination  of  M  LPG5 
(interior)  and  M  LPG2  (boundary),  the  truly  meshless  method  can  be  applied  efficiently 
to  any  3-D  solid  with  complicated  geometry. 

M  LPG  method  is  also  promising  in  fluid  mechanics.  In  fact,  the  M  LPG  method 
is  much  more  flexible  for  introducing  the  upwinding  concept,  with  very  clear  physi¬ 
cal  meaning.  Several  upwinding  schemes  for  the  M  LPG  method  have  been  developed 
and  applied  to  simulate  the  convective-diffusive  transport  [30]  and  the  incompressible 
Navier-Stokes  equations  [31]. 


6.  Other  meshless  methods 

The  research  into  meshless  methods  has  become  very  active,  only  after  the  publi¬ 
cation  of  the  diffuse  element  method  by  Nayrolesetal.  [37].  Several  so-called  meshless 
methods  (Element  Free  Galerkin  (EFG))  by  Belytschko  et  al.  [16];  Reproducing  Kernel 
Particle  M  ethod  (RK  PM  )  by  Liu  etal.  [32];  the  Partition  of  U  nity  Finite  Element  M  ethod 
(PU  FEM )  by  Babuskaand  M  elenk  [11];  hp-cloud  method  by  Duarte  and  Oden  [22];  Nat¬ 
ural  Element  M  ethod  (N  EM )  by  Sukumar  et  al.  [56];  M  eshless  Galerkin  methods  using 
Radial  Basis  Functions  (RBF)  by  Wendland  [61];  have  also  been  reported  in  literature 
since  then.  The  major  dilferences  in  these  meshless  methods  come  only  from  the  tech¬ 
niques  used  for  interpolating  the  trial  functions.  All  those  method  is  based  on  the  global 
symmetric  weak  forms.  Even  though  no  mesh  is  required  in  these  methods  for  the  in- 
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terpolation  of  the  trial  and  test  functions  for  the  solution  variables,  the  use  of  shadow 
elements  is  inevitable  in  these  methods,  for  the  integration  of  the  weak-form,  or  of  the 
'energy'.  Therefore,  these  methods  are  not  truly  meshless.  If  we  take  the  local  domain 
to  be  the  entire  domain  in  the  local  symmetric  weak  forms,  and  usetheGalerkin  method, 
the  meshless  methods  based  on  global  symmetric  weak  forms  can  be  derived  from  the 
MLPG6  method.  In  general,  MLPG  method,  based  on  local  weak  formulations,  can 
include  all  the  other  meshless  methods  based  on  global  formulation,  as  special  cases. 
Besides  in  M  LPGl,  Liu  and  his  coworkers  [58]  also  used  LPIM  and  LRPIM  to  construct 
the  shape  functions  in  the  global  Galerkin  method. 

To  avoid  the  background  mesh  in  the  methods  based  on  the  global  weak  forms, 
Beissel  and  Belytschko  [14]  replaced  the  Gaussian  quadrature  with  nodal  integration. 
However,  the  nodal  integration  leads  to  a  numerical  instability  [14].  In  order  to  avoid  the 
instability,  a  so-called  stabilized  conforming  nodal  integration  was  proposed  by  Chen 
et  al.  [18].  A  Voronoi  diagram  is  employed  to  obtain  representative  nodal  domain  and 
the  associated  weights  for  the  stabilized  conforming  nodal  integration.  Hao  et  al.  [25] 
proposed  the  moving  particle  finite  element  method  (M  PFEM  ),  which  is  a  combination 
of  the  finite  element  method  and  element-free  Galerkin  method.  The  nodal  integration, 
instead  of  Gaussian  quadrature,  is  employed  to  integrate  the  global  weak  form.  At  each 
node,  the  shape  functions  are  constructed  by  enforcing  certain  reproducing  conditions, 
by  means  of  neighboring  nodes  that  form  element-like  configurations.  To  determine  the 
neighboring  nodes,  a  searching  algorithm  was  utilized.  Then,  the  Delauney  tri angulation 
is  used  to  compute  the  integration  weight  for  this  node.  This  procedure  is  similar  to  that 
of  constructing  elements. 

Luan  et  al.  [35]  proposed  a  finite-cover  element-free  method  (FCEFM).  This 
method  is  mathematically  based  on  the  finite  cover  of  manifold.  Based  on  the  global 
weak  form,  the  system  is  discretized  by  virtue  of  the  multiple  weighted  moving  least 
square  approximation.  To  integral  the  global  weak  form,  a  so-called  "moving  window 
procedure"  is  used:  a  rectangle  or  square  window  scans  from  one  end  of  the  domain  to 
another  step  by  step.  It  is  noted  that  the  domain  is  scanned  with  the  window  with  no 
overlapping.  Asa  matter  of  fact,  this  procedure  is  almost  same  as  the  use  of  background 
mesh. 

Pardo  [40-42]  developed  a  very  interesting  meshless  method  based  on  a  path  in¬ 
tegral  formulation  of  linear  elasticity.  The  well-known  Feynman  path  integral  formula¬ 
tion  of  quantum  mechanics  is  equivalent  to  the  Schrddinger  equation.  The  differential 
equation  governing  the  continuum  system  can  be  replaced  by  a  fictitious  Feynman  path 
integral  formulation  by  finding  adequate  infinitesimal  Feynman  propagators.  Since  the 
Feynman  path  integral  formulation  is  a  global  form,  to  avoid  the  background  mesh,  the 
"local"  concept  must  be  introduced:  a  set  of  compact  supported  infinitesimal  propaga¬ 
tors  are  used.  This  method  is  a  truly  meshless  method.  However,  it  is  not  easy  to  derive 
the  Feynman  propagators  from  functional  integrations,  especially  the  compact  supported 
infinitesimal  Feynman  propagators. 
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7.  Conclusion 

This  paper  summarizes  the  recent  developments  in  the  meshless  methods.  It  is 
stated  that  M  LPG  is  the  general  basis  of  truly  meshless  domain  discretizations.  Based 
on  the  general  concept  of  the  meshless  local  Petrov-Galerkin  (M  LPG)  method,  different 
types  of  meshless  trial  functions  and  different  types  of  meshless  test  functions  can  be 
used,  leading  to  a  large  variety  of  M  LPG  methods.  Due  to  the  locality,  absolutely  no 
meshes  are  needed  in  M  LPG  either  for  interpolation  of  the  trial  and  test  functions,  or  for 
the  integration  of  the  weak  forms,  while  in  other  meshless  methods  (such  as  the  EFG) 
require  background  cells.  M  LPG5  shows  the  potential  to  be  a  simple  and  efficient  alter¬ 
native  to  the  currently  popular  finite  element  and  boundary  element  methods.  A  Ithough 
the  M  LPG  method  has  made  some  strides,  there  are  still  many  challenges  remaining, 
such  as  an  adequate  numerical  integration  scheme,  and  its  applications  in  the  Nanotech¬ 
nology,  etc.  A  fast,  accurate,  cheap,  and  robust  M  LPG  method  is  still  on  the  way. 
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Truly  Meshless  Local  Petrov-Galerkin  (MLPG)  Solutions  of  Traction  & 

Displacement  BIEs 

Z.  D.  Han^  and  S.  N.  Atluri^ 


Abstract:  The  numerical  implementation  of  the  truly 
Meshless  Local  Petrov-Galerkin  (MLPG)  type  weak- 
forms  of  the  displacement  and  traction  boundary  inte¬ 
gral  equations  is  presented,  for  solids  undergoing  small 
deformations.  In  the  accompanying  part  I  of  this  pa¬ 
per,  the  general  MLPG/BIE  weak-forms  were  presented 
[Atluri,  Han  and  Shen  (2003)].  The  MLPG  weak  forms 
provide  the  most  general  basis  for  the  numerical  solu¬ 
tion  of  the  non-hyper- singular  displacement  and  traction 
BIEs  [given  in  Han,  and  Atluri  (2003)],  which  are  sim¬ 
ply  derived  by  using  the  gradients  of  the  displacements 
of  the  fundamental  solutions  [Okada,  Rajiyah,  and  Atluri 
(1989a,b)].  By  employing  the  various  types  of  test  func¬ 
tions,  in  the  MEPG-type  weak-forms  of  the  non-hyper- 
singular  dBIE  and  tBIE  over  the  local  sub-boundary  sur¬ 
faces,  several  types  of  MEPG/BIEs  are  formulated,  while 
also  using  several  types  of  non-element  meshless  in¬ 
terpolations  for  trial  functions  over  the  surface  of  the 
solid.  Specifically,  three  types  of  MEPG/BIEs  are  for¬ 
mulated  in  that  paper,  i.e.  MEPG/BIEl,  MEPG/BIE2, 
and  MEPG/BIE6,  as  per  the  consistent  categorizations  of 
the  MEPG  domain  methods  [Atluri  and  Shen  (2002a)]. 
As  the  accompanying  part  11,  this  paper  is  devoted  to 
MEPG/BIE6.  In  particular,  the  moving  least  squares 
(MES)  method  has  been  extended  for  the  approximation 
on  three  dimensional  surfaces,  which  makes  it  possible 
for  the  MEPG/BIE  methods  to  be  truly  meshless.  Numer¬ 
ical  examples,  including  crack  problems,  are  presented  to 
demonstrate  that  the  present  methods  are  very  promising, 
especially  for  solving  the  elastic  problems  in  which  the 
singularities  in  displacements,  strains,  and  stresses,  are 
of  primary  concern. 

keyword:  Meshless  Eocal  Petrov-Galerkin  approach 
(MEPG),  Boundary  Integral  Equations  (BIE),  Non- 
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Hypersingular  dBIE/tBIE,  Moving  Eeast  Squares 
(MES),  MEPG/BIE. 

1  Introduction 

The  meshless  local  Petrov-Galerkin  (MEPG)  approach 
has  become  very  attractive  as  a  very  promising  method 
for  solving  partial  differential  equations.  The  MEPG 
method  was  originally  applied  for  domain  discretizations 
in  Atluri  and  Zhu  (1998).  The  main  advantage  of  this 
method  over  the  widely  used  finite  element  methods  is 
that  it  does  not  need  any  mesh  either  for  the  interpo¬ 
lation  of  the  solution  variables  or  for  the  integration  of 
the  weak  forms.  The  MEPG  approach  is  very  general, 
and  can  be  based  on  the  symmetric  or  unsymmetric  lo¬ 
cal  weak-forms  of  the  PDEs,  and  uses  a  variety  of  in¬ 
terpolation  methods  (trial  functions),  test  functions,  inte¬ 
gration  schemes  with/without  background  cells,  and  their 
flexible  combinafions.  Such  generalify  has  been  widely 
invesfigafed  [Afluri  and  Shen  (2002a,b)].  The  many  re¬ 
search  successes  in  solving  PDEs,  demonsfrafe  fhaf  fhe 
MEPG  mefhod,  and  ifs  varianfs,  become  some  of  fhe 
mosf  promising  alfernafive  mefhods  for  compufafional 
mechanics. 

The  boundary  infegral  equations  (BIEs)  have  also  been 
developed  for  solving  PDEs,  because  of  fheir  efficiency 
in  cerfain  applications,  in  comparison  fo  fhe  domain- 
solufion  mefhods.  They  have  been  applied  fo  solve  lin¬ 
ear  elastic  isofropic  solid  mechanics  problems  [Okada, 
Rajiyah,  and  Afluri  (1990)],  3-D  dynamic  problems 
[Hafzigeorgiou,  and  Beskos  (2002)],  cracked  plate  prob¬ 
lems  [Wen,  Aliabadi,  and  Young  (2003),  El-Zafrany 
(2001)],  acoustic  problems  [Gaul,  Eischer,and  Nacken- 
horsf  (2003)],  and  biological  systems  [Muller- Karger, 
Gonzalez,  Aliabadi  and  Cerrolaza]  (2001)].  If  is  well 
known  fhaf  fhe  hyper- singularities  of  fhe  fracfion  BIEs, 
as  derived  direcfly  from  differenlialing  fhe  displacemenf 
BIEs,  hinder  fheir  applications  in  various  numerical  im- 
plemenfafions.  The  hyper-singular  BIEs  need  some  spe- 
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cial  treatments,  sueh  as  the  various  de-singularization 
teehniques  [Riehardson  and  Cruse  (1996)].  In  eontrast, 
as  far  baek  as  1989,  Okada,  Rajiyah,  and  Atluri  (1989a,b, 
1990)  have  proposed  a  simple  way  to  directly  derive  the 
integral  equations  for  the  gradients  of  displaeements.  It 
resulted  in  “non-hyper-singular”  boundary  integral  equa¬ 
tions  for  the  gradients  of  displaeements,  and  these  have 
been  applied  to  solve  the  nonlinear  problems  sueeess- 
fully.  Reeently,  this  eoneept  has  been  followed  and 
extended  for  a  directly -derived  traetion  BIE  [Han  and 
Atluri  (2002,  2003)],  whieh  is  also  “non-hyper-singular” 
[1/r^],  as  opposed  to  being  “hyper- singular”  [1/r^].  Han 
and  Atluri  (2003)  have  also  proposed  a  very  straight¬ 
forward  and  simple  proeedure  to  de-singularize  the  “non- 
hyper-singular”  integrals,  in  order  to  render  them  nu- 
merieally  traetable,  with  only  a  weak  singularity.  These 
weakly-singular  dBIE  and  tBIE  are  solved  here  by  using 
the  MEPG  approaehes,  by  writing  their  loeal  weak- forms 
in  the  loeal  sub-boundary  surfaees.  These  meshless  solu¬ 
tion  methods  for  solving  BIEs  are  labeled  as  MEPG/BIE 
approaehes.  The  generalities  of  the  MEPG/BIE  ap¬ 
proaehes  have  been  diseussed  in  the  aeeompanying  part  I 
of  the  paper  [Atluri,  Han  and  Shen  (2003)] ,  in  whieh  vari¬ 
ous  forms  of  MEPG/BIEs  were  proposed.  Some  issues  in 
the  numerieal  implementation  have  also  been  addressed 
there. 

In  the  present  paper,  we  implement  the  formulations 
proposed  in  Atluri,  Han  and  Shen  (2003)  for  the 
MEPG/BIE6  and  solve  some  elastie  problems,  inelud¬ 
ing  fraeture  meehanies  problems  of  non-planar  eraek- 
growth.  The  MES  method  is  used  to  eonstruet  the  inter¬ 
polation  funetions  on  the  surfaee  of  a  three-dimensional 
body.  It  is  well  unknown  that  the  moment  matrix  be- 
eomes  singular  or  nearly  singular,  if  the  3-D  Cartesian 
eoordinates  are  used  in  the  MES  over  a  general  3-D  sur¬ 
faee.  Eor  three  dimensional  surfaee  eases,  the  eurvilin- 
ear  eoordinates  are  used  in  the  boundary  node  method 
(BNM)  [Gowrishankar  and  Mukherjee  (2002)],  in  whieh 
the  baekground  eells  are  required  for  the  approximation, 
as  well  as  for  the  integration.  It  prevents  the  meshless 
BIE  methods  to  be  truly  meshless,  sinee  it  still  involves 
the  mesh  generation  and  re-meshing.  As  an  alternate  im¬ 
plementation,  the  varying  polynomial  basis  may  be  eho- 
sen,  with  the  use  of  Cartesian  eoordinates,  so  that  the 
singularity  in  the  MES  is  eliminated,  as  proposed  for  the 
boundary  eloud  method  (BCM)  [Ei  and  Aluru  (2003)]. 
However,  it  is  diffieult  to  ehoose  the  polynomial  basis 


for  the  arbitrary  3D  surfaees.  Seeondly,  the  loeal  geome¬ 
try  information  is  required  to  help  in  ehoosing  the  basis. 
The  idea  of  the  varying  basis  is  promising,  but  is  diffi¬ 
eult  for  the  numerieal  implementation,  as  worse  results 
were  reported  by  the  authors  [Ei  and  Aluru  (2003)].  In 
the  present  paper,  we  eheek  the  singularity  of  the  mo¬ 
ment  matrix,  and  determine  the  loeal  normal  direetion  of 
3D  surfaees  from  its  lowest  eigenveetor.  Then,  the  singu¬ 
larity  of  the  moment  matrix  has  been  eaneelled,  by  using 
this  information  on  the  loeal  normal  direetion.  With  this 
extension,  the  local  geometry  information  or  the  back¬ 
ground  cells  are  not  required  for  the  MLS,  to  construct 
the  interpolation  functions.  It  leads  to  truly  meshless 
BIE  methods,  if  the  integration  sehemes  are  based  on 
nodal  influenee  domains,  as  diseussed  in  [Atluri,  Han  and 
Shen  (2003)].  In  this  paper,  we  foeus  on  the  displaee- 
ment  and  traetion  MEPG/BIEs  in  their  loeal  symmetrie 
weak-forms,  with  the  eombination  of  the  enhaneed  MES 
surfaee  interpolation  method. 

The  outline  of  the  paper  is  as  follows:  Seetion  2  sum¬ 
marizes  the  non-hypersingular  displaeement  and  trae¬ 
tion  BIEs  [Han  and  Atluri  (2003)],  and  their  MEGP  ap¬ 
proaehes  [Atluri,  Han  and  Shen  (2003)];  In  Seetion  3, 
the  MES  approximation  is  extended  to  reeondition  the 
singular  or  nearly  singular  moment  matrix  when  it  is  ap¬ 
plied  for  the  approximation  over  the  three  dimensional 
surfaee;  Seetion  4  diseusses  the  numerieal  results  by  us¬ 
ing  the  moving  least  squares  in  the  MEPG/BIE6  method. 
Some  eonelusions  are  made  in  Seetion  5. 

2  Non-Hyper-singular  MLPG  Displacement  and 
Traction  BIEs 

This  section  summarizes,  for  the  sake  of  completeness, 
the  non-hypersingular  MEPG  displacement  and  traction 
BIEs  for  a  linear  elastic,  homogeneous,  isotropic  solid. 
They  were  proposed  and  discussed  in  detail  in  [Atluri, 
Han  and  Shen  (2003)],  by  extending  the  general  non- 
hyper-singular  dBIE  and  tBIEs  through  the  MEPG  ap¬ 
proaches  [Han  and  Atluri  (2003)]. 

2.1  BIEs  for  elastic  problems 

Consider  a  linear  elastic,  homogeneous,  isotropic  body  in 
a  domain  Q.,  with  a  boundary  dQ..  The  Eame’  constants 
of  the  linear  elastic  isotropic  body  are  X  and  q;  and  the 
corresponding  Young’s  modulus  and  Poisson’s  ratio  are 
E  and  n,  respectively.  We  use  Cartesian  coordinates  ^j. 
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and  the  attendant  base  vectors  e,,  to  describe  the  geom- 
etty  in  Q,.  The  solid  is  assumed  to  undergo  infinitesimal 
deformations.  The  equations  of  balance  of  linear  and  an¬ 
gular  momentum  can  be  written  as: 

V-a  +  f  =  0;  a  =  a^  ^  =  (1) 

The  strain-displacement  relations  are: 

e  =  ^(Vu  +  uV)  (2) 

The  constitutive  relations  of  an  isotropic  linear  elastic  ho¬ 
mogeneous  solid  are: 

a  =  ?iI(V-u) -|-2qe  (3) 

The  forms  of  the  boundary  integral  equations,  which  are 
used  in  the  present  paper,  are  given  by  [Han  and  Atluri 
2003] ,  for  displacement. 


2.2  MLPG  Approaches 

The  meshless  approach  for  solving  PDEs  has  attracted 
much  attention  during  the  past  decades.  As  a  general 
method,  the  MLPG  approach  was  first  proposed  by  Atluri 
and  Zhu  (1998)  for  solving  linear  potential  problems,  by 
using  either  a  local  symmetric  weak  form,  or  an  unsym- 
metric  weak  form  of  the  governing  equation  over  the  lo¬ 
cal  sub  domain,  and  such  local  domains  may  overlap 
each  other.  The  generality  of  the  MLPG,  and  its  vari¬ 
ants,  are  comprehensively  investigated  in  Atluri  and  Shen 
(2002a,b).  This  approach  can  also  be  used  for  solving 
BIEs,  instead  of  using  traditional  element-based  meth¬ 
ods,  such  as  the  Boundary  Element  Method.  Eollowing 
the  general  idea  as  presented  in  Atluri  and  Zhu  (1998), 
one  may  consider  a  local  sub-boundary  surface  dQ.i,  with 
its  boundary  contour  E/,,  as  a  part  of  the  whole  boundary- 
surface,  as  shown  in  Eigure  1,  for  a  3-D  solid.  Eq.  (4) 
may  be  satisfied  in  weak-forms  over  the  sub-boundary 
surface  dQ.i,  by  using  a  Local  Petrov-Galerkin  scheme, 
as: 


Up{x)=  f  tj{^)uf{x,^)dS 
JdQ. 

-  f  ni{^)uj{^)o*j’ (x,^)  dS  (4a) 

JdO. 

and  for  traction 

-tb{x)=  f  tg{^)na{x)a2{ti,^)  ds 

JoQ. 

+  [  DpUq{^)na{x)L2pq{'>^,^)dS  (4b) 

JoQ. 

where  a*J  and  are  kernel  functions,  which 

were  first  given  in  Han  and  Atluri  (2003)  and  listed  in  the 
appendix  for  2D  and  3D  problems  separately;  the  surface 
tangential  operator  D,  is  defined  as. 


Figure  1  :  A  sub-part  of  the  boundary  around  point  x 


Di  —  n^erst  -jg 

oS.s 


(5) 


It  should  be  pointed  out  that  dBIE  and  tBIE  in  Eq. 
(4)  are  directly  derived  without  hyper-singularities,  as 
originally  presented  in  [Okada,  Rajiyah,  and  Atluri 
(1989a,b)].  They  are  both  numerically  tractable  after  de- 
singulariztion  by  using  the  identities  of  the  fundamental 
solution  [Han  and  Atluri  (2003)]. 


(6a) 


668  Copyright  @  2003  Tech  Science  Press 


CMES,  vol.4,  no.6,  pp.665-678,  2003 


f 


Wbix)tb{x)dSx 


=  f  Wbix)dSjc  f  tg{^)na(x)a2(x,^)  dS^ 

+  f  Wb{x)dS^  !  DpUg{^)na{x)'Llbpq{x,^)  ds^ 

(6b) 


where  w(x)  is  a  veetor  test  funetion.  If  w(x)  is  eho- 
sen  as  a  Dirae  delta  funetion,  i.e.  Wb{x)  =  5(x,Xm)  at 
dQ.1,  we  obtain  the  standard  “eolloeation”  method  for 
displaeement  and  traetion  BIEs,  at  the  eolloeation  point 
Xm-  Their  detail  de-singularized  forms  have  been  pre¬ 
sented  in  Atluri,  Han  and  Shen  (2003).  One  may  also 
ehoose  w(x)  in  sueh  way  that  it  is  eontinuous  over  the 
loeal  sub  boundary-surfaee  dQ.i  and  zero  at  the  eontour 
Yi,  and  apply  Stokes’  theorem  to  Eq.  (6),  and  re-write  it 
as: 


1 

2 


=  [  Wp(x)dSx  [  tj(^)u*f(x,^)dS^ 

J^Q. 

+  [  Wp{x)dSx[  Di{i,)uj{%)G2{xX)dS^ 

J  3^/,  J  3n 

p  rCPV 

+  Wp{x)dSx  ni{^)uj{^)^2 
JdQ.1^  JdQ. 

(7a) 


1 

2 


’  3^/ 


tb{x)wb{x)dSx 


=  [  DaWb{x)dSx[  tq{^)G2{x,^)  dS^ 

J  dQ.^  3n 

p  pCPV 

-  k{^)dS^  na{x)wb{x)i^2{x,^)dSx 

JdQ.  JdQ] 


+ 


/  3^/ 


DaWb{l^)dSx  /  DpUq{l,)Hlj^p^{lLX) 


fdQ 


(7b) 


where  GJ,  €  and  H2pq  are  fundamental  solution  re¬ 
lated  kernel  funetions  and  given  in  the  appendix  for  both 
2D  and  3D  problems. 


In  the  present  implementation,  the  test  funetion  Wb{x) 
is  ehosen  to  be  identieal  to  a  funetion  that  is  energy- 
eonjugate  to  Up  (for  dBIE)  and  tb  (for  tBIE),  namely, 
the  nodal  trial  funetion  tp{x)  and  Ub{x),  respeetively,  we 
obtain  the  loeal  symmetrie  Galerkin  weak-forms  of  the 
weakly  singular  dBIE  and  tBIE,  as: 

\  [  tp{x)up{x)dSx 
J-  JdQ[^ 

=  [  ip{x)dSx  [  tj{^)uf{x,^)dS^ 

J  dQ]^  J  dQ 

+  [  tp{x)dSx(  A-(^)n;(^)G*/(x,^)r/S5 

JdQi  JdQ 

p  pCPV 

+  tp{x)dSx  (x,^)  (8a) 

JdQi  JdQ 


2  JdQ^ 


tb{x)ub{x)dSx 


JdQ] 


DaUb{x)dSx  tq{l,)G2b{x,k)  dSi^ 


fdQ 


p  pCPV 

-  tq{^)dS^  na{x)ub{x)^2{x,^)dSx 
JdQ  JdQ[^ 

+  [  DaUb{x)dSx[  DpUq{l,)H2pq{xX)dS^ 

JdQ]  JdQ 


(8b) 


3  Meshless  Interpolation 

The  MES  method  of  interpolation  is  generally  eonsid- 
ered  to  be  one  of  the  best  sehemes  to  interpolate  random 
data  with  a  reasonable  aeeuraey  [Atluri  and  Zhu  (1998)]. 
Although  the  nodal  shape  funetions  that  arise  from  the 
MES  approximation  have  a  very  eomplex  nature,  they  al¬ 
ways  preserve  eompleteness  up  to  the  order  of  the  ehosen 
basis,  and  robustly  interpolate  the  irregularly  distributed 
nodal  information.  The  MES  seheme  has  been  widely 
used  in  domain  diseretization  methods  [Atluri  and  Shen 
(2002b)] .  If  we  eonsider  the  MES  approximation  on  the 
boundary  of  a  3D  solid  domain,  i.e.,  a  3D  surfaee,  the 
moment  matrix  in  the  MES  interpolation  sometimes  be- 
eomes  singular,  if  global  Cartesian  eoordinates  are  used 
in  deseribing  the  surfaee,  and  if  the  surfaee  eontaining  the 
nodes  in  the  domain  of  influenee  of  the  node  in  question 
beeomes  nearly  planar.  The  two  surfaee-eurvilinear  eo¬ 
ordinates  may  be  used  here  as  an  alternative  ehoiee,  but  it 
requires  the  baekground  eells,  whieh  hinders  it  from  be¬ 
ing  a  true  meshless  implementation.  In  the  present  study. 
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we  present  a  method  to  reeondition  the  singular  moment 
matrix,  while  still  using  the  global  Cartesian  eoordinates 
to  approximate  the  trial  funetion  over  a  surfaee. 

Consider  a  loeal  sub-part  of  the  boundary  dQ.,  of  a  3- 
D  solid,  denoted  as  the  neighborhood  of  a  point  x, 
whieh  is  a  loeal  region  in  the  global  boundary  dQ.  To  ap¬ 
proximate  the  funetion  u  in  dQ.^,  over  a  number  of  seat- 
tered  points  {x/},  (I  =  l,2,...,n)  (where  x  is  given,  in  the 
global  Cartesian  eoordinates  by  xi,  X2  andx3),  the  mov¬ 
ing  least  squares  approximation  u(x)  of  u,  Vx  G  dQ.^,  can 
be  defined  by 

m(x)  =  p^(x)a(x)  VxedQjc  (9) 

where  p^(x)  =  [pi(x),p2(x),  ...,pm{x)]  is  a  monomial 
basis  of  order  m;  and  a(x)  is  a  veetor  eontaining  eoef- 
fieients,  whieh  are  funetions  of  the  global  Cartesian  eo¬ 
ordinates  [xi,X2,X3],  depending  on  the  monomial  basis. 
They  are  determined  by  minimizing  a  weighted  diserete 
L2  norm,  defined,  as: 

m 

J{x)  =  £w;(x)[p^(x,-)a(x) 

f— 1 

=  [P-a(x)  —  u]^W[P-a(x)  —  u]  (10) 

where  ^((x)  are  fhe  weighl  funelions  and  M,are  fhe  fieli- 
fious  nodal  values. 

The  sfafionarify  of  J  in  Eq.  (10),  wifh  respeef  fo  a(x) 
leads  fo  following  linear  relation  befween  a(x)  and  u, 

A(x)a(x)  =  B(x)u  (11) 

where  mafriees  A(x)  and  B(x)  are  defined  by 
A(x)=P^WP  B(x)=P^W  Vxean^  (12) 

The  MLS  approximafion  is  well  defined  only  when  fhe 
mafrix  A(x)  in  Eq.  (11)  is  non-singular.  If  needs  fo  be 
reeondifioned,  if  fhe  monomial  basis  defined  in  fhe  global 
Carfesian  eoordinafe  sysfem  for  an  approximation  of  u 
as  in  Eq.  (9),  beeomes  nearly  linearly  dependenf  on  a 
3-D  surfaee.  One  may  define  a  loeal  sef  of  orfhogonal 
eoordinates,  x-  as  in  Eigure  1,  on  dQ.x.  One  may  rewrite 
Eq.  (9)  as: 

u  =  [1;xi;x2;x3;xi;x2;x3;xiX2;x2X3;x3Xi;...] 


[a  1  (x) ;  a2{x) ;  a3  (x) ;  fl;4(x) ; . . .]  ^ 


[a\  (x) ;  a2{x) ;  aj  (x) ;  a4(x) ; . . .]  ^ 

forVxG30_t  (13) 


Suppose  dQ.x  beeomes  nearly  planar,  whieh  may  be  de¬ 
fined  in  fhe  loeal-sef  of  orfhogonal  eoordinafes  ,  for  in- 
sfanee,  as  X3  =  eonsfanf.  If  is  fhen  elear  fhaf  fhe  mono¬ 
mial  basis  in  Eq.  (13),  in  terms  of  beeomes  linearly 
dependenf.  In  fael,  one  may  make  fhe  basis  fo  be  lin¬ 
early  indepent  again  in  Eq.  (13),  for  insfanee,  for  X3  = 
eonsfanf,  by  setting  fhe  eorresponding  eoeffieienfs  a'{x) 
fo  be  zero.  When  fhis  is  done,  fhe  order  of  fhe  veefor 
p'(x)  is  eorrespondingly  redueed;  and  fhus,  eorrespond- 
ingly,  fhe  order  of  A(x)  in  Eq.  (11)  is  redueed.  Thus, 
if  ean  be  seen  fhaf  if  one  proeeeds  wifh  a  full  monomial 
basis,  wifh  m  basis  functions  in  x ,  coordinates  in  Eq.  (9), 
and  if  fhe  poinfs  on  dQ.x  are  nol  all  in  fhe  same  plane,  fhe 
mafrix  A(x)  in  Eq.  (11)  will  have  fhe  full  rank  of  m.  One 
fhe  ofher  hand,  if  dQ.x  becomes  almost  planar,  say  nor¬ 
mal  to  X3,  then  the  rank  of  A(x)  is  clearly  only  {m  —  n), 
where  n  is  the  reduction  in  the  number  of  basis  due  to 
the  fact  that  X3  =  constant.  Thus,  by  simply  monitoring 
the  eigen- values  of  A(x),  and  if  a  set  of  eigen-values  be¬ 
comes  nearly  or  precisely  zero,  we  automatically  detect 
that  dQ.x  is  becoming  nearly  planar.  In  addition,  it  implies 
that  the  normal  to  the  surface  can  be  determined  from  the 
lowest  eigenvalue  of  matrix  A(x)  when  it  is  singular  or 
nearly-singular,  without  the  local  geometry  information. 
It  makes  the  present  method  to  be  truly  meshless,  which 
does  need  any  background  cells  to  define  fhe  geomefry 
as  well  as  fhe  normal  direction,  if  fhe  boundary  infegrals 
are  handled  based  on  fhe  nodal  influence  domain  [Afluri, 
Han,  and  Shen  (2003)]. 

Once  eoeffieienfs  a(x)  in  Eq.  (11)  are  determined,  one 
may  obfain  fhe  approximafion  from  fhe  nodal  values  af 
fhe  local  scattered  poinfs,  by  subsfifufing  fhem  info  Eq. 
(9),  as 

m(x)=4>^(x)u  \fxEdQ.x  (14) 

where  ^(x)  is  fhe  so-called  shape  funclion  of  fhe  MLS 
approximafion,  defined  as, 

4>(x)  =p^(x)A-i(x)B(x)  (15) 

The  weighl  function  in  Eq.  (10)  defines  fhe  range  of  in¬ 
fluence  of  node  I.  Normally  if  has  a  compacf  supporf. 
The  possible  choices  are  fhe  Gaussian  and  spline  weighl 
funelions  wifh  compacf  supporls,  which  have  been  fully 
sludied  in  Afluri  and  Shen  (2002a). 

If  should  be  poinfed  ouf  fhaf  fhe  shape  funelions  given  in 
Eq.  (15)  are  based  on  fhe  fictitious  nodal  values.  This 
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Figure  2  :  A  cube  under  uniform  tension,  and  its  nodal  configurations 


introduces  an  additional  complication,  since  all  the  nodal 
values  in  BIEs  are  the  direct  boundary  values,  a  situa¬ 
tion  which  is  totally  different  from  the  domain  meshless 
methods.  As  a  practical  way,  a  conversion  matrix  is  used 
to  map  the  fictitious  values  to  true  values  and  applied  to 
the  system  equations. 

4  Numerical  Experiments 

Several  problems  in  three-dimensional  linear  elasticity 
are  solved  to  illustrate  the  effectiveness  of  the  present 
method.  The  numerical  results  of  the  MLPG/BIE6 
method  as  applied  to  problems  in  3D  elasto-statics, 
specifically  (i)  a  cube,  (ii)  a  hollow  sphere,  (iii)  a  concen- 
frafed  load  on  a  semi-infinile  space,  and  (iv)  non-planar 
fatigue  growfh  of  an  ellipfical  crack,  are  discussed. 

4.1  Cube  under  uniform  tension 

The  firsl  example  is  fhe  sfandard  pafch  fesf,  shown  in 
Eigure  2.  A  cube  under  fhe  uniform  fension  is  consid¬ 
ered.  The  maferial  parameters  are  faken  as  E  =  1 .0,  and 
V  =  0.25.  All  six  faces  are  modeled  wifh  fhe  same  con¬ 
figurations  wifh  9  nodes.  Two  nodal  configurafions  are 
used  for  fhe  fesfing  purpose:  one  is  regular  and  anofher  is 
irregular,  as  shown  in  Eigure  2.  In  fhe  pafch  fesfs,  fhe  uni¬ 
form  fension  sfress  is  applied  on  fhe  upper  face  and  fhe 
proper  displacemenf  consfrainfs  are  applied  fo  fhe  lower 
face. 

The  salisfaclion  of  fhe  pafch  fesf  requires  fhaf  fhe  dis- 
placemenfs  are  linear  on  fhe  lateral  faces,  and  are  con- 
sfanf  on  fhe  upper  face;  and  fhe  sfresses  are  consfanf 
on  all  faces.  If  is  found  fhaf  fhe  presenf  mefhod  passes 
fhe  pafch  fesfs.  The  maximum  numerical  errors  are 


1.7  X  10  ^  and  3.5  x  10  ^  for  fwo  nodal  configurations, 
respectively,  which  may  be  limifed  by  fhe  compufer. 


4.2  3D  Lame  problem 

The  3D  Eame  problem  consisfs  of  a  hollow  sphere  under 
internal  pressure,  as  illusfrafed  in  Eigure  3.  The  geomefry 
is  defined  wifh  fhe  inner  and  outer  radius  of  1.0  and  4.0, 
respectively.  The  Young’s  modulus  is  chosen  as  and  fhe 
Poisson  rafio .  The  internal  pressure  is  applied.  The  inner 
and  outer  surfaces  are  modeled  wifh  772  nodes  in  fhe 
presenf  analysis. 

The  radial  displacemenf  field  is  given  in  [Timoshenko  & 


Figure  3  :  A  hollow  sphere  under  infernal  pressure 
(Eame  problem) 
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Figure  4  :  Internal  radial  displacement  for  the  Lame 
problem 
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Figure  5  :  Internal  radial  and  tangential  stresses  for  the 
Lame  problem 


Goodier  (1976)], 

_  pRa^ 

^  E{b^—a^) 


(1  -2v)  +  (1  +^)2^ 


The  radial  and  tangential  stresses  are 

pa^{b^  —R^) 

R^a^-P) 

pa^  {b^  +  2R^ ) 

^  2R^  {b^  —  ) 


solve  this  problem  here  by  using  the  MLPG/BIE  meth- 

(16)  ods  to  handle  the  strong  singularity.  A  circular  surface 
with  a  radius  of  20  is  used  to  simulate  the  semi-infinite 
space.  It  is  modeled  alternatively  with  two  nodal  config¬ 
urations,  as  shown  in  Figure  7 :  one  has  649  nodes  and 
another  has  1417  nodes.  Young’s  modulus  and  Poisson’s 
ratio  are  chosen  to  be  1.0  and  0.25,  respectively. 

The  exact  displacement  field  wifhin  fhe  semi-infinile 

(17) 


The  displacemenfs  are  shown  in  Figure  4,  and  are  com¬ 
pared  wifh  fhe  analyfical  solufion.  As  shown  in  Figure 
5,  fhe  radial  and  fangenfial  sfresses  are  compared  wifh 
fhe  analyfical  solution.  They  agree  wifh  each  ofher  very 
well. 

4.3  A  concentrated  load  on  a  semi-infinite  space 
(Boussinesq  problem) 

The  Boussinesq  problem  can  simply  be  described  as 
a  concenfrafed  load  acting  on  a  semi-infinile  elaslic 
medium  wifh  no  body  force,  as  shown  in  Figure  6.  Be¬ 
cause  of  ils  slrong  singularily,  if  is  difficull  for  mesh- 
based  domain  melhods  wilhoul  special  Irealmenls.  As 
one  of  fhe  MFPG  domain  melhods,  MFPG5  was  applied 
lo  Ihis  problem  in  [Fi,  Shen,  Han  and  Afluri  (2003)].  We 


Figure  6  :  A  concenfrafed  load  on  a  semi-infinile  space 
(Bossinesq  Problem) 
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cal  one,  R  is  the  distance  to  the  loading  point,  r  is  the 
projection  of  R  on  the  loading  surface. 

The  theoretical  stresses  field  is: 


Or 


oe 


2kR^ 


3r'^z 


+ 


(l-2v)P 

27tP2 


(l-2v)P 

R  +  z 

R 

rTz 


Oz 


3Pz^ 

2%R^ 


—  '^rz  — 


3Prz2 

27tP5 


(19) 


(a) 


It  is  clear  that  the  displacements  and  stresses  are  strongly 
singular  and  approach  to  infinity;  with  the  displacement 
being  0(1/7?)  and  the  stresses  being  0{\/R'^). 

The  vertical  displacement  u„  alone  the  z-axis  is  shown  in 
Figure  8,  and  the  radial  and  tangential  stresses  are  shown 
in  Figure  9  and  Figure  10.  The  analytical  solution  for  the 
displacement  and  stress  are  plotted  on  the  same  figures 
for  comparison  purpose.  The  zoom-in  views  within  the 
shorter  distance  from  the  loading  point  are  also  shown 
in  each  figure.  The  shortest  distance  is  0.0025,  where 
is  very  close  the  loading  point  and  displacement  and 
stresses  increase  rapidly.  It  can  be  clearly  seen  that  both 
the  MLPG/BIE  displacement  and  stress  results  match  the 
analytical  solution  very  well,  even  within  the  very  short 
distance,  from  the  point  of  load  application. 


4.4  N on-planar  Crack  Growth 


Figure  7  :  two  nodal  configurations  for  the  Bossinesq 
Problem:  (a)  672  nodes,  and  (b)  1417  nodes 


medium  is  given  in  [Timoshenko  &  Goodier  (1976)], 


Ur  = 


ttw  — 


(l+v)P 

2EnR 

(l+v)P 

2EnR 


zr  (1— 2v)r 
R  +  z 


|l  +  2(l-v) 


(18) 


where  Ur  is  the  radial  displacement,  and  is  the  verti- 


An  inclined  elliptical  crack  with  semi-axes  c  and  a,  sub¬ 
jected  to  fatigue  loading,  is  shown  in  Figure  11.  Its  ori¬ 
entation  is  characterized  by  an  angle,  a.  This  problem 
has  been  solved  by  using  the  boundary  element  method 
in  [Nikishkov,  Park,  J.H.,  Atluri,  S.  N.  (2001)]  but  it  was 
reported  that  only  Kj  was  obtained  with  the  satisfactory 
agreement  with  the  theoretical  solution  while  failing  in 
Kji  and  Kju.  The  present  meshless  method  is  applied 
to  solve  this  problem,  again.  The  nodal  configuration 
is  used  to  model  the  crack  inclined  at  45  degrees  with 
249  nodes,  as  shown  in  Figure  12.  The  exact  solution 
for  a  tensile  loading  a  is  given  in  [Tada,  Paris  and  Irwin 
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R 

Figure  8  :  Vertical  displacement  alone  z-axis  for  the 

Bossinesq  problem  Figure  9  :  Radial  stress  alone  z-axis  for  the  Bossinesq 

problem 


where  (p  is  the  elliptical  angle  and 


/(tp)  =  (sin^  (p -I- (a/c)  ^cos^tp)^/^ 

=  1  —  (alc)'^ 

B={k^-v)E{k)+v{a/cfK{k)  (21) 

(20)  elliptical  integrals  of  the  first  and  second  kind,  E  (k) 


674  Copyright  @  2003  Tech  Science  Press 


CMES,  vol.4,  no.6,  pp.665-678,  2003 


- Theory 

o  MLPG/BIE6  [1417  nodes] 
A  MLPG/BIE6  [672  nodes] 


^  ^  ^  0 


-« - 


t  !  t  to 


R 


Figure  10  :  Tangential  stress  alone  z-axis  for  the  Bossi- 
nesq  problem 


and  K{k),  are  defined  as 


\/l  —  sin^  0 

n/2 

E{k)  =  J  Vl-k^  sin^  0^0  (22) 

0 

As  a  mixed-mode  crack,  the  distribution  of  all  three  stress 
intensity  factors,  Kj,  Kjj  and  Kjjj,  along  the  crack  front 
are  shown  in  Figure  13,  after  being  normalized  by  Kq  as 
defined  in  Eq.  (21).  It  can  be  seen  that  a  good  agree- 


Figure  11  :  Inclined  elliptical  crack  under  tension 


Figure  12  :  Nodal  configuration  for  an  inclined  elliptical 
crack 


ment  of  the  present  numerical  results  with  the  theoretical 
solution  is  obtained. 

The  fatigue  growth  is  also  performed  for  this  inclined 
crack.  The  Paris  model  is  used  to  simulate  fatigue  crack 
growth.  The  crack  growth  rate  with  respect  to  the  loading 
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Figure  13  :  Normalized  stress  intensity  faetors  along  the  eraek  front  of  an  inelined  elliptieal  erack  under  tensile  load 


Figure  14  :  Normalized  stress  intensity  factors  for  the  mixed-mode  fatigue  growth  of  an  inclined  elliptical  crack 


cycles,  da/dN,  is  defined  as: 

%  =  CiAK.,fr  (23) 

in  which  the  material  parameters  C  and  n  are  taken  for 
7075  Aluminum  as  C  =  1.49  x  10^^  and  n  =  3.21  [Nik- 
ishkov,  Park  and  Atluri(2001)].  The  crack  growth  is 
simulated  by  adding  nodes  along  the  crack  front.  The 


newly  added  points  are  determined  through  the  K  solu¬ 
tions.  Seven  increments  are  performed  to  grow  the  crack 
from  the  initial  size  a  =  1  to  the  final  size  a  =  2.65. 
The  normalized  sfress  infensify  factors  during  fhe  crack 
growing  are  given  in  Figure  14,  which  are  also  normal¬ 
ized  by  Kq  in  Eq.  (21).  The  resulfs  show  fhaf  Kj  keeps 
increasing  while  Kjj  and  Km  are  decreasing  during  fhe 
crack  growfh.  If  confirms  fhaf  fhis  mixed-mode  crack 
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Figure  15  :  Final  shape  of  an  inclined  elliptical  crack 
after  mixed-model  growth 


becomes  a  mode-I  dominated  one,  while  growing.  The 
shape  of  the  final  crack  is  shown  in  Figure  15.  It  is  clear 
that  while  the  crack,  in  its  initial  configuration,  starts  out 
as  a  mixed-mode  crack;  and  after  a  substantial  growth, 
the  crack  configuration  is  such  that  it  is  in  a  pure  mode-I 
state. 

5  Closure 

In  this  paper,  we  numerically  implemented  the  specific 
symmefric  form  of  “Meshless  Local  Pefrov-Galerkin 
BIE  Mefhod”  (MLPG/BIE6).  If  is  one  of  fhe  general 
MEPG/BIE  mefhods,  which  are  derived  for  displacemenf 
and  fracfion  BIEs,  by  using  fhe  concepf  of  fhe  general 
meshless  local  Pefrov-Galerkin  (MEPG)  approach  devel¬ 
oped  in  Afluri  el  al  [1998,  2002a,b,  2003].  The  MES 
surface-inlerpolalion,  wifh  fhe  use  of  Carfesian  coordi- 
nafes,  is  enhanced  for  fhe  fhree  dimensional  surface  wifh- 
ouf  fhe  requiremenf  of  a  mesh  or  cells,  fo  define  fhe  lo¬ 
cal  geomefry.  If  leads  fo  fhe  fruly  meshless  BIE  mefh- 
ods  wifh  fhe  use  of  fhe  nodal  influence  domain  for  fhe 
boundary  infegrafions.  The  accuracy  and  efficiency  of 
fhe  presenl  MEPG  approach  are  demonslraled  wifh  nu¬ 
merical  resulfs. 
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Appendix 

The  displacement  solution  corresponding  to  this  unit 
point  load  is  given  by  the  Galerkin-vector-displacement- 
potential: 

q)*P  =  (l-u)F*e^  (24) 

The  corresponding  displacements  are  derived  from  the 
Galerkin-vector-displacement-  potential  as: 

u*P{xX)  =  {l-v)5piE;,-^EC  (25) 

The  gradients  of  the  displacements  are: 

n*5(x,^)  =  {l-v)5piE;,j  -  ^ECj  (26) 

The  corresponding  stresses  are  given  by: 

=  p[{l-v)5ptE;,j  +  v5ijE;,, -ECj] 
+p{l-v)5pjE;,,  (27) 

Three  functions  (|)*J’,  G*k,  and  H*j^^  are  defined  as 
[Han  and  Afluri  (2003)] 


=  (28) 

G*/(x,^)  =p[{l-v,)eipjEl,-eikjEl,]  (29) 

^p^{xX)=Eijkienip<\{xX)  (30) 

=  p^[  —  hijE^pq  -\-2hipEjq-\-2hjqEqp  —  ?>pqEqj 

-2hiphjqE^bb+2^^iq^jpFbb  +  {l-^)^iAqFbb)]  (31) 
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For  3D  problems, 
r 

Snp{l  -r)) 
where  r  =  ||^  — x| 


(32) 


«r(x,^)  = 


1 


■[(3-4'u)5;p  +  r;rp] 


(33) 


167lp(l  -■u)r 

^if  (x,^)  =  ToiKI  ~^ri)eipj  +eikjr^kr,p\  (34) 


^;j(x,^)  = 


87i(1  -■u)r 
1 


87i(1  -  \))r^ 

[(1  -2\))(5,7rp  -5,-prj  -6ypr/)  -3r;rjrp]  (35) 


;  [4v5iq5jp  -  5ip 5 jq  -  2v5i j 5p 


+  ^ijr.pr^q  +  ^pqr^rj  -  IbipPjr^q  -  ;r  p]  (36) 


For  2D  problems, 


f* 


— r^lnr 
87ip(l  -u) 


(37) 


«r(x,^)  = 


1 


87l/r(l  -v) 
1 


[-(3-4'u)lnr5;p+r;rp] 


[-{I  -2v)lnreipj  +eikjr^kr,p] 

=  S(T^ 

[(1  -  2u) (dijr^p  -  diprj  -  bjpPq)  -  2rqrjr^p] 


(38) 


(39) 


(40) 


^ijpqi^X)  —  [  4’ulnr5,p5yp  +Inr5,p6yp 

+  2'ulnr5,75p^  +hijr^pr^q 
+  ^pqr,ir,j  -  25iprjr^q  -  ;r  p] 


(41) 
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T  he  Applications  of  M  eshiess  L  ocai  Petrov-G  aierkin  (M  L  PG )  Approaches  in 
High-Speed  Impact,  Penetration  and  Perforation  Probiems 

Z.  D.  Han^,  H. T.  Liu^  A.  M .  Rajendran^,  S.  N.  Atluri^ 


Abstract:  This  paper  presents  the  implementation  of 
a  three-dimensional  dynamic  code,  for  contact,  impact, 
and  penetration  mechanics,  based  on  the  M  eshiess  Local 
Petrov-G  aierkin  (M  LPG)  approach.  In  the  current  im¬ 
plementation,  both  velocities  and  velocity-gradients  are 
interpolated  independently,  and  their  compatibility  is  en¬ 
forced  only  at  nodal  points.  Asa  result,  the  time  con¬ 
suming  differentiations  of  the  shape  functions  at  all  in¬ 
tegration  points  is  avoided,  and  therefore,  the  numerical 
process  becomes  more  stable  and  efficient.  The  ability 
of  the  M  LPG  code  for  solving  high-speed  contact,  im¬ 
pact  and  penetration  problems  with  large  deformations 
and  rotations  is  demonstrated  through  several  compu¬ 
tational  simulations,  including  the  Taylor  impact  prob¬ 
lem,  and  some  ballistic  impact  and  perforation  problems. 
The  computational  times  for  the  above  simulations  are 
recorded,  and  are  compared  with  those  of  the  popular 
finite  element  code  (DynaSD),  to  demonstrate  the  effi¬ 
ciency  of  the  present  M  L  PG  approach. 

keyword:  Meshless  method,  MLPG,  High-speed  im¬ 
pact,  Penetration 

1  Introduction 

With  the  dramatically  increased  high-performance  com¬ 
putational  power,  computational  mechanics  has  become 
an  important  tool  in  both  civilian  and  military  system  de¬ 
sign  and  analysis.  Although  the  finite  element  method 
(FEM ),  as  the  most  recognized  approach,  has  achieved 
a  phenomenal  success,  accurate  and  efficient  numerical 
simulations  of  armor/anti -armor  systems  is  still  a  chal¬ 
lenging  task,  due  to  the  fact  that  these  applications  al¬ 
ways  involve  high  strain  rate,  non-linear  deformation  and 
severe  element  distortion.  Recently,  a  great  effort  has 
been  put  into  this  field.  J  ohnson  et  al  (2003)  proposed  an 
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"element  to  particle"  conversion  method  to  alleviate  the 
problem  of  highly  distorted  meshes  in  fracture  and  frag¬ 
mentation  problems.  This  mixed  mesh/particle  method 
seems  to  provide  stable  and  useful  solutions  to  several 
impact  problems;  however,  these  types  of  numerical  ap¬ 
proaches  tend  to  remain  "phenomenological",  and  are 
limited  to  a  small  class  of  problems.  Ortiz  and  his  col¬ 
leagues  developed  FEM  based  fracture  and  fragmenta¬ 
tion  algorithms,  in  which  cohesive  zones  are  assumed 
between  element  boundaries,  and  cracks  can  be  prop¬ 
agated  between  the  elements  using  cohesive  laws  [Or¬ 
tiz  and  Pandolfti  (1999)].  They  used  advanced  nonlin¬ 
ear  error  estimation  and  non  smooth  contact  algorithms 
to  assure  numerical  accuracy  and  stability.  Unfortu¬ 
nately,  this  advanced  FEM  approach  seems  to  suffer  from 
mesh-influenced  solutions.  In  addition,  these  element- 
based  approaches  require  a  tremendous  effort  in  generat¬ 
ing  good  quality  meshes  for  complex  geometries,  and  for 
component  assemblies. 

In  contrast,  the  meshless  methods  have  become  very  at¬ 
tractive  for  el  i  mi  nati  ng  the  mesh  di storti on  probi ems  due 
to  large  deformations.  Some  meshless  methods  are  based 
on  the  global  weak  forms,  such  as  the  smooth  particle  hy¬ 
drodynamics  (S  P  H ),  and  the  el  ement-f  ree  G  al  erki  n  meth¬ 
ods  (EFG).  They  may  require  a  certain  node  distribution 
pattern,  or  background  cells  for  integration,  which  may 
be  not  lead  to  satisfactory  solutions  when  meshes  are 
severely  distorted  during  large  deformations.  In  addi¬ 
tion,  in  the  usual  meshless  approaches,  the  shape  func¬ 
tions  are  generally  very  complicated,  which  results  in 
even  more  complicated  derivatives.  Thus,  the  accurate 
calculation  of  the  shape  function  derivatives  is  always 
a  time-consuming  task,  and  many  more  Gaussian  points 
are  required  in  the  domain  integration.  The  high  compu¬ 
tational  expense  and  complexity  is  a  barrier  that  prevents 
the  application  of  meshless  method  to  large-scale  simu¬ 
lations.  M  ost  of  the  current  meshless  codes  and  applica¬ 
tions  are  restricted  to  two-dimensional  demonstrations. 
Recently,  Atiuri  and  his  colleagues  [Atiuri  and  Zhu 
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(1998),  Atiuri  and  Shen  (2002),  and  Atiuri  (2004)]  pro¬ 
posed  a  general  framework  for  developing  the  M  eshless 
Local  Petrov-Galerkin  (MLPG)  approach,  which  pro¬ 
vides  flexibility  in  choosing  the  local  weak  forms,  the 
trial  functions,  and  the  independent  test  functions  for 
solving  systems  of  partial  differential  equations.  The 
MLPG  approach  has  the  following  advantages:  (1)  all 
weak  forms  are  formulated  locally;  (2)  various  trial  and 
test  functions  can  be  chosen  and  combined  together  for 
solving  one  problem;  (3)  overlapping  local  sub-domains 
can  be  chosen  in  such  a  way  as  to  match  problems  and 
algorithms  in  any  special  cases.  The  flexibility  in  choos¬ 
ing  and  combining  various  trial  and  test  functions  make 
the  simplification  of  meshless  formulation  possible.  For 
example,  by  choosing  the  heavy-side  function  (a  unity¬ 
valued  function  inside  the  sub-domain,  and  zero  out¬ 
side  the  sub-domain),  the  domain  integration  is  elimi¬ 
nated  and  the  local  symmetric  weak  form  is  expressed 
as  a  boundary  integration.  This  will  reduce  the  number 
of  integration  points,  and  greatly  increase  the  accuracy 
and  efficiency.  In  the  MLPG  method,  the  equilibrium 
and  energy  conservation  equations  are  written  locally 
within  the  subdomains,  which  make  the  parallel  com¬ 
putation  straightforward.  As  an  extension,  a  meshless 
mixed  finite  volume  method  is  proposed  [Atiuri,  Han  and 
Rajendran  (2004),  Han,  Rajendran  and  Atiuri  (2005)] 
to  further  simplify  the  meshless  formulations.  In  the 
MLPG  mixed  method,  the  displacement-Zvelocity-  gra¬ 
dients  are  interpolated  independently  from  the  displace¬ 
ment/velocity  interpolations.  The  compatibility  between 
the  displacements/velocities  and  displacement-Zvelocity- 
gradients  is  enforced  only  at  nodal  points.  The  mixed 
MLPG  does  not  require  the  calculation  of  the  deriva¬ 
tives  of  the  complex  shape  functions,  and  thus  achieves 
more  computational  accuracy  and  efficiency.  It  should 
be  pointed  out  that  the  MLPG  mixed  method  is  radi¬ 
cally  and  fundamentally  different  from  the  finite-element 
mixed  method,  which  is  a  saddle  point  variational  prob¬ 
lem  and  which  isoften  plagued  by  the  stability  conditions 
such  as  the  Brezzi-Babuska  conditions(Xue ,  Karlovitz, 
and  Atluri(1985). 

In  the  present  paper,  the  above  described  M  LPG  mixed 
method  is  implemented  in  an  explicit-time-integration 
computational  code,  with  an  updated  Lagrangean  de¬ 
scription.  For  completeness  purpose,  a  brief  description 
of  the  M  LPG  mixed  method  is  presented  in  the  follow¬ 
ing  section.  Several  numerical  examples  are  presented  to 


show  the  applicability  of  the  meshless  program. 

2  MLPG  Formulation 

2.1  L  ocal  N  odal  Interpolation 

An  appropriate  meshless  interpolation  scheme  should 
satisfy  the  locality,  continuity,  and  consistency  require¬ 
ments.  Among  a  variety  of  local  interpolation  schemes, 
the  M  oving  Least  Squares  (M  LS)  interpolation  is  gener¬ 
ally  considered  to  be  one  of  the  best  schemes  to  inter¬ 
polate  random  data  with  a  reasonable  accuracy,  because 
of  its  completeness,  robustness  and  continuity.  With  the 
MLS,  atrial  function  u(x)  can  be  expressed  as 

w 

u(x)  =  ^<d'(x)u'  (1) 

/=! 

where  u'  and  <l>'(x)  are  the  fictitious  nodal  values,  and 
the  shape  function  of  node  I,  respectively.  The  shape 
functions  are  obtained  by  minimizing  the  L2  norm  of  the 
weighted  distance  between  the  trial  function  value  and  its 
true  values  at  nodal  points.  For  a  detailed  derivation  and 
explicit  expressions  for  the  shape  functions,  the  readers 
are  referred  to  Atiuri  (2004). 

TheM  LS  nodal  shape functi on  <l>'(x)  has  a  rational  form, 
and  it  is  non-zero  only  inside  the  support  domain  of  its 
corresponding  node  / .  We  define  the  nodes  whose  sup¬ 
port  domain  covers  x  as  the  neighbor  node  of  x.  The 
trial  function  u(x)  is  only  relying  on  its  immediate  neigh¬ 
bors'  nodal  values  and  thus  the /oca/;'ty  is  preserved.  The 
smoothnessof  the  shape  functi  on  <l>'(x)  isdetermined  by 
its  basis  functions  and  the  weight  functions.  Therefore,  it 
is  easy  for  the  M  LS  approximation  to  yield  a  high-order 
continuity  for  the  shape  functions  and  then  the  trial  func¬ 
tions.  In  practice,  polynomials  are  adopted  as  the  basis 
functions  and  spline  functions  as  the  weight  functions. 
T  herefore,  to  construct  a  more  conti nuous  shape  function 
will  be  a  trivial  task.  The  MLS  interpolation  constructed 
in  Eq.  (1)  is  able  to  represent  the  jth  (j=l,2,  ...m,  with 
m  is  the  number  of  the  polynomial  basis  functions)  com¬ 
ponent  of  monomials  exactly.  In  other  words,  the  shape 
function  is  consistent. 

In  the  mixed  method,  we  interpolate  the  velocities  v,- 
and  velocity  gradients  Vjj  independently  using  the  same 
shape  functions,  namely 

w 

V/(x)  =  ^<1>' (x)v{-  (2) 

Z=1 
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VijW  = 


N 

K=1 


XW 


ri 


(3) 


The  compatibility  condition  between  the  velocities  and 
velocity  gradients  is  enforced  only  at  the  nodes  by  a  stan¬ 
dard  collocation  method  as 


dXj 


(4) 


By  interpolating  the  velocity  gradients,  as  one  of  the  key 
features  of  the  mixed  method,  we  eliminate  the  differ¬ 
entiation  operations  of  the  shape  functions  in  the  local 
weak  form  integration.  Therefore,  the  requirement  of 
the  completeness  and  continuity  of  the  shape  functions 
is  reduced  by  one-order,  and  thus,  lower-order  polyno¬ 
mial  terms  can  be  used  in  the  meshless  approximations. 
This  leads  to  a  smaller  nodal  influence  size  and  speeds 
up  the  calculation  of  the  shape  functions.  The  adoption 
of  the  mixed  method  in  our  implementation  greatly  im¬ 
proves  the  program  efficiency. 


2.2  Formulations  for  Finite  Strain  Problems 

Since  the  purpose  of  the  developed  M  LPG  program  is 
to  simulate  high-speed  dynamic  problems,  we  adopted 
an  updated  Lagrangian  formulation  in  our  implementa¬ 
tion.  Letx/  be  the  spatial  coordinates  of  a  material  par¬ 
ticle  in  the  current  configuration.  Let  S/y  be  the  Trues- 
dell  stress-rate  (the  rate  of  second  Piola-K  irchhoff  stress 
as  referred  to  the  current  configuration);  and  let  be 
thejaumann  rate  of  K irchhoff  stress  (which  is  j  times 
the  Cauchy  stress,  where j  is  the  ratio  of  volumes).  It  is 
known  [Atiuri  (1980)]: 

S/'j  =^ij  ~Dik^kj  ~^ikDkj  (5) 

H  ere,  D  /y  and  l/l/;y  are  the  symmetric  and  skew-symmetric 
parts  of  the  velocity  gradient,  respectively.  Considering 
a  3D  domain  n  with  a  boundary  the  rate  forms  of 
the  linear  and  angular  momentum  balances  are  [Atiuri 
(1980)]: 

(S/'y  -|-X/|(Vy  (;)  (■  +  fy  =  pay  (6) 

where,  p  is  the  mass  density  and  ay  the  acceleration 
rate.  In  a  dynamic  problem,  fy  are  appropriately  de¬ 
fined  in  terms  of  the  rate  of  change  of  inertia  forces  and 
( ).i  =  )/dXj]  Xi  are  current  coordinates  of  a  material 
particle.  InEq.  (6),  x/y  is  the  Cauchy  stress  in  the  current 
configuration. 


2.3  L  ocal  weak  form  with  the  large  deformations 

In  the  M  LPG  approaches,  the  weak  form  is  established 
over  a  local  subdomain  Qj-  which  may  have  an  arbitrary 
shape  and  contain  a  pointx  in  question.  In  ourimplemen- 
tation,  the  local  weak  form  is  established  for  a  spherical 
subdomain  with  the  radius  of  r  (we  define  it  as  the  test- 
function  size),  namely 


[(S/y  +X/|(Vyji;)  I  +  fy  —  pa jjWjdQ  —  0 


(7) 


where  wj  are  the  test  functions.  By  applying  the  diver¬ 
gence  theorem  Eq.  (7)  may  be  rewritten  in  a  symmetric 
weak  form  as: 


/3Qc 


(S;y+X;(cVy,On/Wydr 


-  /  [(S;y  -i-TikVj^k)Wjj  -  fyWy  +pay]da  =  0  (8) 


/£ic 


with  the  rate  definition  fy  =  (S;y  -\-TikVj,k)ni  ,  and  with 
0/  being  the  components  of  a  unit  outward  normal  to  the 
boundary  of  the  local  subdomain  Qj-  in  its  current  con¬ 
figuration.  Thus  the  local  symmetric  weak  form  can  be 
rewritten  as 


f  f/w/dr+  f  f/w/dr+  f  ijWjdr 

J  Ls  '7  Fsu  '7  Fst 

-  f  [(S;y  +T:ikVj^k)Wjj  -  f/W/  +pay)da  =  0  (9) 

»/  ^^5 

where  Tju  is  a  part  of  the  boundary  3Qs  of  ils-  over  which 
the  essential  boundary  conditions  are  specified.  In  gen¬ 
eral,  dQ.s  =  TjULs,  with  Tj  being  a  part  of  the  local 
boundary  located  on  the  global  boundary,  and  Ls  is  the 
other  part  of  the  local  boundary  which  is  inside  the  solu¬ 
tion  domain.  Tsu=Ts  nFu  isthe  intersection  between  the 
local  boundary  dQ.s  and  the  global  displacement  bound¬ 
ary  Fu;  Fst  =  rsnrt  isapartof  the  boundary  over  which 
the  natural  boundary  conditions  are  specified. 

To  simplify  the  integration  and  speed  up  the  numerical 
implementation,  the  Heaviside  function  is  adopted  as  the 
test  function  in  our  program  program!  Thus,  the  method 
is  labeled  here  as  the  "  finite-volume"  M  LPG  method). 
Thus,  the  local  symmetric  weak  form  in  Eq.(9)  becomes 

-  f  tidr-  f  f/dr+  f  pajdQ=  f  f;dr+  f  f'idQ 

JLs  JTsu  Jcis  JTst  Jcis 

(10) 
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This  equation  has  the  physical  meaning  that  it  represents 
the  balance  law  of  the  local  sub-domain  Qj-  as  in  con¬ 
ventional  finite  volume  methods. 

3  Numerical  Implementation 

In  this  section,  we  will  address  some  numerical  issues  in 
the  implementation  of  the  M  L  PG  mixed  method. 

3.1  Determination  of  the  Support  Sizes 

The  support  size  is  an  important  parameter  in  the  M  LPG 
calculation.  0  n  the  one  hand,  the  support  size  should  be 
large  enough  to  include  enough  neighboring  nodes  to  en¬ 
sure  the  regularity  and  reduce  the  computational  error; 
on  the  other  hand,  we  should  keep  the  support  size  rela¬ 
tively  small  to  maintain  the  interpolation's  locality.  In  the 
current  implementation,  the  support  size  for  each  node  is 
determined  automatically  from  the  neighbor  nodes,  on 
demand. 

To  ensure  the  regularity  of  the  M  LS  interpolation,  the 
minimum  number  of  the  linearly  independent  neighbor 
nodes  is  decided  by  the  order  of  the  polynomial  basis. 
For  the  three-dimensional  problems,  the  neighbor  node 
number  m  is  calculated  from  the  order  of  the  polynomial 
basis t  as  [Atiuri  (2004)] 

m  =  (t  +  l)(t  +  2)(t  +  3)/6  (11) 

Eq.  (11)  means  that  for  each  point  x,  it  is  required  that 
there  are  m  neighbor  nodes  whose  support  domai  ns  cover 
the  point  X.  On  other  words,  for  a  node] ,  its  support  size 
should  be  large  enough  to  cover  all  the  nodes,  of  which 
the  node  j  is  a  neighbor  node.  To  increase  the  efficiency 
of  the  present  implementation,  the  support  sizes  are  not 
recalculated  for  each  time  step.  Therefore,  a  scale  factor, 
which  is  great  than  1,  is  applied  to  the  support  sizes  de¬ 
cided  by  the  above  procedure,  to  account  for  the  effect  of 
the  nodal  movement  from  the  body's  deformation. 


where  a  is  the  scale  factor  of  the  test  size,  which  is  a 
constant  between  0  and  1.  In  addition,  if  node  /  is  inside 
the  solution  domain,  but  close  to  the  global  boundary,  a 
smaller  radius  may  be  used  so  that  the  local  sphere  has  no 
intersection  with  the  global  boundary.  In  other  words,  the 
local  test  domai  ns  of  all  internal  nodes  are  restricted  to  be 
inside  the  solution  domain,  and  their  local  boundaries  are 
also  inside  the  solution  domain.  Therefore,  the  numeri¬ 
cal  implementation  becomes  much  simpler,  because  the 
essential  and  natural  boundary  conditions  appear  in  the 
integrals  of  the  nodes  on  the  global  boundary  only. 

3.3  Numericai  Quadrature 

In  the  present  implementation,  the  integrations  of  the  lo¬ 
cal  symmetric  weak  form  [Eq.  (10)]  are  performed  nu¬ 
merically  by  using  the  conventional  Gaussian  quadrature 
scheme.  The  boundary  integration  in  Eq.  (10)  over  a 
spherical  surface  involves  the  trigonometric  functions.  It 
iswell  known  that  the  conventional  numerical  quadrature 
schemes  are  designed  for  polynomials,  and  are  not  effi¬ 
cient  for  trigonometric  or  rational  functions.  To  improve 
the  performance  of  the  numerical  integration,  the  local 
subdomain  (i.e.  a  sphere)  is  partitioned  by  triangles  for 
the  surface  integration  [Han  and  Atiuri  (2004)]. 

3.4  Time  I ntegration 

The  well  known  and  commonly  accepted  Newmark  (3 
method  [Newmark  (1959)]  is  used  in  the  present  imple¬ 
mentation  to  integrate  the  governing  equations  in  time. 
With  the  determined  accelerations  from  the  system  equa¬ 
tions  based  on  the  local  symmetric  weak  form  [Eq.  (10)], 
the  displacements  and  velocities  are  calculated  from  the 
standard  Newmark  (3  method  as 

Af-2 

yt+At  ^  +  —  [(1  -  2(3)  +  2(3a^+'^^] 

^t+At  ^  v^+At  [(1-Y)a^+Ya^+'^^]  (13) 


3.2  D  etermination  of  the  Test  Sizes 

The  test  domains  in  the  M  LPG  could  be  any  overlapping 
local  domains.  A  spherical  domain  centered  at  each  node 
is  adopted  in  the  present  implementation.  For  a  node/, 
the  radius  of  the  spherical  domain  (the  test  size)  is  deter¬ 
mined  as 

Cg  =  amin{||x' -x' ||},  j  =  1,2,...,/V  and  / /j  (12) 


For  zero  damping  system,  this  method  is  unconditionally 
stable  if 


2(3  >  Y> 


(14) 


and  conditionally  stable  if 


(15) 
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where  comax  is  the  maximum  frequency  in  the  structural 
system. 

This  method  can  be  used  in  the  predictor-corrector  mode, 
with  specified  initial  conditions  [Atiuri  (2004)].  In  the 
present  implementation,  the  central  difference  scheme  is 
used  by  setting  (3  =  0  and  y=  1/2. 

4  C  eramic  C  onstitutive M  odel  with  Damage 

In  the  present  implementation,  the  Rajendran  and  Grove 
(RG)  ceramic  damage  model  is  adopted  to  model  the 
material  damage  and  failure  during  the  impact  and  pen¬ 
etration  process.  The  RG  ceramic  model  [Rajendran 
(1994);  Rajendran  and  Grove  (1996)]  is  a  sophisticated, 
three-dimensional,  internal-state-variable-based  consti¬ 
tutive  model  for  ceramic  materials,  which  incorporated 
both  micro-crack  propagation  and  void  collapse.  The 
proposed  RG  ceramic  damage  model  has  achieved  a  great 
success  in  describing  the  response  of  alumina  (AD 85) 
subjected  to  various  stress/strain  loading  conditions  [Ra¬ 
jendran  (1994)].  I  n  this  section,  the  RG  ceramic  damage 
model  is  briefly  reviewed  and  the  main  formulation  is 
presented  for  completeness  purposes. 

4.1  Constitutive  Relationships 

In  the  RG  model,  the  total  strain  £/yis  decomposed  into 
the  elastic  part  efj  and  plastic  part  efy.  The  pressure  is 
calculated  through  the  M  ie-Gruneisen  equation  of  state 
as 

P  =  [PH(l-0.5nT)+rpo(/-/o)]  (16) 

with 

Ph  =/C,((3itT+(32tT^  +  (33tT^)  (17) 

In  the  above  equations,  (3i,  (32  and  (33  are  empirical  pa¬ 
rameters;  r  is  the  M  ie-G  runeisen  parameter;  Ky  =  T/K 
is  the  bulk  modulus  reduction  ratio,  with  K  being  the  bulk 
modulus  for  the  intact  matrix  and  1<  the  effective  bulk 
modulus  for  the  micro-crack  containing  material.  Fur¬ 
thermore,  po  is  the  initial  material  density;  Iq  and  /  are 
the  internal  energy  at  the  initial  and  current  states,  re¬ 
spectively.  The  engineering  volumetric  strain,  with  the 
consideration  of  the  voids,  is  defined  as 

^  (l-fo)Vo 
'  (l-f)V 


Where  l/o  and  V  are  the  volumes  of  the  initial  and  cur¬ 
rent  states;  fo  and  f  are  the  initial  and  current  porosity 
densities,  respectively. 

The  deviatoric  stress  is  related  with  the  deviatoric  elastic 
strain  efj  as 

Sij=2RgGefj  (19) 

Here  is  the  effective  shear  modulus  for  micro-crack 
containing  material  and  Rg  is  the  correction  factor  for 
shear  modulus  due  to  the  existence  of  porosity,  which  is 
given  in  Rajendran  and  Grove'  paper  (1996).  The  poros¬ 
ity  density  is  assumed  to  decrease  due  to  void  collapsing 
at  pressures  above  the  H  E  L  as 

f  =  (l-f)eP  (20) 

with  the  plastic  volumetric  strain  and  the  dot  means 
the  temporal  derivative. 

W  hen  the  materials  are  shocked  above  the  H  E  L  (H  ugo- 
niot  Elastic  Limit),  plastic  flow  occurs.  In  the  current 
model,  G  urson's  pressure  dependent  yield  function,  with 
considerations  of  the  porosity,  is  adopted,  namely 

F  =||  +  2fcosh(^|^)-f2-l  =  0  (21) 

with  J2  =  O.SSijSij.  A  simplified  Johnson-Cook  strain 
rate  dependent  strength  model  is  used  and  can  be  ex¬ 
pressed  as 

y  =Ci(^l+C3ln|^^  (22) 

whereCi  andC3  are  model  constants,  ep  is  the  equivalent 
plastic  strain  rate  andeo  is  the  reference  strain  rate,  which 
is  assumed  to  be  1  in  the  current  model. 

4.2  D amage  D efinition  and  E  volution 

The  micro-crack  damage  is  measured  in  terms  of  a  di¬ 
mensionless  micro-crack  damage  density  y,  which  is  ex¬ 
pressed  as 

y=A/o*a3  (23) 


1 


where  A/g  is  the  average  number  of  micro-flaws  per  unit 
volume  and  a  is  the  maximum  micro-crack  size  at  the 
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current  state.  The  initial  values  of  A/g  and  ao  are  mate¬ 
rial  constants.  For  simplicity,  it  is  assumed  that  there  is 
no  crack  nucleation  during  the  loading,  and  therefore  the 
damage  evolution  is  represented  by  the  growth  of  micro¬ 
crack  size  a,  which  follows  a  generalized  Griffith  crite¬ 
rion,  as 


a  = 


r  0 

1  PiCr 

Gs  <Gc 
Gs  >  Gc 


(24) 


where  Cr  is  the  Rayleigh  wave  speed,  Gc  is  the  critical 
strain  energy  release  rate  for  micro-crack  growth  calcu¬ 
lated  from  the  fracture  toughness  fC/c,  Young's  modulus 

E  and  Poisson's  ratio  v  as  Gc  =  fC;c  (1“'^^)/^' 

the  applied  strain  energy  release  rate.  ni  and  02  are  the 
parameters  controlling  the  crack  growth  rate.  Four  pa¬ 
rameters  are  used  for  the  micro-crack  extension  model: 

and  for  crack  sliding,  and  and  for  crack 
opening. 

4.3  Pulverization 

W  hen  the  micro-crack  damage  density  y  reaches  a  critical 
value  (usually  set  as  0.75)  under  compressive  loading,  the 
material  becomes  pulverized.  The  bulk  and  shear  mod¬ 
uli  for  the  pulverized  material  are  set  to  the  correspond¬ 
ing  effective  bulk  and  shear  moduli  at  the  pulverization 
point.  The  pulverized  material  does  not  support  any  ten¬ 
sile  loading  and  the  compressive  strength  of  the  pulver¬ 
ized  material  is  described  by  the  M  ohr-Columb  law  as 


/  0  ,P  <0 
\  a  +  (3P  ,  P  >  0 


(25) 


Table  1  :  The  material  constants  for  Rajendran-Grove 
model 


AD85 

Density  {  g!  cnP) 

3.42 

Shear  Modulus  (GPa) 

88.0 

Initial  Porosity 

10% 

Material  Strength  Constants 

C,  (GPa) 

4.0 

C3 

0.029 

Equation  of  State  Constants 

A  (GPa) 

150.0 

A  (GPa) 

150.0 

A  (GPa) 

150.0 

r 

0 

Damage  Model  Parameters 

K 

1.83x10“ 

(/ot) 

0.58 

0.72 

n* 

1.0 

© 

0.07 

n; 

0.1 

0.07 

K,^  (MPa4m  ) 

3.25 

Pulverized  Material  Constants 

a  (GPa) 

0.1 

P 

0.1 

materials,  like  SIC,  B4C,  TiB2,  AD85,  and  AD995.  In 
the  following  numerical  simulations,  the  A  D85  ceramic 
is  used  and  the  material  constants  that  we  employed  are 
listed  in  Table  1. 


where  a  and  (3  are  model  constants.  The  pressure  is  sim¬ 
ply  computed  from  the  elastic  volumetric  strain  e®  as 


5  Numerical  Examples 


/  0_  ,£^,>0 

\  -K  p£®  e®  <  0 


(26) 


4.4  Determination  of  M odel  C onstants 

In  the  Rajendran-Grove  ceramic  model,  there  are  eight 
material  constants  to  describe  the  micro-crack  behavior: 
A/g,  ao,  p,  n^,  n^,  n^,  02,  and  Kic-  Usually,  several  ex¬ 
periments  such  as  the  plate-on-plate  and  the  bar-on-bar 
I  mpact  tests  are  needed  to  determi  ne  these  constants  for  a 
specific  material .  Rajendran  and  G  rove  (1996)  conducted 
a  sensitivity  study  of  the  material  constants,  and  cali¬ 
brated  the  constants  for  several  commonly  used  ceramic 


Figure  1 :  Taylor's  problem:  a  solid  cylinder  impacting 
a  rigid  surface 


Two  numerical  examples  are  presented  here  to  show  the 
applicability  of  the  developed  M  LPG  program  in  solv- 
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(a)  (b)  (c) 


Figure  2  :  Deformed  profile  of  the  cylinder  at  50  micro-seconds:  (a)  M  LPG  mixed  method;  (b)  Finite  element 
model;  and  (c)  Test 


(a)  (b)  (c) 


Figure  3  :  The  lower  corner  of  the  deformed  profile  at  50  micro-seconds:  (a)  M  LPG  mixed  method;  (b)  Finite 
element  model;  and  (c)  Test 


ing  contact,  impact,  penetration  and  perforation  prob¬ 
lems  with  large  deformation.  For  the  sake  of  readabil¬ 
ity  and  brevity,  the  details  of  the  implementation  of  the 
MLPG  contact,  penetration,  and  perforation  algorithms 
are  omitted  here,  and  will  be  reported  elsewhere. 

5.1  T aylor  I  mpactP  roblem 

The  Taylor  test  is  often  used  to  determine  the  dynamic 
yield  stress  of  a  material  in  a  state  of  uniaxial  stress.  The 
Taylor  impact  problem  can  simply  be  described  as  a  solid 
cylinder  impacting  a  rigid  surface  in  the  normal  direction, 
shown  in  Figure  1.  In  the  present  study,  a  cylinder  with 
a  length  of  12.7  cm  and  a  radius  of  76.2  cm  is  impact¬ 
ing  a  rigid  surface  with  an  initial  impact  velocity  of  300 
m/s.  The  solid  cylindrical  rod  is  modeled  as  being  elasto- 
plastic,  and  the  material  is  chosen  as  A I  SI  310  steel  with 
the  following  material  constants:  density:  8.027  g/cm^, 
Young's  modulus:  199.95  GPa,  Poisson's  ratio:  0.28, 
yield  strength:  310.26  MPa,  and  1%  hardening  slope  : 
2.0  GPa. 

This  Taylor  impact  problem  is  simulated  using  the 
present  M  LPG  program.  For  comparison  purposes,  the 
finite  element  code  Dyna3D  (version  2000)  is  also  used 
to  analyze  this  problem,  using  the  mesh  generated  from 
the  same  nodal  configuration.  The  top  surface  of  the 
cylinder  reaches  the  lowest  point  at  about  50  micro  sec¬ 


onds.  The  deformed  profile  of  the  cylinder  is  shown  in 
Fig.  2(a)  using  the  M  LPG  mixed  method  and  in  Fig.  2(b) 
using  Dyna3D.  Both  codes  give  similar  profiles.  Flow- 
ever,  the  MLPG  method  gives  a  straight  corner  while 
Dyna3D  gives  a  curved  one,  for  this  frictionless  contact 
impact.  The  corners  of  the  deformed  profiles  are  enlarged 
in  Table  1. 

In  analyzing  this  problem,  the  present  MLPG  mixed 
method  is  used  without  any  hour-glass  control,  or  any 
other  artificial  numerical  treatments.  In  contrast,  one- 
point  Gauss  integration  scheme  is  used  in  Dyna3D,  along 
with  hour-glass  control.  The  total  CPU  times  for  the 
straightforward  M  LPG  mixed  method,  and  the  Dyna3D 
with  hour-glass  control  and  artificial  viscosity,  are  almost 
same.  It  clearly  demonstrates  the  superior  performance 
of  the  present  M  LPG  mixed  method  as  compared  to  the 
FEM  methods. 


Figure4 :  Ballistic  impact  test  configuration  schematic 
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(a)  Dyna3D  Results  (b)  MLPG  Results 

(  failed  after  8  micro-seconds)  (complete  peneration  after  19  micro-seconds) 


Figures  :  Ballistic  Impact  Penetration 


Figures  :  Remaining  speed  of  the  projectile  after  pene¬ 
tration 


TIME  (ns) 


Figure?  :  CPU  time  comparson  between  MLPG  and 
finite  element  apporaches 


5.2  Ballistic  Impact 

In  this  simulation,  we  consider  a  cylindrical  tungsten  pro¬ 
jectile  to  impact  with  an  A  D  85  ceramic  plate  at  the  veloc¬ 
ity  of  1500  m/s.  Both  the  length  and  diameter  of  the  pro¬ 
jectile  are  10  mm.  The  target  ceramic  plate  has  a  thick¬ 
ness  of  5  mm  and  a  diameter  of  80  mm.  Fig.  3  shows  the 
experimental  configuration.  The  tungsten  is  modeled  as 
being  el asto plastic,  with  the  following  material  proper¬ 
ties:  density  16.98  g/cm^,  Young's  modulus  299.6  GPa, 
Possion's  ratio  0.21  and  yield  strength  1.5  GPa.  The  tar¬ 
get  plate  is  modeled  using  the  Rajendran-Grove  ceramic 
damage  model,  which  was  implemented  into  the  present 
M  LPG  implementation,  as  well  as  in  DynaBD. 

The  simulation  using  finite  element  method  (Dyna3D) 


stops  at  8  micro-seconds  due  to  severe  element  distor¬ 
tion,  as  shown  in  Figure  4(a).  The  total  simulation  time 
with  DynaSD  is  over  5  hours.  As  pointed  out  by  J  ohnson 
and  Robert  (2003),  the  Lagrangian  finite  element  algo¬ 
rithms  are  not  always  adequate  when  the  distortions  be¬ 
come  very  severe.  The  meshless  method,  which  could 
be  used  to  represent  severe  distortions  in  a  Lagrangian 
framework,  is  more  suitable  to  simulate  the  problems 
w  i  th  severe  d i  sto rti  0 ns  I  i  ke  bal  I  i  sti  c  pen etrati  o n . 

The  same  problem  is  re-simulated  by  using  the  M  LPG 
method;  and  it  is  solved  smoothly  without  any  mesh  dis¬ 
tortion  problems,  because  of  the  advantages  of  the  truly 
meshless  method.  The  total  solution  time  is  20  micro¬ 
seconds,  and  it  takes  about  1  hour  for  the  first  8  micro- 
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seconds,  and  2.5  hours  to  carry  out  the  whole  analysis. 
The  final  deformation  is  shown  in  Figure  4(b),  and  the 
fragmentation  is  clearly  formed  after  the  projectile  pene¬ 
trates  the  target  plate.  The  steady  remaining  speed  of  the 
projectile  is  about  1240  m/s  after  impact,  with  the  veloc¬ 
ity  history  chattered  in  Fig.  4.  In  addition,  the  M  LPG 
method  is  more  stable  than  the  FEM  as  a  steady  CPU 
time  is  demonstrated  during  the  whole  solution  time. 
Flowever,  the  FEM  is  encountering  a  severe  mesh  distor¬ 
tion  problem,  and  CPU  time  jumps  up  once  the  projectile 
and  plate  are  undergoing  the  large  deformation  right  after 
a  few  micro  seconds  of  the  solution  time,  shown  in  Fig. 
5. 

6  Closing  Remarks 

The  meshless  method  has  been  a  very  active  research 
area  for  over  ten  years  in  the  computational  mechanics 
field.  Flowever,  due  to  theintrinsiccomplexity  of  the  ap¬ 
proach,  most  of  the  research  isstill  at  the  academic  level. 
The  M  LPG  method,  as  a  meshless  framework,  provides 
the  flexibility  to  construct  various  meshless  approaches 
by  different  choices  and  combinations  of  the  trial  and  test 
functions;  therefore,  provides  the  possibility  to  simplify 
the  numerical  procedure  and  lead  to  an  efficient  and  sta¬ 
ble  meshless  implementation. 

The  present  development  of  software  is  based  on  the 
M  LPG  mixed  finite  volume  method  for  solving  three- 
dimensional  nonlinear  problems.  The  MLS  approxima¬ 
tions  are  used  for  both  velocity  and  velocity-gradients  in¬ 
terpolations,  independently.  The  adoption  of  the  Fleavy- 
side  function  as  the  test  function  eliminates  the  domain 
integration  in  the  local  weak  form.  In  addition,  the  sup¬ 
port  size  and  test  size  are  determined  automatically  by 
the  program  based  on  the  nodal  density  and  distribution. 
All  of  these  efforts  lead  to  a  high-performance  M  LPG 
dynamic  program,  which  shows  the  potential  to  replace 
the  finite  element  method  in  some  computational  areas, 
such  as  solving  the  high-speed  impact  and  penetration 
problems.  These  potentials  are  demonstrated  through 
the  two  numerical  examples.  The  3D  Taylor-impact  ex¬ 
ample  demonstrates  that  the  present  mixed  method  pos¬ 
sesses  an  excellent  accuracy  and  efficiency,  as  compared 
to  the  FEM  .  The  present  method  requires  no  special  nu¬ 
merical  treatments  to  handle  the  nonlinear  static  and  dy¬ 
namic  problems,  such  as  the  reduced  integration,  hour¬ 
glass  control,  and  so  on.  The  ballistic-impact  and  per¬ 
foration  example  demonstrates  the  ability  of  the  M  LPG 


mixed  method  in  solving  high-speed  problems  with  se¬ 
vere  distortion  and  fragmentation.  Compared  with  FEM , 
the  M  LPG  is  notonly  more  stable  but  also  more  efficient. 
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Meshless  Local  Petrov- Galerkin  (MLPG)  Approaches  for  Solving  Nonlinear 
Problems  with  Large  Deformations  and  Rotations 

Z.  D.  Han',  A.  M.  Rajendran^  and  S.N.  Atluri' 


Abstract:  A  nonlinear  formulation  of  the  Meshless 
Loeal  Petrov-Galerkin  (MLPG)  finite-volume  mixed 
method  is  developed  for  the  large  deformation  analysis 
of  statie  and  dynamie  problems.  In  the  present  MLPG 
large  deformation  formulation,  the  veloeity  gradients  are 
interpolated  independently,  to  avoid  the  time  eonsuming 
differentiations  of  the  shape  funetions  at  all  integration 
points.  The  nodal  values  of  veloeity  gradients  are  ex¬ 
pressed  in  terms  of  the  independently  interpolated  nodal 
values  of  displaeements  (or  veloeities),  by  enforeing  the 
eompatibility  eonditions  direetly  at  the  nodal  points.  For 
validating  the  present  large  deformation  MLPG  formu¬ 
lation,  two  example  problems  are  eonsidered:  1)  large 
deformations  and  rotations  of  a  hyper-elastie  eantilever 
beam,  and  2)  impaet  of  an  elastie-plastie  solid  rod  (eylin- 
der)  on  a  rigid  surfaee  (often  ealled  as  the  Taylor  impaet 
test).  The  MLPG  result  for  the  eantilever  beam  problem 
was  sueeessfully  eompared  with  results  from  both  analy  t- 
ieal  modeling  and  a  eommereial  finite  element  eode  sim¬ 
ulation.  The  final  shapes  of  fhe  plasfieally  deformed  rod 
obfained  from  a  well-known  finile  elemenf  eode,  and  fhe 
presenf  MLPG  eode  were  also  sueeessfully  eompared. 
The  direef  eomparison  of  eompufer  run  limes  belween 
fhe  finile  elemenf  melhod  (FEM)  and  fhe  large  defor- 
malion  mixed  MLPG  melhod  showed  lhal  fhe  MLPG 
melhod  was  relalively  more  effieienl  lhan  fhe  FEM,  al 
leasl  for  fhe  Iwo  example  problems  eonsidered  in  fhe 
presenf  sludy. 

keyword:  Meshless  Eoeal  Pelrov-Galerkin  approaeh 
(MEPG),  Einile  Volume  Melhods,  Mixed  Melhods. 

1  Introduction 

Accurate  description  and  modeling  of  large  deformations 
has  been  a  very  challenging  problem  in  computational 
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mechanics.  However,  during  the  past  three  decades, 
several  researchers  [Atluri  (1980,1984),  Belytshchko  et 
al  (1984),  Malkus  and  Hughes(1978),  Oden  and  Pires 
(1983)]  have  successfully  developed  algorithms  to  han¬ 
dle  large  deformations  in  finite  element  analyses.  It  is 
indeed  well  recognized  that  the  EEM  has  certain  inher¬ 
ent  drawbacks:  a)  labor-intensive  mesh-generation,  b) 
shear  locking,  c)  poor  derivative  solutions,  and  d)  hour¬ 
glass  effects,  e)  mesh  distortion  under  very  large  defor¬ 
mations,  and  in  f)  problems  of  strain-localization,  crack- 
propagation,  and  material  penetration.  Eventhough  ad- 
hoc  attempts  are  made  to  alleviate  some  of  these  prob¬ 
lems,  a  thorough  scientific  basis  is  still  necessary.  Severe 
localizations  such  as  adiabatic  shear  banding  and  coales¬ 
cence  of  microcracks  can  often  limit  the  EEM  solutions. 
The  so  called  shock  propagation  based  EEM  codes  (“Hy¬ 
drocodes”)  provide  numerical  schemes  that  would  allow 
the  calculations  to  proceed  smoothly  through  removal  of 
highly  distorted  elements  whose  aspect  ratios  tend  to¬ 
wards  zero  from  the  computations.  Recently,  Johnson 
et  al  (2003)  proposed  an  “element  to  partcile”  conver¬ 
sion  method  to  alleviate  the  problem  of  highly  distorted 
meshes  in  fracture  and  fragmentation  problems.  This 
mixed  mesh/particle  method  seems  to  provide  stable  and 
useful  solutions  to  several  impact  problems;  howevere, 
these  types  of  numerical  approaches  tend  to  remain  “phe¬ 
nomenological”  and  limited  to  a  class  of  problems.  Or¬ 
tiz  and  his  colleagues  developed  EEM  based  fracture  and 
fragmentation  algorithms  in  which  cohesive  zones  are  as¬ 
sumed  between  element  boundaries  and  cracks  can  be 
propagated  between  the  elements  using  cohesive  laws 
[Ortiz  and  Pandolfti  (1999)].  They  used  advanced  non¬ 
linear  error  estimation  and  non  smooth  contact  algo¬ 
rithms  to  assure  numerical  accuracy  and  stability.  Un¬ 
fortunately,  this  advanced  EEM  approach  seems  to  suffer 
from  mesh-intluenced  solutions.  The  problem  of  time 
consuming  mesh  generation  process  and  the  need  for  in¬ 
telligent  mesh  design  make  EEM  based  approaches  more 
complicated  and  unattractive. 
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In  contrast,  the  meshless  methods  have  become  very  at¬ 
tractive  for  eliminating  the  mesh  distortion  problems  due 
to  large  deformations.  Some  meshless  methods  are  based 
on  the  global  weak  forms,  such  as  the  smooth  particle  hy¬ 
drodynamics  (SPH)  and  the  element-free  Galerkin  meth¬ 
ods  (EFG).  They  may  require  certain  node  distribution 
pattern  or  background  cells  for  integration,  which  may 
be  not  satisfied  while  meshes  are  distorted  during  large 
deformations. 

As  a  general  framework  for  developing  meshless  meth¬ 
ods,  the  MLPG  approach  provides  the  flexibility  in 
choosing  the  local  weak  forms,  the  trial  functions, 
and  the  independent  test  functions  for  solving  PDFs, 
pioneered  by  Atluri  and  his  colleagues  [Atluri  and 
Zhu(1998),  and  Atluri  (2004)].  Some  distinct  advantages 
of  the  MFPG  approach  include:  a)  all  weak  forms  are  for¬ 
mulated  locally;  b)  various  trial  and  test  functions  can  be 
chosen  and  combined  together  for  solving  one  problem; 
c)  overlapping  local  sub-domains  can  be  chosen  in  a  way 
to  match  problems  and  algorithms  in  any  special  cases;  d) 
it  is  flexible  to  extend  and  incorporate  the  MFPG  contin¬ 
uum  methods  with  others,  including  molecular  dynamics 
(MD).  The  MFPG  approach  has  been  used  to  solve  vari¬ 
ous  problems  successfully,  and  has  been  demonstrated  as 
to  its  its  suitability  for  computational  mechanics,  includ¬ 
ing  the  work  in  fracture  mechanics  [Atluri,  Kim  and  Cho 
(1999)],  fluid  mechanics  [Fin  and  Atluri  (2001)],  and  3D 
elasto-  statics  and  dynamics  [Han  and  Atluri  (2004ab)] 
and  so  on.  A  very  comprehensive  summary  has  been  pre¬ 
sented  in  the  monograph  by  Atluri  [2004]. 

Most  recently,  a  new  meshless  mixed  finite  volume 
method  has  been  presented  by  [Atluri,  Han  and  Rajen- 
dran  (2004)],  in  which  the  strains  are  also  interpolated 
independently  from  the  displacements.  The  key  feature 
of  this  new  method  is  to  interpolate  the  derivatives  of 
the  primary  variables  independently,  which  makes  the 
MFPG  method  computationally  more  efficient.  The  cal¬ 
culation  of  the  derivatives  is  required  at  each  integra¬ 
tion  point  in  the  primal  MFPG  methods,  which  is  com¬ 
putationally  costly.  With  the  mixed  method,  the  strain- 
displacement  compatibility  is  enforced  at  nodal  points  by 
using  the  collocation  method.  In  addition,  it  requires  only 
CO  continuities  for  the  trial  functions,  instead  of  Cl  con¬ 
tinuities.  Thus  a  smaller  support  size  can  be  used  and  the 
number  of  neighboring  nodes  is  reduced  dramatically,  es¬ 
pecially  for  3D  cases.  At  the  same  time,  it  still  retains  the 
simple  physical  meaning  as  the  momentum  balance  law 


of  the  local  sub-domains,  while  the  accuracy  of  the  sec¬ 
ondary  variables  has  been  improved.  The  mixed  method 
has  been  applied  to  solve  the  elasto-static  problems  suc¬ 
cessfully  [Atluri,  Han  and  Rajendran  (2004)]. 

In  the  present  study,  the  mixed  method  is  extended  for 
the  nonlinear  analysis  with  large  deformations.  It  is  well 
known  that  the  gradients  of  the  displacements  (or  veloc¬ 
ities)  are  widely  used  for  the  nonlinear  analysis,  such  as 
the  material  constitutive  models  and  the  momentum  bal¬ 
ance  law.  The  strain  tensor  is  not  enough  to  capture  all 
deformation  information,  because  the  spin  tensor  plays 
an  important  role  in  the  balance  law,  as  well  as  the  stress 
update  [Atluri  (1980)].  Therefore,  the  gradients  of  the 
velocities  are  chosen  to  be  interpolated  independently  in 
the  present  study,  instead  of  the  strains.  Thus  the  local 
weak  forms  are  integrated  based  on  the  gradient  interpo¬ 
lation,  as  well  as  the  material  constitutive  models.  As 
the  primal  variables,  the  velocities  are  chosen  as  the  de¬ 
grees  of  freedom  for  each  node,  and  their  gradients  are 
mapped  back  by  enforcing  the  compatibility  conditions 
at  nodal  points  through  the  collocation  method.  This 
special  combination  also  demonstrates  the  flexibility  of 
the  general  MFPG  approach.  The  present  MFPG  mixed 
method  is  applied  to  solve  some  example  nonlinear  static 
and  dynamic  problems.  An  explicit  algorithm  is  used  in 
the  present  study  to  simulate  the  high-speed  impact  prob¬ 
lems.  The  examples  demonstrate  the  suitability  of  the 
MFPG  mixed  finite-volume  method  for  nonlinear  prob¬ 
lems  with  large  deformations  and  rotations. 

The  paper  formulates  the  local  weak  forms  for  the  non¬ 
linear  mechanics  with  large  deformations  in  Section  2.  It 
also  includes  the  numerical  implementation  of  the  MFPG 
method  through  the  mixed  approach.  Numerical  exam¬ 
ples  are  presented  in  Section  3,  for  both  static  and  dy¬ 
namic  problems  in  2D  and  3D  cases.  Some  conclusions 
and  discussions  are  given  in  Section  4. 

2  MLPG  Mixed  FVM  for  finite  strain  problems 
2.1  Finite  strain  deformation 

In  the  present  study,  we  use  an  updated  Fagrangian  for¬ 
mulation.  Fet  Xi  be  the  spatial  coordinates  of  a  material 
particle  in  the  current  configuration.  Fet  Sij  be  the  Trues- 
dell  stress-rate  (the  rate  of  second  Piola-Kirchhoff  stress 
as  referred  to  the  current  configuration);  and  let  be 
the  Jaumann  rate  of  Kirchhoff  stress  (which  is  J  times 
the  Cauchy  stress,  where  J  is  the  ratio  of  volumes).  It  is 
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known  [Atluri  (1980)]: 

Si  j  —  (yjj  j  j 


(1987b).  It  is  noted  here  that  rfj  =  0;  W-’  =  0  in  the  ease 
of  isotropie  hardening.  The  evolution  equations  for  ajj 
is  given  by: 


where  Dij  is  the  symmetrie  part  of  the  veloeity  gradient. 
The  skew-symmetrie  part  of  the  veloeity  gradients  is  de¬ 
noted  as  Wij,  i.e. 


(jjj  =  dij  -  WikOkj  +  OikWkj 

=  Eiju{Dki-Dli)-WlGkj  +  OikWP. 


(8) 


Consider  a  body  in  a  3D  domain  Q,  with  a  boundary  dO., 
the  rate  forms  of  the  linear  and  angular  momentum  bal- 
anees  are  [Atluri  (1980)]: 


2.2  Local  weak  form  with  the  large  deformations 

In  the  MLPG  approaehes,  one  may  write  a  weak  form 
over  a  loeal  sub-domain  Q.s,  whieh  may  have  an  arbitrary 
shape,  and  eontain  the  a  point  x  in  question.  A  general¬ 
ized  loeal  weak  form  of  the  differential  equation  in  Eq. 
2.2,  over  a  loeal  sub-domain  ean  be  written  as: 


(Sij  +  TikV  j±  ),/  +  //■—  0  (3) 

where,  in  a  dynamie  problem,  fj  are  appropriately  de¬ 
fined  in  terms  of  the  rate  of  ehange  of  inertia  forees  and 
(  ),;  =  9(  )/3x,-;  Xi  are  eurrent  eoordinates  of  a  material 
partiele.  In  Eq.  2.2,  Xij,  is  the  Cauehy  stress  in  the  eur¬ 
rent  eonfiguration. 

Consistent  theories  of  eombined  isotropie/kinematie 
hardening  finite  strain  plastieity  that  are  eapable  of  mod¬ 
eling  the  available  test  data  (at  finite  strain)  are  fully  dis- 
eussed  in  Im  and  Atluri  (1984).  Espeeially,  in  the  ease  of 
kinematie  hardening  plastieity  at  finite  strains,  it  is  desir¬ 
able  [see  Im  and  Atluri  (1987),  and  the  referenees  eited 
therein]  to  introduee  the  so-ealled  plastie  spin,  denoted 
by  W^.  As  seen  in  Im  and  Atluri  (1987)  a  eombined 
isotropie/kinematie  hardening  plastieity  may  be  eharae- 
terized  by  the  following  evolution  equations: 


DPj  =  fij{aij,Dij,Wf.,---) 

(4) 

(5) 

rij  =  hij{D^j,Wl’,---) 

(6) 

and 

dij=kij{D^j,Wl’r--) 

(V) 

Here,  rij  is  the  baek-stress;  f-j  the  Jaumann  rate  of  the 
baek-stress;  the  plastie  part  of  the  veloeity  strain  Dij  -, 
and  a  a  is  the  deviator  of  the  Kirehhoff  stress. 

Integral  representations  for  the  eombined 
isotropie/kinematie  hardening  plastieity  theories  of 
the  above  type  have  been  diseussed  in  Im  and  Atluri 


[{Sij  +  XikVj^k),i  +  fjjwjdO.  =  0 


(9) 


where  wj  are  the  test  funetions. 

By  applying  the  divergenee  theorem,  Eq.  (9)  may  be 
rewritten  in  a  symmetrie  weak  form  as: 


Ido. 


{Sij  +  TikVj^k)niWjdr 


-  [iSij  +  TikVj,k)wjj-fjWj]dQ.  =  0 

One  may  define  the  rate  of  traetions  ij  as: 

ij  =  {Sij+TikVj^k)ni 


(10) 


(11) 


where  n,  are  eomponents  of  a  unit  outward  normal  to  the 
boundary  of  the  loeal  subdomain  in  its  eurrent  eonfig¬ 
uration.  Thus  one  may  rewrite  the  loeal  symmetrie  weak 
form  as 

/  iiWidT  +  /  iiWidV  -f  /  JiWidT 

-  [{Sij  +  TikVj^k)wjj  -  fiWi)dQ.  =  0  (12) 

where  is  a  part  of  the  boundary  dQ.s  of  Q.s,  over  whieh 
the  essential  boundary  eonditions  are  speeified.  In  gen¬ 
eral,  dQ.s  =  UL^,  with  being  a  part  of  the  loeal 
boundary  loeated  on  the  global  boundary,  and  Lg  is  the 
other  part  of  the  loeal  boundary  whieh  is  inside  the  solu¬ 
tion  domain.  =  T^  nr„  is  the  interseetion  between  the 
loeal  boundary  dQ.s  and  the  global  displaeement  bound¬ 
ary  Tj,;  nr,  is  a  part  of  the  boundary  over  whieh 

the  natural  boundary  eonditions  are  speeified. 
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One  may  use  the  Heaviside  funetion  as  the  test  funetion 
in  the  loeal  symmetrie  weak  form  in  Eq.  (12),  and  obtain, 


tfclT' 


(13) 


Eq.  2.3  has  the  physieal  meaning  that  it  represents  the 
balanee  law  of  the  loeal  sub-domain  Q.s,  as  eonventional 
finite  volume  methods. 


It  is  well  known  that  the  ealeulation  of  the  derivatives  of 
the  shape  funetions  is  eomputationally  eostly.  One  may 
following  the  original  idea  reported  by  [Atluri,  Han,  and 
Rajendran  (2004)]  and  interpolate  the  gradients  of  the  ve- 
loeities  indeeently.  Thus  no  derivatives  are  required  to 
perform  the  loeal  weak  form  integration.  One  may  use 
the  same  shape  funetions  in  Eq.  (16)  for  the  gradient  in¬ 
terpolation,  as 


2.3  Meshless  interpolation  for  the  mixed  method 

The  MES  method  of  interpolation  is  generally  eonsidered 
to  be  one  of  the  best  sehemes  to  interpolate  random  data 
with  a  reasonable  aeeuraey,  beeause  of  its  eompleteness, 
robustness  and  eontinuity.  With  the  MES,  the  distribution 
of  a  funetion  u  in  ean  be  approximated,  over  a  number 
of  seattered  loeal  points  {x,},  (/ =  1,2,  ...,n),  as, 

m(x)  =  p^(x)a(x)  VxgQs  (14) 

where  p^(x)  =  [pi(x),p2(x),  ...,pm(x)]  is  a  monomial 
basis  of  order  m;  and  a(x)  is  a  veetor  eontaining  eoef- 
fieients,  whieh  are  funetions  of  the  global  Cartesian  eo- 
ordinates  [x\,X2,xf\,  depending  on  the  monomial  basis. 
They  are  determined  by  minimizing  a  weighted  diserete 
L2  norm,  defined,  as: 

m 

J{x)  =  £w;(x)[p^(x;)a(x) 

f— 1 

=  [P-a(x) -u]^W[P-a(x)  —  u]  (15) 

where  w,(x)  are  fhe  weighl  funetions  and  M,are  fhe  fiefi- 
fious  nodal  values. 

One  may  obfain  fhe  shape  funelion  as, 

m(x)  =p^(x)A^^(x)B(x)u  =  0^(x)u  VxGdQx  (16) 

where  mafriees  A(x)  and  B(x)  are  defined  by 

A(x)  =  P^WP  B(x)  =  P^W  Vx  G  (17) 

The  weighf  funetion  in  Eq.  (15)  defines  fhe  range  of  in- 
fluenee  of  node  I.  Normally  if  has  a  eompaef  supporf.  A 
fourth  order  spline  weighl  funelion  is  used  in  fhe  presenl 
sludy. 

Erom  fhe  definition  of  fhe  rale  of  Iraelions  in  Eq.  (14),  fhe 
inlegrals  in  fhe  loeal  weak  form  in  Eq.  2.3  are  based  on 
fhe  derivatives  of  fhe  shape  funetions  given  in  Eq.  (16). 


K=1 

(K) 

where  v\  j  are  fhe  gradienfs  of  fhe  veloeilies  al  node  K, 
whieh  ean  be  defermined  al  fhe  nods  by  enforeing  fhe 
eompalibilily  eondilion  Ihrough  fhe  slandard  eolloealion 
melhod.  The  inlerpolalion  of  fhe  veloeilies  ean  be  also 
written  from  Ihe  same  shape  funetions,  as 

Vi{x)  =  (19) 

7=1 

Thereafter,  Ihe  eompalibilily  eondilion  is  enforeed  al 
node  K  by  differentiating  Ihe  veloeily  fields  in  Eq.  (19), 
as 

Vijix^^y)  =  ^(xW)  (20) 

By  interpolating  Ihe  gradienls  of  Ihe  veloeilies,  as  one 
of  Ihe  key  fealures  of  Ihe  mixed  melhod,  Ihe  integrals 
in  Ihe  loeal  weak  form  involve  no  derivatives,  i.e.  Ihe 
differentiation  operations  of  Ihe  shape  funetions.  In  ad¬ 
dition,  mosl  nonlinear  eonslilule  equations  are  based  on 
Ihe  gradienls,  and  Ihe  slress  measures  are  Iransformed 
Ihrough  Ihe  gradienls.  By  extending  Ihe  mixed  melhod 
by  Alluri,  Han,  and  Rajendran  (2004) [wherein  slrains 
and  displaeemenls  were  independenlly  interpolated],  Ihe 
presenl  mixed  melhod  [wherein  Ihe  displaeemenl  gradi¬ 
enls  and  displaeemenls  are  independenlly  interpolated] 
still  holds  Ihe  same  advanlages:  a)  Ihe  effieieney  of  Ihe 
presenl  melhod  is  improved  over  Ihe  Iradilional  MEPG 
[primal]  displaeemenl  melhods;  b)  Ihe  requiremenl  of  Ihe 
eompleteness  and  eonlinuily  of  Ihe  shape  funetions  is  re- 
dueed  by  one-order,  beeause  Ihe  gradienls  are  interpo¬ 
lated  independenlly.  Thus,  lower-order  polynomial  terms 
ean  be  used  in  Ihe  meshless  approximations,  and  leads  lo 
a  smaller  nodal  influenee  size  lo  speed  up  Ihe  ealeulation 
of  Ihe  shape  funetions. 
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2.4  Small  and  finite  strain  elasto-plasticityfor  velocity 
gradients 


^ij  =  { 


mi{rikX,^j-Xf^rkj) 


The  analyses  of  small  and  finite  strain  elastoplastieity  are 
presented,  along  with  the  detailed  numerieal  implemen¬ 
tations  for  the  numerieal  evaluations  of  singular  integrals. 
We  eonsider  a  general  type  of  elasto-plastie  eonstitutive 
model,  whieh  ineludes  the  isotropie,  the  kinematie  and 
the  eombined  isotropie/kinematie  hardening  behavior  of 
the  solid  at  large  strains.  It  is  known  that  in  a  kinematie 
hardening  large  strain  plastieity  model,  if  the  evolution 
equations  for  the  Jaumann  rates  of  the  Kirehhoff  stress 
and  of  the  baek-stress,  respeetively,  are  simply  taken  to 
be  linear  funetions  of  the  plastie  eomponent  of  the  veloe- 
ity  strain,  eertain  anomalous  eonsequenees,  sueh  as  an 
oseillatory  stress  response  of  the  material  in  finite  sim¬ 
ple  shear,  may  result  [Atluri  (1984),  Reed  and  Atluri 
(1985)].  More  general  evolution  equations,  espeeially  to 
aeeount  for  the  noneoaxiality  of  the  Cauehy  stress  and 
the  Cauehy-like  baek-stress  in  shear  and  nonproportional 
loadings,  have  been  attempted  by  Atluri  (1984)  and  by 
Reed  and  Atluri  (1985)  to  suppress  the  physieally  un- 
aeeeptable  oseillatory  stress  responses.  Although  these 
methods  based  on  formal  eontinuum  meehanies  were 
quite  sueeessful  for  the  simple  shear  ease,  the  physies 
and  mieromeehanies  of  finite  plastie  flow  indieate  that  a 
more  eonsistent  large  strain  elastoplastie  eonstitutive  law 
should  involve  an  evolution  equation  for  the  plastie  eom¬ 
ponent  of  the  spin  tensor.  Sueh  an  elastie-plastie  eon¬ 
stitutive  model  has  been  developed,  for  instanee,  in  Im 
and  Atluri  (1987),  whieh  is  the  finite  strain  version  of  the 
endoehronie  eonstitutive  model  of  Watanabe  and  Atluri 
(1986).  Here,  the  eoneept  of  a  material  direetor  triad  is 
introdueed  and  the  relaxed  intermediate  eonfiguration  is 
ehosen  to  be  isoelinie.  The  plastie  spin  tensor  is  defined 
through  internal  time.  Sueh  an  endoehronie  eonstitutive 
model  (for  large  strain  elastoplastieity)  employed  here, 
ean  be  summarized  as  follows. 

Let  Nijhe.  the  normal  to  the  yield  surfaee  in  the  deviatorie 
Kirehhoff  stress  spaee.  When  the  stress  is  on  the  yield 
surfaee  and  NijDij  >  0,  the  proeess  is  a  plastie  proeess. 


Nij  —  {t'ij  ^ij)/  t'ij  Dj  (21) 

!;  =  DijNij/C  (22) 

Dfj=Nijt;  (23) 

(24) 


miirikrkix'ij-x'ii^rkirij) 

- TTTTTi - / 

i^'ij  -  Dj )  iij  -  nj )  =  Xyf  ( Q  (26) 

xij  =  X{Dkk)hij  +  2p{Dij  - Dfj)  -  W^Xkj  +  XikWPj  (27) 


,  „  arijiDljDh)  /2 

f-'-  =  2uo<D‘- _ _ 


-Knj  +  DkWP.  (28) 


where,  r,y  is  the  baek-stress  and  is  the  deviatorie  part 
of  Kirehhoff  stress  Xij.  f{Q  and  r,y  represent  the  expan¬ 
sion  and  translation  of  von  Mises  type  yield  surfaee. 
and  W[j  are  the  rate  of  plastie  strain  and  the  plastie  spin, 
respeetively.  ^  represents  the  internal  time  variable.  It  is 
seen  that  aeeounts  for  the  noneoaxiality  of  the  ten¬ 
sors  Xfj  and  Vij.  The  eoeffieient  C  is  defined  as  a  kernel 
funetion.  The  reader  is  referred  to  Im  and  Atluri  (1987) 
for  further  details  of  the  eonstitutive  model. 


2.5  Numerical  quadrature 

In  the  present  study,  the  integrations  are  performed  nu- 
merieally  by  using  the  eonventional  Gauss  quadrature 
scheme.  To  improve  the  performance  of  the  numerical  in¬ 
tegration,  the  local  subdomain  (i.e.  a  circle  for  2D  prob¬ 
lems)  is  divided  into  arcs,  as  in  Atluri,  Han,  and  Rajen- 
dran  (2004).  For  3D  problems,  the  local  subdomain  (i.e. 
a  sphere)  is  partitioned  by  triangles  for  the  surface  inte¬ 
gration  [Han  and  Atluri  (2004a)].  The  same  algorithms 
are  re-used  in  the  present  study. 


3  Numerical  Experiments 

Several  nonlinear  problems  in  2D  and  3D  are  solved,  to 
illustrate  the  effectiveness  of  the  present  method.  The 
first  two  examples  studied  are  2D  static  problems,  such  as 
the  patch  tests,  including  (i)  a  tensile  bar,  (ii)  a  cantilever 
beam  under  shear  load.  The  third  example  is  the  Taylor’s 
impact  problem,  for  explicit  dynamics. 
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3.1  A  tensile  bar 

A  tensile  bar  is  analyzed  as  the  first  example.  The  reet- 
angular  bar  is  subjeeted  to  tensile  deformation  (in  plane 
strain)  with  shear  free  end  eonditions,  as  shown  in  Figure 
1.  It  has  a  length  of  1  .Om  and  a  width  of  0.2  m.  The  ma¬ 
terial  behaviour  is  taken  to  be  neo-Hookean  hyperelastie. 
The  strain  energy  is  split  into  deviatorie  and  volumetrie 
parts  to  aeeount  for  the  ineompressibility  eondition  as: 


Figure  1  :  A  bar  under  uniform  tension 


^0  ^deviatorie  +  ^volumetrie 
^deviatorie  ~  ^10(^1  ~  3) 

^volumetrie  ~  ^ 

where 

7i  h=tr{C) 

h=l2lf\l2  =  \{C:C-lj) 
h  =  det(C) 

J  =  sqrt{k) 
and 

C  =  •  Fis  the  right  Cauehy-Green  deformation  tensor. 

In  the  present  study,  the  bulk  modulus  is  taken  as  2  x 
\0^ MPa  and  the  shear  modulus  as  7.5  x  lO^MPa.  The 
bar  is  modeled  with  100  nodes  as  25  nodes  in  4  rows.  The 
linear  displaeement  fields  are  expeefed  in  fhe  uniform  de- 
formafions.  The  polynomials  wifh  firsf  order  eomplefe- 
ness  are  used  for  fhe  MLS  approximafion  in  fhe  presenf 
sfudy.  Therefore,  fhe  presenf  MLPG  mixed  mefhod  is  ex¬ 
peefed  fo  provide  an  aeeurafe  solufion,  in  fhe  pafeh  fesf. 
The  original  MLPG  mixed  mefhod  passed  fhis  pafeh  fesf 
for  linear  elasfie  problems  [Afluri,  Han  and  Rajendran 
(2004)]. 


The  bar  is  sfrefehed  fo  7  fimes  of  ifs  original  lengfh.  The 
numerieal  resulfs  obfained  by  using  fhe  presenf  MLPG 
mefhod  are  eompared  wifh  fhe  analyfieal  solufion  and  fhe 
FEM  resulfs,  shown  in  Figure  2.  A  very  good  agreemenf 
is  observed  befween  fhese  solufions. 


Figure  2  :  Tensile  sfress  of  a  bar  under  uniform  fension 


3.2  Cantilever  beam 

The  performanee  of  fhe  presenf  MLPG  formulafions  is 
also  evaluafed,  using  fhe  eanfilever  beam  problem  under 
a  fransverse  load,  shown  in  Figure  3.  The  beam  is  eon- 
sidered  fo  undergo  large  deformafions,  ineluding  large 
sfrains  and  rofafions.  The  linear  elasfie  solufion  is  given 
in  Timoshenko  and  Goodier  (1970),  as 


Figure  3  :  A  eanfilever  beam  wifh  an  end  load 


=  [3x{2L-x)  +  {2  +  X)){y^-c^)] 

p 

Uy  =  \x^{3L  —  x)  +250{L  —  x)y^  +  (4-|-5t))c^x] 

OEI 

(30) 
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where  the  moment  of  inertia  I  the  beam  is  given  as, 

'  =  T  ™ 


and 
E  = 


E 

E/{\-x>f 


_  (  v  for  plane  stress 

I  d  / ( 1  —  t))  for  plane  strain 

The  corresponding  stresses  are 

=  -j{L-x)y 

Cy  =  0 

^  /  2  2\ 

<^xy  =  -Yjiy  ) 

The  problem  is  solved  for  the  plane  stain  case  with  L  = 
1.0,  and  c  =  0.1.  The  same  neo-Hookean  hyperelastic 
material  is  taken  for  the  beam  as  it  in  the  first  example. 
This  problem  has  been  used  as  an  example  by  Atluri,  Han 
and  Rajendran  (2004)  in  the  linear  elasto-static  case.  The 
effects  of  the  MLS  support  and  test  sizes  have  also  been 
investigated.  In  the  present  study,  we  revisit  this  example 
with  for  large  deformations.  Based  on  the  numerical  re¬ 
sults  by  Atluri,  Han  and  Rajendran  (2004),  a  regular  uni¬ 
form  nodal  configuration  with  nodal  distance,  d,  of  0.5  is 
used.  The  number  of  nodes  is  105.  The  first  order  MLS  is 
used  for  the  meshless  approximation,  with  a  support  size 
of  L15r/  and  a  test  size  of  0.6d.  For  comparison  pur¬ 
poses,  a  corresponding  Quad-4  elements-based  FE  mesh 
has  also  been  created,  from  the  same  nodes,  for  the  FEM 
analysis  with  the  commercial  code  MARC,  . 

A  total  transverse  force  of  7.58  x  10^  A  is  applied  at  the 
free  end  of  the  beam.  There  are  10  constant  increment 
steps  to  solve  this  problem  by  using  the  present  MEPG 
mixed  method.  The  final  verfical  displacemenf  af  the 
free  end  reaches  0.83,  which  is  more  than  4  times  of  the 
height  of  the  beam.  The  final  deformed  beam  is  shown  in 
Eigure  5a.  The  problem  is  also  solved  by  using  MARC, 
as  a  full  nonlinear  analysis.  The  FE  resulfs  give  fhe  same 
deformalion  shown  in  Eigure  5b.  The  verfical  displace- 
menfs  are  shown  in  Eigure  6.  If  can  be  seen  fhaf  fhe  nu¬ 
merical  resulfs  agree  well  wifh  fhose  obfained  by  using 
fhe  FE  code. 


(32) 


(33) 


Figure  4  :  Nodal  configuralion  for  a  canfilever  beam  wifh 
105  nodes 


(a)  The  present  MLPG  mixed  method 


(b)  FEM 


Figure  5  :  Vertical  displacement  field  of  fhe  deformed 
cantilever  beam  under  a  transverse  load. 


The  vertical  stress  distribution  obtained  by  using  the 
present  MLPG  method  is  shown  in  Figure  7a,  and  that 
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Figure  6  :  Vertical  displacements  of  a  cantilever  beam 
under  a  transverse  load,  along  the  lower  and  upper  edges 
of  the  beam. 


by  using  the  FE  method  in  Figure  7b.  Both  methods 
give  the  similar  distributions.  However,  there  is  some 
difference  at  the  comers  of  two  ends  of  the  beam.  The 
stresses  in  the  vertical  direction  at  the  lower  and  upper 
free  edges  are  shown  in  Figure  8.  It  shows  that  the  MFPG 
mixed  method  gives  higher  stresses  at  the  fixed  end,  be¬ 
cause  of  the  stress  concentration  due  to  the  fixed  bound¬ 
ary  condifions.  Af  the  free  end,  the  MFPG  mixed  method 
gives  the  stress  values  that  tend  to  zero  as  the  parabolic 
transverse  load  is  applied.  Such  numerical  results  con¬ 
firm  fhaf  fhe  MFPG  mixed  mefhod  gives  more  accurafe 
sfrain/sfress  (i.e.  fhe  derivafive  fields)  resulfs  fo  enforce 
fhe  balance  laws  locally.  If  should  be  poinfed  ouf  fhaf  fhe 
currenf  MFPG  mixed  mefhod  does  nof  require  any  spe¬ 
cial  numerical  freafmenfs  fo  avoid  any  shear  locking.  If 
is  sfraighfforward  fo  exfend  this  method  for  other  PDEs. 

3.3  Taylor’s  problem:  high  speed  impact 

The  Taylor  test  is  often  used  to  determine  the  dynamic 
yield  stress  of  a  material  in  a  state  of  uniaxial  stress.  In 
this  test,  a  right  circular  cylinder  is  impacted  against  a 
rigid  wall.  From  measurements  of  the  initial  and  final  di¬ 
mensions  of  fhe  cylinder  as  well  as  fhe  velocify  of  impacf , 
the  dynamic  yield  stress  is  calculated  from  an  analytical 
relationship  derived  by  Taylor  (1948).  However  during 
1990s,  the  Taylor  test  configuration  has  been  routinely 
used  to  validate  constitutive  models  developed  for  appli- 


(a)  The  present  MFPG  mixed  method 


(b)  FEM 


Figure  7  :  Stress  distribution  in  the  vertical  direction  of 
a  cantilever  beam  under  a  transverse  load  code. 


cations  involving  high  strain  rates.  The  high  strain  rate 
model  parameters  are  often  determined  and  calibrated 
using  stress-strain  curve  data  obtained  from  a  number 
of  conventional  dynamic  tests.  Nicholas  and  Rajendran 
(1990)  described  these  various  dynamic  tests  and  sev¬ 
eral  high  starin  rate  constitutive  models.  Most  of  the  test 
configurations  involve  small  strains  and  idealized  stress  / 
strain  states,  such  as  uni-axial  stress  and  one-dimensional 
strain.  The  idea  behind  the  Taylor  test  validation  effort 
is  to  compare  the  high-speed-camera-  measured  time- 
resolved  profiles  (shapes  or  confours)  of  fhe  plasfically 
deforming  cylinder  with  the  profiles  obfained  from  com- 
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Figure  8  :  Vertical  stress  of  a  cantilever  beam  under  a 
transverse  load,  along  the  lower  and  upper  edges  of  the 
beam. 


Figure  9  :  Taylor’s  problem:  a  solid  cylinder  impacting 
a  rigid  surface 


Figure  10  :  A  nodal  configuration  for  the  Taylor’s  prob¬ 
lem:  3872  nodes. 


putational  simulations.  The  loading  conditions  in  Tay¬ 
lor  tests  involve  very  large  deformation  (>100  percent), 
multi-axial  stress/strain  state,  high  temperature,  and  very 
high  non-uniform  strain  rates. 

The  Taylor  impact  problem  can  simply  be  described  as 
a  solid  cylinder  impacting  a  rigid  surface  in  the  normal 
direction,  shown  in  Figure  9.  In  the  present  study,  a 
cylinder  with  a  length  of  12.1  cm  (0.5  in)  and  a  radius  of 
16.2cm  (3  in)  is  impacting  a  rigid  surface  with  an  ini¬ 
tial  impact  velocity  of  300m/ s.  It  is  assumed  that  there 
is  no  friction  between  the  contact  surfaces.  The  ma¬ 
terial  is  chosen  as  the  isotropic-hardening  elasto-plastic 
metal.  The  material  properties  are  chosen  as:  the  Young’s 
modulus  E  =  199.948  GPa,  the  Poisson’s  ratio  t)  =  0.28, 
the  yield  strength  Gg  =  3\0.26MPa,  and  the  harden¬ 
ing  tangent  modulus  H  =  E/\00  =  1 .99948 GPa  for  the 
nearly  perfect  plasticity.  The  cylinder  is  modeled  with 
a  nodal  configuration  with  3872  nodes,  shown  in  Figure 
10.  There  is  an  initial  gap  of  0.1mm  between  the  bottom 
of  the  cylinder  and  rigid  surface. 
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(a)  MLPG  Mixed  Method 


(b)  Dyna3D 


Figure  11 :  Vertical  displacement  distribution  of  the  Tay¬ 
lor’s  problem  while  starting  contact  (at  t  =  2  micro  sec¬ 
onds) 


This  Taylor  impact  problem  is  simulated  using  the 
present  MLPG  finite-volume  mixed  method,  with  a  dy¬ 
namic  explicit  algorithm  for  the  direct  time  integration 
[Han  and  Atluri  (2004b)].  The  vertical  displacements  are 
shown  in  Figure  11a  at  2  micro  seconds,  as  the  shock 
wave  is  propagating  from  the  bottom  surface  towards  the 
top  surface  of  the  cylinder.  For  comparison  purposes, 
the  LLNL  Dyna3D  (2000)  is  also  used  to  analyze  this 
problem,  using  the  mesh  generated  from  the  same  nodal 
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(a)  MLPG  Mixed  Method 


(b)  Dyna3D 


Figure  12  :  Deformed  profile  of  fhe  cylinder  (Taylor’s 
problem)  af  1  =  50  micro  seconds 


configurafion.  Comparing  Figs  11a  and  11b,  fhe  wave 
propagafion  patterns  from  fhe  MLPG  and  fhe  Dyna3D 
simulations  are  quife  similar. 

The  lop  surface  of  fhe  cylinder  reaches  fhe  lowesl  poinf 
al  abouf  50  micro  seconds.  The  deformed  profile  of 
fhe  cylinder  is  shown  in  Figure  12a  by  using  fhe  MLPG 
mixed  melhod,  and  in  Figure  12b  by  using  Dyna3D.  Bolh 
codes  give  similar  profiles.  However,  fhe  MLPG  melhod 
gives  a  slraighl  corner  while  Dyna3D  gives  a  curved  one, 
for  thisfrictionless  contact  impacl.  The  corners  of  fhe  de¬ 
formed  profiles  are  enlarged  in  Figure  13.  Afler  reaching 
fhe  lowesl  poinf,  fhe  cylinder  slarls  lo  bounce  back.  The 
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(a)  the  MLPG  Mixed  Method  (b)  Dyna3D 


Figure  13  :  The  lower  corner  of  the  deformed  profile  of 
the  cylinder  (Taylor’s  problem)  at  t  =  50  micro  seconds 


final  deformed  profiles  are  shown  in  Figure  14  at  the  time 
of  100  micro  seconds.  The  cylinder  is  entirely  released 
from  contact,  and  bounces  back  at  a  constant  velocity,  in 
both  the  simulations. 

In  analyzing  this  problem,  the  present  MLPG  mixed 
method  is  used  without  any  hour-glass  control,  or  any 
other  artificial  numerical  treatments.  In  contrast,  one- 
point  Gauss  integration  scheme  is  used  in  Dyna3D  with 
hour-glass  control.  The  total  CPU  times  for  the  straight¬ 
forward  MLPG  mixed  method,  and  the  Dyna3D  with 
hour-glass  control  and  artificial  viscosity,  are  almost 
same.  It  clearly  demonstrates  the  superior  performance 
of  the  present  MLPG  mixed  method  as  compared  to  the 
FEM  methods. 

4  Closure 

The  mixed  finite  volume  method  (FVM)  is  developed 
for  nonlinear  problems,  through  the  general  MLPG  ap¬ 
proach.  The  MLS  approximations  are  used  for  both 
velocity  and  velocity-gradients  interpolations,  indepen¬ 
dently.  By  enforcing  the  compatibility  conditions  only 
at  nodal  points,  the  present  mixed  method  leads  to  an 
efficient  quadrature  scheme  for  performing  the  integrals 
in  the  local  weak  forms.  The  numerical  examples  in 
2D  statics  show  the  suitability  of  the  present  MLPG 
mixed  method  for  nonlinear  problems  with  extremely 
large  deformations  and  rotations.  For  the  high-speed  im¬ 
pact  problems,  the  3D  Taylor-impact  example  demon- 


(a)  the  MLPG  mixed  method 


(b)  Dyna3D 


Figure  14  :  Spring  back  of  the  cylinder  (Taylor’s  prob¬ 
lem)  after  impact  at  t  =  50  micro  seconds 


strates  that  the  present  mixed  method  possesses  an  ex¬ 
cellent  accuracy  and  efficiency,  as  compared  to  the  FEM. 
The  present  method  requires  no  special  numerical  treat¬ 
ments  to  handle  the  nonlinear  static  and  dynamic  prob¬ 
lems,  such  as  the  reduced  integration,  hour-glass  con¬ 
trol,  and  so  on.  The  present  method  is  based  on  the  local 
weak  form  and  the  nodal  forces  are  assembled  locally.  It 
makes  the  present  method  suitable  for  parallel  computa¬ 
tion.  With  these  distinct  advantages,  it  can  be  concluded 
that  the  present  MEPG  mixed  method  is  one  of  the  most 
promising  methods  for  the  nonlinear  problems  with  high- 
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speed  large  deformations. 
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The  MLPG  Mixed  Collocation  Method  for  Material  Orientation  and 
Topology  Optimization  of  Anisotropic  Solids  and  Structures 

Shu  Li^  and  S.  N.  Atluri^ 


Abstract:  In  this  paper,  a  method  based  on  a 
eombination  of  an  optimization  of  direetions  of 
orthotropy,  along  with  topology  optimization,  is 
applied  to  eontinuum  orthotropie  solids  with  the 
objeetive  of  minimizing  their  eomplianee.  The 
spatial  diseretization  algorithm  is  the  so  ealled 
Meshless  Loeal  Petrov-Galerkin  (MLPG)  “mixed 
eolloeation”  method  for  the  design  domain,  and 
the  material-orthotropy  orientation  angles  and  the 
nodal  volume  fraetions  are  used  as  the  design 
variables  in  material  optimization  and  topology 
optimization,  respeetively.  Filtering  after  eaeh  it¬ 
eration  diminishes  the  eheekerboard  effeet  in  the 
topology  optimization  problem.  The  example  re¬ 
sults  are  provided  to  illustrate  the  effeets  of  the 
orthotropie  material  eharaeteristies  in  struetural 
topology-optimization. 

Keyword:  orthotropy,  material-axes  orientation 
optimization,  topology  optimization,  meshless 
method,  MLPG,  eolloeation,  mixed  method 

1  Introduction 

The  use  of  anisotropie  materials  in  struetural  de¬ 
sign  provides  superior  physieal  and  meehanieal 
properties  in  a  wide  range  of  engineering  ap- 
plieations  sueh  as  eomplex  aireraft:  low-mass 
army  ground-vehieles,  simple  sails:  high  speed 
and  light  rotating  disks  [Spalatelu-Lazar,  Lene 
and  Turbe(2008),  Khoshnood  and  Jalali  (2008)]. 
Composite  materials  are  used  to  design  a  mate¬ 
rial  with  properties  whieh  are  impossible  to  be 
aehieved  by  isotropie  materials.  It  is  well  known 
that  the  eharaeteristies  and  properties  of  eompos- 
ite  struetures  made  of  orthotropie  materials  are  di- 
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reetly  related  to  the  orientation  of  material  prinei- 
pal  axes.  For  eomplieated  engineering  struetures 
with  many  design  parameters,  simple  struetural 
design  is  not  suffieient  for  the  desired  struetural 
performanee.  Topology  optimization  is  beeom- 
ing  a  potentially  important  tool  for  struetural  de¬ 
sign.  By  adding  material  where  it  is  required  for 
desired  performanee,  and  by  removing  material 
where  it  is  redundant,  while  keeping  the  volume 
of  the  strueture  eonstant,  topology  optimization 
methods  transform  the  struetural  design  problem 
into  a  material  distribution  optimization  problem. 

The  eonventional  topology  optimization  of  a 
strueture  proeeeds  in  a  sequential  manner,  and 
it  simultaneously  solves  the  equilibrium  equa¬ 
tions  and  optimizes  the  strueture  subjeeted  to  eer- 
tain  objeetives  and  eonstraints  [Norato,  Bend- 
s0e,  Haber  and  Tortorelli  (2007),  Vemaganti  and 
Lawrenee  (2005),  Cisilino(2006),  Wang,  Lim, 
Khoo  and  Wang  (2007),  Zhou  and  Wang  (2006)]. 
Simpler,  eonvenient  and  effieient  numerieal  meth¬ 
ods  are  also  mandatory,  beeause  of  the  inten¬ 
sive  eomputation  involved  in  topology  optimiza¬ 
tion.  With  the  potential  benefits  of  the  mesh¬ 
less  methods,  espeeially  researeh  in  [Atluri  and 
Zhu(1998),  Atluri  and  Shen(2002a,  2002b),  and 
Atluri(2004)]  shows  that  the  MLPG  method  is 
beeoming  the  most  effeetive  numerieal-analytieal 
method  for  optimizing  struetures.  In  this  paper, 
the  equilibrium  equations  of  the  topology  opti¬ 
mization  problem  are  solved  by  a  Meshless  Lo¬ 
eal  Petrov-Galerkin  (MLPG)  “mixed  eolloeation” 
method  whieh  was  presented  by  Atluri,  Liu,  and 
Han  (2006).  This  meshless  method  avoids  any  nu¬ 
merieal  integration  either  over  a  loeal  domain  or 
over  the  loeal  boundary  and  has  inherent  advan¬ 
tages  sueh  as  the  eomputational  effieieney  and  the 
ease  of  implementation. 

In  the  present  work,  we  extend  our  previous  work 
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[Li  and  Atluri  (2008)]  to  perform  topology  op¬ 
timization  of  orthotropic  composite  structures. 
This  work  focuses  on  a  combination  of  the  opti¬ 
mization  of  material-axes  orientation,  along  with 
topology  optimization,  of  orthotropic  continuum 
solids.  We  deal  with  this  problem  in  two  stages. 
The  first  stage  is  based  on  ideas  from  optimiza¬ 
tion  of  orientation  angles  of  an  orthotropic  ma¬ 
terial.  The  orientations  of  orthotropic  materials 
are  important  design  parameters,  because  they  can 
change  the  structural  mechanical  behavior.  In  the 
“orientation-optimization”  of  an  orthotropic  ma¬ 
terial,  one  of  the  early  works  is  due  to  Pedersen 
(1989).  The  objective  of  the  optimization  is  to 
treat  the  compliance  minimization  as  a  measure 
of  the  material  stiffness.  To  this  end  the  compli¬ 
ance  of  the  structure  is  evaluated  using  the  Mesh¬ 
less  Local  Petrov-Galerkin  (MLPG)  “mixed  col¬ 
location”  method,  the  one  already  used  by  the  au¬ 
thors  for  isotropic  plane  structures  [Li  and  Atluri 
(2008)].  Finally,  a  topology  optimization  of  the 
orthotropic  composite  structure,  with  the  opti¬ 
mized  material  orientations,  is  performed.  The 
methods  can  be  easily  extended  to  thick-section 
composite  laminates,  wherein  each  lamina  can  be 
modeled  as  an  orthotropic  material.  The  meth¬ 
ods  that  are  developed  in  the  present  paper,  and 
in  Li  and  Atluri  (2008)  are  germane  to  our  over¬ 
all  goal  of  implementing  multi-scale  material  and 
topology  optimization  strategies  for  maximizing 
the  fracture  and  damage  resistance  of  light  weight 
structures  subject  to  intense  dynamic  loading. 

The  outline  of  this  paper  is  as  follows:  the  MLPG 
mixed  collocation  method  is  introduced  in  Sec¬ 
tion  2,  where  the  moving  least  squares  (MLS) 
approximation  is  briefly  reviewed  and  the  equi¬ 
librium  equations  for  an  anisotropic  solid  are 
discussed.  An  “optimal  orientation-of-material- 
angles”  problem  of  an  anisotropic  material  is  de¬ 
fined  in  Section  3.  Section  4  gives  the  formu¬ 
lation  for  the  structural  topology  optimization,  a 
scheme  for  the  Lagrange  method  and  the  filtering 
principle.  Several  examples  are  presented  to  illus¬ 
trate  the  characteristics  of  topology  optimization 
for  orthotropic  materials,  in  section  5.  Finally,  we 
summarize,  discuss,  and  generalize  the  results  of 
the  paper  in  section  6. 
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2  MLPG  Mixed  Collocation  Method 

2.1  The  moving  least  squares  (MLS)  approxi¬ 
mation 

The  moving  least  squares  (MLS)  approximation 
is  often  chosen  as  the  interpolation  function  in 
a  meshless  approximation  of  the  trial  function. 
The  MLPG  Mixed  Collocation  Method  adopts  the 
MLS  interpolation  [while  other  functions  such  as 
the  Radial  Basis  Functions,  MQ,  etc.  can  also 
equally  well  be  used]  to  approximate  a  function 
u(x)  over  a  number  of  nodes  randomly  spread 
within  the  domain  of  influence.  The  approxi¬ 
mated  function  u(x)  can  be  written  as  [Atluri 
(2004)] 

u(x)  =  p^(x)a(x)  (1) 

where  p^(x)  is  a  monomial  basis  which  can 
be  expressed  as  p^(x)  =  [1,  xi,  X2]  for  two- 
dimensional  problems  and  p^(x)  =  [1,  xi,  X2,  X3] 
for  three  dimensional  problems,  respectively. 
a(x)  is  a  vector  of  undetermined  coefficients, 
which  can  be  obtained  by  minimizing  the 
weighted  discrete  L2  norm,  defined  as 

m 

J(x)  =  ^  w/(x)  [p^  (x/)  a  (x)  -  u^]  (2) 

7=1 

where  {x/}  :  (/  =  1,2, . .  .,m)  are  scattered  local 
points  (nodes)  to  approximate  the  function  u(x), 
W/  are  the  weight  functions  and  u^  are  the  ficti¬ 
tious  nodal  values.  After  the  coefficient  vector 
a(x)  is  obtained,  we  substitute  it  into  Eq.  (1).  The 
function  u(x)  can  be  approximated  by  these  ficti¬ 
tious  nodal  values,  as 

m 

u(x)  =  (x)u^  (3) 

7=1 

where  u^  is  the  virtual  nodal  value  at  node  7,  and 
'P^(x)  is  the  shape  function.  The  detailed  formu¬ 
lations  and  discussions  for  the  MLS  interpolation, 
using  the  true  nodal  values  can  be  found  in  Atluri 
(2004). 

Generally  speaking,  the  MLS  shape  function  does 
not  have  the  Dirac  Delta  property,  namely 

m 

=  m(x^)  =  ^  (x)  U^  /  uf 

7=1 


(4) 
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However,  with  the  mapping  relationship  between 
the  virtual  and  true  nodal  values  [Eq.  (4)],  it  is 
straightforward  to  establish  the  trial  functions  in 
the  true  nodal-values  space  as 

m 

m(x)  =  (5) 

/=! 

2.2  Equilibrium  equations 

We  consider  a  linear  elastic  body  Q  undergo¬ 
ing  infinitesimal  deformations.  The  equilibrium 
equation  can  be  expressed  as 

V-a-hf  =  0  (6) 

subject  to  the  boundary  conditions: 


Here,  u'^  and  are  the  nodal  displacement  vec¬ 
tor  and  stress  vector  [note  that  the  stress  tensor  is 
now  symbolically  re-written  as  a  stress-vector]  at 
node  J,  respectively.  In  the  case  of  the  orthotropic 
linear  elastic  problem,  the  plane  orthotropic  con¬ 
stitutive  relation  is  described  by  four  independent 
material  parameters  and  by  a  specified  direcfion 
(Gii  >  222)  as 


2ii  2i2  0 

’g’ 

(72 

= 

2i2  Q22  0 

£2 

ai2_ 

0  0  266. 

.G2_ 

2ii  —  - )  222  —  - , 

1— V12V21  1— V12V21 

266  =  ^12,  2i2  =  Vi22i1  =  V2i222 


u  =  u  on  r„ 


t  =  n-(7  =  t  on  r, 


Wifh  El,  E2  fhe  Young’s  modulus,  V12,  V21  the 
Poisson’s  ratio. 


In  which  a  is  the  stress  tensor,  V  is  the  gradient 
vector,  f  is  the  body  force  vector;  u  is  the  displace¬ 
ment  vector,  t  is  the  traction  vector,  and  n  is  the 
outward  unit  normal  to  the  boundary  E. 

Within  the  general  MLPG  framework 
[Atluri(2004)],  one  may  choose  the  Dirac 
Delta  function  as  the  test  function  for  the  un- 
symmetric  local  weak  form,  and  apply  it  to  each 
nodal  point.  The  momentum  balance  equation  is 
enforced  at  the  nodal  points,  as 

[V-a](x^)+f(x^)  =0  (8) 


where  {x^}  (7  =  1,2,... ,77)  are  the  distributed 
nodes,  and  N  is  the  number  of  total  distributed 
nodes  in  the  solution  domain.  In  the  present 
mixed  scheme,  we  interpolate  the  displacement 
vector  u(x)  and  the  stress  tensor  <t(x)  indepen¬ 
dently,  using  the  same  shape  functions  obtained 
from  the  MLS  approximation  [Eq.  (3)],  the  dis¬ 
placement  field  u(x)  and  fhe  sfress  field  <t(x)  can 
be  represenfed  in  mafrix  form 


Using  a  mafrix  expression  for  fhe  rofafed  elasfic 
coefficients,  we  can  define 


'c>i' 

'Ojc' 

(72 

=  T 

(7y 

_ai2. 

J^xy_ 

where  fhe  mafrix  T  sfands  for  fhe  rofafion  mafrix, 
6  is  fhe  orienfafion  angle  of  fhe  maferials’  princi¬ 
ple  direcfion  of  orfhofropy.  The  rofafion  mafrix  T 


u(x)=  YO-'(x)u-' 

(9) 

can  be  given  by 

r  2  2 

m  n 

2mn 

m 

(y{x)=  £0''(x)(7-' 

(10) 

T  = 

2  2 

n  m 

—2mn 
/  2  2 

J=i 

—mn  mn 

ym  —n 

40  Copyright©  2008  Tech  Science  Press 


CMES,  vol.30,  no.l,  pp.37-56,  2008 


and 

nP'  rP  —2mn 
nP  2mn 
mn  —mn  {nP—rP^ 

m  =  cos6,  n  =  sin6 

The  relation  between  the  stress  veetor  G  and  strain 
veetor  the  e  ean  be  written  as 

<7  =  Q-e  (11) 

Where 

Q  =  T^^  -Q- 

e  =  L*-u  (12) 

where,  L*  a  differential  operator,  for  the  present 
2D  problem. 

Upon  substituting  the  stress  interpolation  Eq.  (10) 
into  Eq.  (8),  we  have 

m 

^V-0''(x^)-(7''  +  f(x^)  =0; 

7=1 

for/  =  1,2,...,A^  (13) 

It  elearly  shows  that  there  are  no  seeond  deriva¬ 
tives  of  the  shape  funetions  for  the  displaeements 
involved  in  the  system  equations,  due  to  the  inde¬ 
pendent  interpolation  of  the  stress  variables.  It  is 
well  known  that  in  the  meshless  approximation, 
speeifieally  the  MES,  usually  results  in  a  very 
eomplex  form  of  the  seeond  derivatives.  The  Eq. 
(13)  has  less  number  of  equations  than  the  number 
of  the  independent  stress  variables,  beeause  the 
nodal  stress  variables  are  more  than  the  displaee- 
ment  ones.  Therefore,  we  need  to  establish  some 
more  equations  in  addition  to  Eq.  (11)  through  the 
stress  displaeement  relation.  The  standard  eollo- 
eation  method  may  be  applied  to  enforee  the  stress 
displaeement  relation  at  eaeh  nodal  point.  Eor  lin¬ 
ear  elastieity  problems,  this  relation  ean  be  writ¬ 
ten  as 

a(x^)Q-e(x^)  =Q-L*-u(x^)  (14) 

After  substituting  the  displaeement  interpolation 
Eq.  (9)  into  Eq.  (14),  we  have 

m 

(x>" 

7=1 


where 

r<i>^^(x^)  0 

B-'  (x^)  =  ’  0  (x^)  (16) 

(x^)  (x^) 

a^=[o^  a/  T^yf 

u^=[ui 

Eq.  (13)  and  Eq.  (14)  ean  be  rewritten  in  the 
forms  as  follows,  respeetively: 

Ks-a  =  ffo  (17) 

a  =  T-u  (18) 

in  whieh  is  the  body  foree  veetor. 

We  set  B/7  =  B'^  (x^),  thus 


Eet 


K  =  KsT  (19) 

whieh  yields  the  well  known  formulation  of  equi¬ 
librium  equation 

Ku  =  fb  (20) 

Where 

m 

K/7  =  S 

K=l 


(15) 


(21) 
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If  should  be  noted  fhaf  B/j^  =  (x^)  and  B^j  = 

(7^ 

B-^  (x^)-  We  ean  write  Eq.(21)  as 

(7^ 

fn  rj. 

%j  =  I  (B^  (x^))  QB^  (x'')  (22)  = 

t  = 

f 

K=l 

Obviously,  Kjj  is  nol  a  symmefrie  mafrix. 

2.3  Boundary  Conditions  It  is  easy  to  obtain 


The  traetion  boundary  eonditions  are  enforeed  at 
eaeh  of  the  traetion  boundary  nodes  K,  as: 

=f  forK=l,...,S  (23) 


where  S  is  the  number  of  total  traetion  boundary 
nodes,  the  matrix  is  the  transformation  matrix 
between  the  eoordinates,  as 


n^  = 

0 

Uy 

1  1 

and 

(7^  = 

0^ 

'-’y 

^xy\  ) 

II 

Assuming  (7i  and  (72  represent  the  known  and  un¬ 
known  stress  veetors,  respeetively.  Henee  Eq.(20) 
ean  be  written  as 


Ki  •  (7i  +K2  •  <72  —  ffo 


(24) 


where 


<7i +an^  •n-(7i  =  Ti -u  +  an^ -t  (28) 

and 

<7i  =  (/  +  an^ -n)  ^  (Ti -u  +  an^ -t)  (29) 

where  I  is  unit  matrix. 

Let 

R=  (/  +  an^-n)^^  (30) 

then 

<7i  =  R-T'i  u  +  aR-n^ -t  (31) 


By  substituting  Eq.  (31)  into  Eq.(24),  we  ean  ob¬ 
tain  a  diseretized  system  whieh  is  expressed  as 

K-u  =  f  (32) 

where 

K  =  Ki  R  Ti  +K2  T2 

—  r  - 

f  =  ffo-aKi  R  t 


<Ti=Ti-u  (25) 

(72  =  T2  •  u  (26) 

Premultiplying  Eq.  (23)  by  the  penalty  number  a 

and  the  transpose  of  the  transformation  matrix  n, 
we  obtain: 

an^ -n-ai  =  an^ -t  (27) 

where 

V  O' 

n2 

n=  K  ) 

n 

0 


3  Optimal  orientation  of  material  axes 

We  eonsider  the  problem  of  optimal  orientation 
of  material  axes  in  two  different  problems.  In  the 
first  problem,  the  design  domain  eonsists  of  an  or- 
thotropie  material  with  a  fixed  orienfafion  angle. 
In  fhe  seeond  problem,  fhe  orienfafion  angles  are 
funelions  of  fhe  spafial  eoordinafes  in  fhe  design 
domain.  The  orienfafion  opfimizafion  problem  is 
fo  seareh  for  fhe  minimizafion  of  fofal  eompli- 
anee  of  orfhofropie  maferial  sfruefures.  The  de¬ 
sign  variable  is  fhe  orienfafion  of  maferial  axes. 
The  mean  eomplianee  is  fhe  funelion  fo  be  mini¬ 
mized  wifh  respeef  fo  fhe  variations  of  fhe  orien¬ 
fafion  angles.  Here,  ‘eomplianee’  is  defined  as  fhe 
produef  of  fhe  exfernal  loads  and  fhe  eorrespond- 
ing  displaeemenfs. 
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3.1  The  fixed  orientation  angle  case 

According  to  Eq.(32),  the  objective  function  (the 
mean  compliance  of  a  structure)  is  formulated  as 
follows: 


Finally,  the  sensitivity  derivatives  of  the  compli¬ 
ance  function  is  given  by 


dC{e) 

dd 


~de 


-u 


(38) 


C(0)  =  F-u 


(34) 


3.2  The  distributed  angles  case 


where  u  is  the  global  displacement  vector,  and  f 
is  the  prescribed  force  vector.  Considering  C(6) 
as  a  scalar  function,  the  above  expression  can  also 
be  written,  for  linear  response,  as: 


C(0)  =  u^K^u  =  u^Ku  (35) 

If  we  set  K^u  =  f ,  Eq.(35)  means  that  the  both 
systems  of  Ku  =  f  and  K^u  =  f  have  the  same 
compliance  value  under  the  same  deformation 
condition. 

The  orientation  optimization  problem  is  treated 
as  an  unconstrained  optimization  problem.  The 
mathematical  statement  of  the  orientation  opti¬ 
mization  problem  is  as  follows: 

minC(6)  (36) 

e 

The  optimization  problem  is  solved  using  a  se¬ 
quential  quadratic  programming  algorithm.  This 
algorithm  requires  the  sensitivity  derivatives  of 
the  objective  function  with  respect  to  the  design 
variables  to  determine  the  optimal  orientation  of 
extreme  compliance. 

For  the  single  orientation  angle  case,  the  orienta¬ 
tion  optimization  problem  only  has  a  design  vari¬ 
able  6.  We  now  differentiate  Eq.  (36)  with  respect 
to  9  : 


When  the  material-orientation  angles  are  func¬ 
tions  of  spatial  coordinates  at  discrete  locations, 
the  orientation  optimization  problem  is  a  multi- 
variable  6  =  (01,  02)  •  •  •  )  ^n)  design  problem.  The 
orientation  optimization  problem  is  stated  as: 


minC(0,) 

Oi 


Eq.(38)  can  be  extended  to  multiple  variable  cases 
as  follows. 


0C(0) 

ddi 


-u  „  u 


96; 


(39) 


A  sequential  quadratic  programming  algorithm  is 
also  used  to  solve  the  optimal  design  problem. 


4  Topology  optimization  problem 

4.1  General  topology  optimization 

Topology-optimization  implies  the  optimal  distri¬ 
bution  of  material  in  a  structure,  so  as  to  mini¬ 
mize  its  compliance,  subject  to  the  specified  con¬ 
straints  of  the  total  material  to  be  used.  According 
to  Eq.(32),  the  mean  compliance  of  a  structure  is 
formulated  as  follows: 

C  =  f^  u 


dc{e) 

dd 


du^  rdK  T^^du 

j' Y  /  ■w7-T\ 

=  „^_„+„^(K+Kq- 


(37) 


Using  the  fact  that  applied  forces  are  design- 
independent  of  Ku  =  f  and  K^u  =  f ,  we  have 

du  dK 

dB  dd 

du  dK^ 


where  u  is  the  global  displacement  vector,  f  is  the 
force  vector.  Also,  the  above  expression  can  also 
be  written,  for  linear  response,  as: 

C  =  u^Ku  (40) 

In  this  paper,  Eq.(40)  is  formed  by  using  the 
MEPG  Mixed  Collocation  Method.  The  design 
domain  Q  (Fig.  1)  is  partitioned  into  randomly  dis¬ 
tributed  N  nodes  which  have  no  connectivity  in 
the  form  of  a  mesh.  For  an  arbitrary  node  i,  if  the 
number  of  nodes  around  point  i  which  influence 
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the  trial  function  at  node  i  is  r,  a  sub-system  con¬ 
sists  of  these  r  nodes.  In  this  sub-system,  we  have 

k,u;  =  f;  (41) 

where  u,-  is  the  displacement  vector  and  k,-  is  the 
“stiffness”  matrix  constructed  in  the  same  way  as 
Eq.(19).  The  MLPG  form  of  Eq.(40)  becomes 

N 

C  =  ^  uf  k,u;  (42) 

1=1 


r,  Traction  boundary 


E  Displacement  boundary 


Eigure  2:  Topology  optimization  design  domain 


If  we  consider  the  nodal  volume  fractions  p,  as 
the  design  variables,  then  the  topology  optimiza¬ 
tion  problem  for  minimizing  the  compliance  can 
thus  be  stated,  with  the  volume  constraint  V*  as 
follows: 

N 

minC  (p )  =  u^Ku  =  ^  uf  k,u,- 
P  i=\ 

s.t.  V{p)  =  '^PiVi  =  V*  (43) 

1=1 

Ku  =  f 

0  ^  Pmin  ^  Pi  ^  1 

where  p ,  the  vector  consisting  of  design  variable 
Pi  !  Pmin^  is  the  vcctor  of  minimum  allowable  rel¬ 
ative  volume  fractions  (non-zero  to  avoid  singu¬ 
larity),  N  is  the  number  of  nodes  to  discretize  the 
design  domain,  and  V*  is  the  prescribed  volume. 
E  (p)  is  the  total  volume  of  material. 


Setting  Pmin  to  a  small  but  positive  value  keeps  the 
“stiffness”  matrix  k,  from  becoming  singular.  The 
artificial  variable  p,  is  considered  as  an  indicator 
of  the  local  material  volume  E,.  The  final  material 
volume  E*  is  linearly  related  to  the  design  vari¬ 
ables. 

The  Solid  Isotropic  Material  with  Penalization 
(SIMP)  model  leads  to  a  common  and  efficient 
called  power-law  approach.  To  avoid  intermedi¬ 
ate  volume  fraction  values  p,-  (between  0  and  1),  a 
SIMP-like  model  (Solid  Isotropic  Microstructure 
with  Penalty)  is  adopted  in  the  proposed  topology 
optimization  method.  In  this  SIMP-like  model, 
the  penalized  “stiffness”  matrix  k,-  is  given  by 

ki  =  (pi)^kO  (44) 

k?  is  the  initial  value  of  the  matrix  k,-,  p  is  the  pe¬ 
nalization  power  (typically  p  =  3).  Pig.2  displays 
the  relative  “stiffness”  ratio  vs.  volume  fraction 
values  pi,  for  different  values  of  the  penalization 
power  p. 


Eigure  3:  SIMP-like  model  for  different  values  of 
the  penalization  power  p 


The  MLPG  Mixed  Collocation  Method  for  topol¬ 
ogy  optimization  problem  requires  the  computa¬ 
tion  of  the  sensitivity  derivatives  of  the  compli¬ 
ance  with  respect  to  the  design  variables.  The 
sensitivities  of  the  compliance  respect  to  design 
variable  p,  can  be  derived  from  the  expression  of 
Eq.(40)  in  the  same  manner  as  Eq.(39)  as  follows: 


dC 

dpi 


-u 


dK^ 

^ 

dpi 


(45) 
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Considering  the  adaptation  of  the  SIMP-like 
model  as  Eq.(44),  the  above  expression  of  Eq.(45) 
is  written  as 


4.2  The  Lagrange  method 


The  Kuhn-Tueker  eondition  is: 

V/(x)  +lAt(Vgi(x)  +lAyV/iy(x)  =  0 

(optimality) 

§!’(*)  <  0  for  /  =  1 , 2,  •  •  • ,  /  (feasibility) 
/iy(x)  =  0  for  7  =  1 , 2,  •  •  • ,  7  (feasibility) 
)t,gi(x)  =  0for/  =  l,2,---,/ 

(eomplementary  slaekness  eondition) 
jU,-  >  0  for  /  =  1 , 2,  •  •  • ,  /  (non  -  negativity) 
(Note:  Xj  is  unrestrieted  in  sign) 


The  elassieal  Eagrangian  method  is  ealled  as 
the  linear  Eagrangian  theory  in  [Gob  and  Yang 
(2001)].  In  the  linear  Eagrangian  theory,  the  Ea¬ 
grangian  funetion  is  a  linear  eombination  of  the 
objeetive  and  eonstraint  funetions  for  solving  eon- 
strained  optimization  problems.  Based  on  linear 
Eagrangian  theory,  we  eonsider  the  Eagrangean 
assoeiated  with  the  eonstrained  topology  opti¬ 
mization  problem  Eq.(43) 


L(p)  =C  +  Ai 


+A^(Ku-f) 


(p  min  P«)  +  SP2(P«-1)  (4V) 


i—l 


i—l 


where  Xi  and  p,  are  Eagrange  multipliers  for  the 
equality  and  inequality  eonstraints,  respeetively. 
A  is  the  Eagrange  multiplier  veetor. 

To  taekle  this  problem,  the  typieal  way  of  the 
Eagrangian  method  is  the  use  the  Kuhn-Tueker 
optimality  eondition  whieh  is  a  generalization 
of  the  first  order  optimality  neeessary  eonditions 
(EONC). 

Eor  a  general  elassieal  single-objeetive  nonlinear 
programming  problem  as: 


min/(x) 

s.t.  g,(x)<0  for /  =  1,2,...,/ 
hj{x)  =  0  for  7  =  1,2,...,/ 
x=  ,xn) 


The  Kuhn-Tueker  eondition  is  a  neeessary  eon¬ 
dition  for  optimality  in  eonstrained  minimization 
(or  maximization)  under  a  eonstraint  qualifiea- 
tion.  Here,  the  assumption  is  that  Vg,(x*)  for  i 
belonging  to  aetive  eonstraints  and  Vhj{x*)  for  j 
=  !,...,/  are  linearly  independent.  This  is  the  so- 
ealled  “eonstraint  qualifieation”. 

The  Kuhn-Tueker  eonditions  not  only  give  the 
neeessary  eonditions  for  optimality  but  also  pro¬ 
vide  a  way  of  finding  optimal  solutions.  So  fhe 
Eagrange  mefhod  essentially  Iransforms  a  eon- 
sfrained  problem  fo  an  uneonsfrained  problem. 

In  fhis  paper,  fhe  opfimalify  eriferion  (OC)  was 
formulaled  in  a  form  suifable  for  ineorporafion  in 
fhe  meshless  mefhod  eodes.  The  neeessary  eondi- 
fions  for  opfimalify  ean  be  obfained  by  using  fhe 
Kuhn-Tueker  eondifions  as  follows: 

dL 

=  0,  /=1,2,---,A 

opi 

Differenlialing  (47)  wifh  respeef  fo  p,-  and  ma¬ 
nipulating  fhe  terms,  fhe  Kuhn-Tueker  opfimalify 
eondifion  ean  be  written  for  problems  [Eq.(43)] 
subjeef  fo  mulfiple  eonsfrainfs  as  follows 


dC  ,  'i  dV  ,  kT  ^(Ku)  . .  ^ 

^-Mi+P2-0 


N 


i=l 


(fhe  equably  eonsfrainfs) 
Ku  =  f  (fhe  equably  eonsfrainfs) 

Pmin  —  Pi  <  0  (fhe  inequalily  eonsfrainfs) 
p,-  —  1  <  0  (fhe  inequalily  eonsfrainfs) 

Pi  (Pmin  Pi)  —  0 


P2(pi-1)  =0 


[Pi>0  i=\,2 
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(48) 


Note:  Ai  and  A  are  unrestrieted  in  sign,  eorre- 
sponding  to  the  equality  eonstraints.  It  is  elear 
that  the  effieieney  of  the  OC  method  is  determined 
mainly  by  the  number  of  aetive  eonstraints.  If 
Pmin  <  P<  <  1,  the  lower  and  upper  bounds  of 
the  design  variables  are  inaetive,  then  we  have 
Pi  =  P2  =  0.  If  Pi  =  Pmin,  the  lower  bound  of  the 
design  variables  are  aetive,  then  we  have  pi  >  0, 
P2  =  0.  If  Pi  =  Pmax,  the  upper  bound  of  the  de¬ 
sign  variables  are  aetive,  then  pi  =  0,  p2  >  0.  and 
(48)  yields: 


f  ®  Pmin  <  Pi  <1 


dpi 


dpi 


\  'k  ,  I  ^(Ku)  ^  Q  . 

api  +^^1  api  It  Pi- Pmin 

\  di  I  I  i3(Ku)  ^  Q 

dpi  dn^  +'^  ^  It  Pi  —  Pma> 


dpi 

N 


dpi 


V  (p)  =  Z  PiVi  —  P*  =  0  (the  equality  eonstraints) 

i=i 

Ku  =  f  (the  equality  eonstraints) 

Pi>0  i=\,2 

(49) 


The  above  sensitivity  of  a  node  is  dependent  on 
several  surrounding  points.  For  different  posi¬ 
tions,  the  number  of  nodes  around  one  point  may 
different.  So  the  sensitivity  analysis  is  more  eom- 
plex  and  time  eonsuming  when  eompared  with  the 
ease  of  element-based  methods. 

To  derive  the  iterative  formulation  more  eonve- 
niently,  only  the  equality  eases  in  Eq.(49)  are  used 
in  the  present  illustration,  i.e. 


dC  .  dV 
dpi  dpi 


5K  „  , 

t:— u-fK—  1  =  0 
dpi  dpi 


Utilizing  the  expression  Ku  =  f,  it  is  easy  to  ob¬ 
tain 


du  ^ 

t:— U-fK^:—  =  0 
dpi  dpi 


then 


p{Pif^^uf  (k°)^U;-hAiU  =  0 
Set 


Bi  = 


(Pif  uj  (rQ)  u,-  _  ^ 


AiU 


(50) 


(51) 


Eq.(50)  is  regarded  as  an  Optimally  Criterion 
(OC)  based  on  the  diseretization  of  the  MEPG 
Mixed  Colloeation  Method.  Thus,  we  ean  update 
the  design  variables  as  follows: 

^new _ 

ri 

max(pmin,Pi-wr) 

if  PiB^  <  max  (pmin,  Pi  -  m) 

PiB'i' 

/ 

if  max  (pmin,  Pi  -m)  <  piB^  <  min  ( 1 ,  p,-  -f  m) 

min  ( 1 ,  p,-  -h  m) 
if  min(l,p,  +  m)  <  piB^ 

(52) 

Where  m  is  the  limit  ([Bendspe  and  Kikuehi 
(1988)]),  whieh  represents  the  maximum  allow¬ 
able  ehange  in  the  relative  nodal  volume  fraetions 
Pi  in  the  OC  iteration,  rj  is  the  damping  eoeffi- 
eient.  This  updating  seheme  was  often  adopted  in 
many  presented  papers.  The  values  of  m  and  rj  in- 
lluenee  the  eonvergenee  of  the  seheme,  and  they 
are  ehosen  by  experienee  ([Bendspe  and  Kikuehi 
(1988)1). 

The  penalty  parameter  p  is  set  to  be  3,  and  the  nu- 
merieal  damping  eoeffieient  rj  is  set  to  0.5.  The 
Eagrange  multiplier  for  the  volume  eonstraint  Ai 
is  determined  at  eaeh  OC  iteration  using  a  bi- 
seetioning  algorithm,  as  in  the  paper  [Sigmund 
(2001)]. 

4.3  Filtering  principle 

Here  we  deseribe  the  prineiple  of  suppressing 
eheekerboard  patterns  whieh  is  a  familiar  problem 
in  topology  optimization  when  numerieal  stabil¬ 
ity  is  not  guaranteed.  The  appearanee  of  eheeker- 
boarding  eauses  diffieulties  in  interpreting  and 
fabrieating  topology-optimized  struetural  eompo- 
nents.  Sigmund  (1994,  1997)  developed  a  sensi¬ 
tivity  filter  method  for  preventing  numerieal  insta¬ 
bilities  from  oeeurring.  Eiltering  teehniques  have 
beeome  quite  popular  in  topology  optimization 
[Wang;  Eim,  Khoo  and  Wang  (2008)].  To  taekle 
eheekerboarding,  a  seheme  similar  to  the  filtering 
method  is  ineorporated  in  the  optimization  algo¬ 
rithms  based  on  the  meshless  diseretization.  In 
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this  scheme,  we  modify  the  design  sensitivity  of 
any  specific  node  depending  on  a  weighted  aver¬ 
age  of  the  node  sensitivities  in  a  connected  neigh¬ 
borhood.  The  principle  works  by  modifying  the 
nodal  sensitivities  as  follows 


n 

dC 

dpi 


1  m 

1  ^ 

m  ,  Z  ^fPf 

pi 

/=! 


dc 

dpf 


(53) 


Here,  the  convolution  operator  (weight  factor)  is 
written  as 


Hf  =  Tmm-dist  {nj)  {/  E  M\dist{nJ)  <  rmin} , 

n=  1, . .  .,m  (54) 

and  the  operator  dist{n,  f)  is  defined  as  fhe  dis- 
fance  befween  node  n  and  node  /.  The  convolu- 
fion  operafor  Hf  is  zero  oufside  fhe  fiber  area,  and 
decays  linearly  wifh  fhe  disfance  from  node  /. 


5  Numerical  examples 

In  fhis  secfion,  fhe  examples  concern  fwo  as- 
pecfs  of  fhe  problems  wifh  several  subcases.  The 
firsf  aspecf  examines  the  results  of  the  “material- 
axes  orientation”  optimization  problem.  The 
second  aspect  of  examples  examines  the  effect 
of  topology  optimization  after  finding  the  opti¬ 
mized  “material-axes  orientation”.  We  present 
several  numerical  examples  (cantilever  and  MBB- 
beams).  All  the  examples  are  treated  here  as  being 
dimensionless. 

Example  1: 

As  shown  in  Fig.  4,  the  first  example  is  that  of  a 
short  cantilever  beam.  The  material  is  orthotropic, 
with  Young’s  moduli  E\  =  30,  E2  =  5,  Poisson’s 
ratios  pu  =  0-25  and  the  shear  moduli  Gn  =  2. 
The  design  domain  is  clamped  along  the  left  end 
and  a  concentrated  vertical  load  P  is  acting  at  the 
point  A,  B  and  C  respectively  of  the  free  (right) 
end  of  the  beam. 

The  design  domain  Q  is  discretized  by  the  MLPG 
Mixed  Collocation  Method  using  uniformly  dis¬ 
tributed  nodes. 

Example  2: 

The  second  example  is  that  of  a  so-called  MBB 
beam  (Fig.7(a))  in  which  the  right  half-domain  is 


L 


Figure  4:  Cantilever  beam 


modeled  as  Fig.7(b).  This  is  an  orthotropic  beam 
with  Young’s  moduli  Ei  =  30,  E2  =  5,  Poisson’s 
ratios  pu  =  0.25  and  the  shear  moduli  Gu  =  2. 
The  design  domain  is  discretized  into  60  x  20  uni¬ 
formly  distributed  nodes  in  the  half-domain.  The 
left  bottom  is  assumed  to  be  fixed,  and  the  right 
one  is  assumed  to  be  on  a  roller. 

In  the  Fig. 7(b),  At,  Bt,  Ct  and  Ah,  Bb,  Ct  are  the  3 
points  at  top  and  bottom  of  the  MBB  beam,  re¬ 
spectively,  where  the  concentrated  vertical  load 
P  is  alternatively  applied.  The  corresponding 
variations  of  the  relative  compliance  vs  the  fixed 
material-orientation  for  various  locations  of  the 
point  of  application  of  the  load  are  displayed  in 
Fig.8  and  Fig.9.  When  the  concentrated  vertical 
load  P  is  applied  at  the  middle  of  the  top  of  the 
MBB  beam,  fig.  10  gives  the  curves  of  the  rela¬ 
tive  compliance  vs  the  fixed  material-orientation 
for  various  L/H  ratio  case. 

Figs. 5-6  in  example  1,  and  Figs. 8-10  in  example 
2  illustrate  that  the  load  lactation  and  L/H  ratio 
influence  the  compliance  variation  significantly. 
From  these  figures,  it  can  be  seen  that  the  com¬ 
pliance  has  different  extremums,  which  can  be 
searched  using  the  optimaization  method  in  the 
section  3. 

Example  3: 

The  example  is  the  same  cantilever  beam  as  in 
Fig. 4.  The  optimized  material-orientation  vs  load 
position  with  L/H=  1  is  shown  in  fig.  1 1 .  The  opti¬ 
mized  material-orientation  vs  the  L/H  ratio  under 
a  concentrated  vertical  load  P  applied  at  the  mid¬ 
dle  of  the  right  end  is  shown  in  fig.  12. 

As  a  comparison,  the  considered  problem  was 
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Figure  5:  The  relative  compliance  vs  the  fixed  material-orientation  for  various  locations  of  the  point  of 
application  of  the  load  (L/H=l) 


Figure  6:  The  relative  compliance  vs  the  fixed  material-orientation  for  various  L/H  ratio  cases  (the  load  is 
applied  at  point  A) 


Relative  compliance  C(6)/C 
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P 


Figure  7(b):  MBB  beam  (right  half-domain) 


Figure  8:  The  relative  compliance  vs  the  fixed  material-orientation  for  various  locations  of  the  point  of 
application  of  the  load  (top) 
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Figure  9:  The  relative  compliance  vs  the  fixed  material-orientation  for  various  locations  of  the  point  of 
application  of  the  load  (bottom) 


Figure  10:  The  relative  compliance  vs  the  fixed  material-orientation  for  various  L/H  ratio  cases 
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L 


Figure  12(a):  Cantilever  beam  model 

also  calculated  by  using  finite  element  method 
(FEM).  The  results  of  the  MLPG  method  are  in 
good  agreement  with  the  solutions  of  the  finite  el¬ 
ement  method. 

Example  4: 

In  this  example  of  topology  optimization,  a  can¬ 
tilever  beam  as  in  fig.  4  is  used.  The  design  do¬ 
main  is  discrefized  using  40  x  40  uniformly  dis- 
fribufed.  To  compare  fhe  resulfs  of  isofropic  and 
orfhofropic  maferial  canfilever  beam,  we  choose 
an  orfhofropic  maferial  wifh  orienfafion  af  4  an¬ 
gles  6  =  0°,  45°,  90°  and  fhe  opfimized  angle,  re- 
specfively. 

Example  5: 

In  fhis  example,  a  canfilever  beam  as  in  fig. 


Figure  11(b):  The  optimized  orienfafion  angle  vs 
load  position 


Figure  12(b):  The  optimized  orienfafion  angle  vs  fhe 
L/H  rafio 


4  is  used  wifh  L/H=1.5.  The  design  domain 
is  discrefized  using  60x40  uniformly  disfribufed 
nodes.  To  compare  fhe  resulfs  of  isofropic  and 
orfhofropic  maferial  canfilever  beam,  resulfs  from 
topology  design  associafed  wifh  an  orfhofropic 
maferial  oriented  af  6  =  0°,  ±60°,  90°C  and  fhe 
opfimized  angle,  respecfively  are  presenfed. 

The  resulfs  shown  in  Fig.  13  and  fig.  14  display 
topological  similarities  befween  fhe  isofropic  ma¬ 
ferial  and  fhe  orfhofropic  one,  wifh  maferial  axes 
of  6  =0°  and  0  =90°.  We  see  fhaf  for  orfhofropic 
cases,  fhe  bending -fension  coupling  (i.e.,  Qi^  = 
Q26  —  0)  does  nol  exisf.  However,  fhe  fopologi- 
cal  layoufs  are  very  differenf  for  ofher  orfhofropic 
maferial  orienfafions  since  bending-fension  cou- 


MLPG 


FEM 


(a)  Isotropic  material 


MLPG  FEM 


(b)  Orthotropic  material  (0  =  0°) 


MLPG 


FEM 


(c)  Ortho  tropic  material  (0  =  45°  ) 
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MLPG  FEM 

(d)  Orthotropic  material  (0  =  90°  ) 


MLPG  FEM 

(e)  Orthotropic  material  (the  optimized  angle  ) 
Figure  13:  Comparison  of  topology  optimization  results 


pling  are  significant  enough  to  change  the  layouts. 
It  is  also  shown  that  the  result  obtained  by  the 
MLPG  method  is  identical  to  that  of  the  finite  el¬ 
ement  method.  Furthermore,  the  MLPG  can  pro¬ 
vide  much  better  results  in  comparison  with  the 
finite  element  method  at  0  =  ±60°. 

Example  6: 

This  example  is  also  that  of  an  orthotropic  can¬ 
tilever  beam  with  Young’s  moduli  Ei  =  30,  E2  = 
5,  Poisson’s  ratios  jiu  =  0-25  and  the  shear  mod¬ 
uli  G\2  =  2.  The  beam  has  the  rectangular  ‘design 
domain’  (L=2H)  as  shown  in  Fig.  15.  The  load  P 
is  applied  at  the  middle  of  the  right  end. 

The  design  domain  is  discretized  using  40x20 
uniformly  distributed  nodes.  For  the  considered 
beam,  optimized  material  directions  (orientation 
angles)  in  minimum  compliance  design  are  shown 
in  Fig.  16. 


Fig.  17  gives  a  comparison  of  the  topology  op¬ 
timization  results  for  isotropic  and  orthotropic 
material  cantilever  beam  after  the  optimized  or¬ 
thotropic  material  directions  are  obtained. 

Example  7 : 

Optimized  material  directions  (orientation  angles) 
in  minimum  compliance  design  of  orthotropic 
MBB  beam  as  in  Fig.7  when  using  continuous 
angles  as  design  variables.  The  problem  is  then 
solved  using  MLPG  method.  This  MBB  beam 
is  discretized  using  60  x  20  uniformly  distributed 
nodes.  The  distribution  of  the  optimized  material 
directions  is  shown  in  fig.  18  and  topology  opti¬ 
mization  results  in  Fig.  19. 

Our  displays  of  layouts  for  orthotropic  planes  re¬ 
veal  a  very  important  effect  of  material  directions 
for  topology  optimization  results. 
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MLPG  FEM 

(a)  Isotropic  material 


MLPG  FEM 


(b)  Orthotropic  material  (0  =  -60°) 


MLPG  FEM 

(c)  Orthotropic  material  (0  =  60°) 
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MLPG  FEM 

(d)  Orthotropic  material  (0  =  90°) 


MLPG  FEM 

(e)  Orthotropic  material  (the  optimized  angle) 
Figure  14:  Comparison  of  topology  optimization  results 


L 


Figure  15:  Cantilever  beam  (L=2H) 


Figure  16:  The  distribution  of  orthotropic  orien¬ 
tation 


6  Conclusions 

The  structural  design  of  an  anisotropic  solid  in¬ 
volves  an  adaptation  of  the  combined  stages  of 
the  material-orientation  optimization  along  with 
the  topology  optimization.  Here  we  consider  the 
optimization  problem  which  minimizes  the  mean 
compliance  of  the  structure.  In  the  first  stage,  the 
material-orientation  is  the  design  variable  with¬ 
out  constraints  (size  optimization)  and  a  sequen¬ 
tial  quadratic  programming  algorithm  in  which  is 
a  gradient  based  technique  is  used  for  effieient  de¬ 
sign.  In  the  seeond  stage,  it  is  shown  that  dif¬ 
ferent  orientations  of  the  same  orthotropic  ma¬ 
terial  influence  the  optimal  results  of  the  global 
structure.  The  topology  optimization  problem  is 
treated  as  the  material  distribution  problem.  The 
nodal  values  are  used  as  the  design  variables,  and 
the  problem  becomes  one  of  finding  the  optimal 
values  of  the  relative  nodal  volume  fractions.  In 
this  paper,  design  domains  are  discretized  by  us¬ 
ing  the  MLPG  mixed  eolloeation  method,  and  a 
node  with  zero  relative  nodal  volume  fraction  rep¬ 
resents  a  void  and  a  node  with  a  relative  nodal 
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(a)  Isotropic  material 


(b)  Orthotropic  material  with  the  optimized  orientation 

Figure  17:  Comparison  of  topology  optimization 
results 


Figure  18:  The  distribution  of  orthotropic  orien¬ 
tation 


volume  fraction  of  1  represents  a  solid  node.  The 
goal  is  to  find  a  distribution  of  relative  nodal  vol¬ 
ume  fractions  that  minimizes  a  compliance  ob¬ 
jective  function,  subject  to  volume  constraints. 
To  solve  such  a  topology  optimization  problem, 
the  popular  optimality  criteria  (OC)  based  on  the 
Lagrange  method  is  employed  with  an  iterative 
heuristic  scheme  for  updating  the  design  vari¬ 
ables.  In  this  paper,  one  of  the  significant  findings 
is  that  of  the  topology  optimized  design  for  an  or¬ 
thotropic  material  results  in  a  significantly  differ¬ 
ent  layout  as  compared  to  the  isotropic  material. 
This  means  that  the  solution  space  for  the  topol¬ 
ogy  optimization  problems  is  extended.  So  we 


(b)  Orthotropic  material  with  the  optimized  orientation 

Figure  19:  Comparison  of  topology  optimization 
results 


have  a  considerably  more  flexible  topology  layout 
for  an  anisotropic  solid,  than  when  an  isotropic 
material  is  used.  The  present  method  provides 
a  physical  insight  into  how  the  anisotropic  mate¬ 
rial  design  variables  interact  to  affect  the  topology 
properties  of  the  structure. 

We  provide  several  numerical  examples  to 
demonstrate  the  versatility  of  the  present  method. 
For  validation  purposes,  in  some  specific  cases, 
fhe  same  topology  optimization  problem  is  solved 
using  the  finite  element  method,  and  the  layouts 
can  be  compared  with  each  other.  The  numeri¬ 
cal  instability  problems  related  to  a  finite  element 
mesh  do  not  exist  in  the  MLPG  method.  It  need 
not  cost  extra  CPU-time  to  deal  with  such  numer¬ 
ical  instabilities.  The  filtering  technique  is  highly 
suitable  for  the  present  MLPG  method. 
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Topology-optimization  of  Structures  Based  on  the  MLPG  Mixed 

Collocation  Method 

Shu  Li^  and  S.  N.  Atluri^ 


Abstract:  The  Meshless  Loeal  Petrov-Galerkin 
(MLPG)  “mixed  eolloeation”  method  is  applied 
to  the  problem  of  topology-optimization  of  elas- 
tie  struetures.  In  this  paper,  the  topie  of  eompli- 
anee  minimization  of  elastie  struetures  is  pursued, 
and  nodal  design  variables  whieh  represent  nodal 
volume  fraetions  at  diseretized  nodes  are  adopted. 
A  so-ealled  nodal  sensitivity  filter  is  employed, 
to  prevent  the  phenomenon  of  eheekerboarding  in 
numerieal  solutions  to  the  topology-optimization 
problems.  The  example  results  presented  in  the 
paper  demonstrate  the  suitability  and  versatility  of 
the  MLPG  “mixed  eolloeation”  method,  in  imple¬ 
menting  struetural  topology-optimization. 

Keyword:  topology  optimization,  meshless 
method,  MLPG,  eolloeation,  mixed  method 

1  Introduction 

The  quantity  of  engineering  literature  on  the 
topology-optimization  has  grown  very  rapidly  in 
the  last  two  deeades,  starting  with  the  so-ealled 
homogenization  method  for  struetural  topology 
[Bendspe  and  Kikuehi  (1988)].  The  topology  op¬ 
timization  problem  is  usually  deseribed  as  a  ma¬ 
terial  distribution  design  problem,  a  so-ealled  0- 
1  problem  in  nature.  By  optimizing  an  objee- 
tive  funetion,  subjeet  to  eonstraints  on  the  design 
domain,  one  ean  employ  topology-optimization 
teehniques  to  engineer  load-bearing  struetures 
with  high  strength,  light  weight  and  high  fraeture 
resistanee  [Chiandussi,  Gaviglio  and  Ibba  (2004), 
Hansen  and  Horst(2008)].  Topology  optimization 
has  been  identified  as  one  of  the  most  ehallenging 
and  potentially  useful  teehniques  in  the  field  of 
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sfruefural  design.  Mosf  researeh  work  on  fopol- 
ogy  opfimizafion  for  eonfinuum  sfruefures  eon- 
eerns  new  fopology  models,  solufions  of  ill-posed 
problems,  Opfimalify  Criferia,  efe.  The  earlier  de- 
velopmenfs  in  fhe  field  of  fopology-opfimizafion 
were  deseribed  in  an  overview  paper  [Esehenauer 
and  Olhoff(2001)],  and  in  a  monograph  [Bendspe 
and  Sigmund  (2003)].  Reeenfly,  wifh  fhe  inerease 
of  inferesf  in  fhis  field,  various  models  and  mefh- 
ods  for  sfruefural  fopology  opfimizafion  were  ex¬ 
plored,  wifh  goals  of  improving  fhe  eompufafional 
effieieney,  and  alleviafing  numerieal  insfabilifies 
[Norafo,  Bendspe,  Haber  and  Torforelli  (2007), 
Vemaganfi  and  Lawrenee  (2005),  Cisilino(2006), 
Wang  and  Wang  (2006b,e),  Wang,  Lim,  Khoo 
and  Wang  (2007a,  b,  e,  2008),  Zhou  and  Wang 
(2006)]. 

In  praefiee,  diserefizafion  and  fhe  use  of  numer¬ 
ieal  mefhods  are  unavoidable  in  order  fo  design 
a  eomplex  and  praefieal  sfruefure.  Typieally,  ap- 
proaehes  for  solving  fopology  opfimizafion  prob¬ 
lems  have  been  mosfly  based  on  fhe  fradifional 
elemenf-based  mefhods.  Almosf  all  of  fhe  ap- 
proaehes  presented  in  prior  liferafure  employ  fi- 
nife  elemenf  mefhods  fo  diserefize  fhe  fopolog- 
ieal  domain.  An  exhaustive  lisf  of  publieafions 
on  subjeef  of  fhe  fopology  and  shape  opfimiza- 
fion  of  sfruefures,  using  fhe  finite  elemenf  and 
boundary  elemenf  feehniques,  is  given  in  [Maek- 
erle  (2003)].  However,  fhe  use  of  finife  ele¬ 
menf  mefhods  wifhin  fhe  opfimizafion  proeedures 
offen  leads  fo  numerieal  insfabilifies,  sueh  as 
mesh-dependeneies,  efe  [Sigmund  and  Pefersson 
(1998)].  If  is  well  known  fhaf  fopology  optimiza¬ 
tion  is  a  far  more  fime-eonsuming  fask,  beeause 
of  ifs  eomplieafed  evolufionary  proeedure  and  re- 
finemenl  of  mesh  densify. 

In  reeenf  years,  subsfanfial  efforls  have  been 
made  in  fhe  developmenf  of  fhe  meshless  mefh- 
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ods,  especially  the  MLPG  method  [Atluri  and 
Zhu(1998),  Atluri  and  Shen(2002a,  2002b),  and 
Atluri(2004)].  These  meshless  methods  have 
inherent  advantages  over  the  element-based  ap¬ 
proaches,  due  to  the  elimination  of  the  mesh,  and 
the  ease  with  which  a  high-order  continuity  of  the 
trial  functions  is  achieved.  Atluri,  Liu,  and  Han 
(2006)  have  recently  proposed  a  very  attractive 
and  promising  method  which  they  call  the  MLPG 
“mixed  collocation”  method.  In  this  method,  a 
very  simple  formulation  is  achieved,  and  the  com¬ 
puter  implementation  is  very  convenient.  These 
benefits  are  realized,  without  any  numerical  inte¬ 
gration  either  over  a  local  domain  or  over  the  lo¬ 
cal  boundary.  This  method  improves  the  compu¬ 
tational  efficiency  and  fhe  ease  of  implemenfafion 
of  fhe  meshless  mefhod,  especially  for  fopology- 
opfimizafion. 

The  presenf  paper  is  dedicafed  fo  fopology- 
opfimizafion  of  confinuum  sfrucfures  using  fhe 
MLPG  “mixed  collocafion”  mefhod.  The  main 
feafures  of  fhis  paper  are:  fhe  use  of  fhe  MLPG 
“mixed  collocafion”  mefhod  fo  discrefize  fhe  de¬ 
sign  domain,  and  fhe  choice  of  nodal  volume 
fraclions  as  fhe  opfimizafion  design  variables,  in- 
sfead  of  fhe  elemenf  volume  fraclions.  We  em¬ 
ploy  fhe  widely  used  densify-like  function  called 
SIMP  (Solid  Isofropic  Maferial  wifh  Penaliza- 
fion)  model  for  fhe  penalizafion.  The  objecfive 
of  fopology-opfimizafion  is  fo  minimize  fhe  com¬ 
pliance  for  an  opfimal  layouf  of  sfrucfures,  under 
a  given  sel  of  loads  and  boundary  conditions.  The 
mefhod  of  Oplimalily  Crileria  (OC)  is  employed 
fo  solve  fhe  fopology  opfimizafion  problem.  Here, 
sfrucfural  volume  fraclions  become  a  funclion  of 
fhe  nodal  volume  fraclions.  Compared  wifh  fhe 
elemenl-based  melhods  such  as  in  [Guesl,  Prevosl 
and  Belylschko  (2004)],  Ihese  nodal  values  need 
nof  be  inlerpolaled  or  projecled  onlo  fhe  elemenf, 
in  order  fo  oblain  fhe  familiar  elemenf-wise  vol¬ 
ume  fraclions  which  can  delermine  fhe  fopology 
of  sfrucfures.  The  numerical  examples  presenled 
here  demonslrale  lhal  fhe  MLPG  mixed  colloca- 
lion  mefhod  renders  fhe  solulion  of  fhe  oplimiza- 
lion  problem  fo  be  highly  accurale  and  compula- 
lionally  efficienl. 

The  framework  of  Ibis  paper  is  as  follows:  Secfion 
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2  briefly  reviews  fhe  major  aspecls  of  fhe  MLPG 
mixed  collocafion  mefhod.  Secfion  3  gives  a 
formulalion  for  fhe  sfrucfural  fopology  oplimiza- 
lion,  a  heurislic  scheme  of  fhe  oplimalily  crileria 
(OC)  mefhod,  and  fhe  tillering  principle.  Secfion 
4  presenf s  some  examples.  Finally,  we  presenf 
some  conclusions  in  Section  5. 

2  MLPG  Mixed  Collocation  Method 

2.1  The  moving  least  squares  (MLS) 

The  moving  least  squares  (MLS)  approximation 
is  often  chosen  as  the  interpolation  function  in 
a  meshless  approximation  of  the  trial  function. 
The  MLPG  Mixed  Collocation  Method  adopts  the 
MLS  interpolation  to  approximate  a  function  u(x) 
over  a  number  of  nodes  randomly  spread  within 
the  domain  of  influence.  The  approximated  func¬ 
tion  u(x)  can  be  written  as  [Atluri  (2004)] 

u(x)  =  p^(x)a(x)  (1) 

where  p^(x)  is  a  monomial  basis  which  can  be  ex¬ 
pressed  as  p^(x)  =  [l,xi,X2]  for  two-dimensional 
problems  and  p^(x)  =  [l,xi,X2,X3]  for  three  di¬ 
mensional  problems,  respectively.  a(x)  is  a  vec¬ 
tor  of  undetermined  coefficients,  which  can  be 
obtained  by  minimizing  the  weighted  discrete  L2 
norm,  defined  as 

m 

J{x)  =  £  W/  (x)  [p^  (X/)  a  (x)  -  u^]  (2) 

7=1 

where  {x/},(/=  l,2,...,/n)  are  scattered  local 
points  (nodes)  to  approximate  the  function  u(x), 
W/  are  the  weight  functions  and  are  the  ficti¬ 
tious  nodal  values.  After  the  coefficient  vector 
a(x)  is  obtained,  we  substitute  it  into  Eq.  (1).  The 
function  u(x)  can  be  approximated  by  these  ficti¬ 
tious  nodal  values,  as 

m 

u(x)  =  (x)u^  (3) 

7=1 

where  is  the  virtual  nodal  value  at  node  7,  and 
(x)  is  the  shape  function.  The  detailed  formu¬ 
lations  and  discussions  for  the  MLS  interpolation, 
using  the  true  nodal  values  can  be  found  in  Atluri 
(2004). 
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Generally  speaking,  the  MLS  shape  function  does 
not  have  the  Dirac  Delta  property,  namely 

m 

u’  =  u{x’)  =  ^  (x)  u’  /  u’  (4) 

7=1 

However,  with  the  mapping  relationship  between 
the  virtual  and  true  nodal  values  [Eq.  (4)],  it  is 
straightforward  to  establish  the  trial  functions  in 
the  true  nodal-values  space  as 

m 

u{x)  =  ^^\x)u’  (5) 

7=1 


m 

a(x)  =  (10) 

7=1 

Here,  u'^  and  are  the  nodal  displacement  vector 
and  stress  vector  [note  that  the  stress  tensor  is  now 
symbolically  re-written  as  a  stress-vector]  at  node 
J,  respectively.  In  the  case  of  the  isotropic  lin¬ 
ear  elastic  problem,  the  relation  between  the  stress 
vector  a  and  the  strain  vector  e  can  be  written  as 


<7  =  D  e 

(11) 

e  =  L*  u 

(12) 

2.2  Equilibrium  equations  where,  L*  a  differential  operator,  for  the  present 

We  consider  a  linear  elastic  body  G  undergo-  problem, 

ing  infinitesimal  deformations.  The  equilibrium  ^  ^  - 

equation  can  be  expressed  as  ^  E  ,  „ 

D  = - ^  V  1  0 

l-v2  i_v 

V-a  +  f  =  0  (6)  ^ 


subject  to  the  boundary  conditions: 
u  =  u  on  Tu 

(7) 

t  =  n(7  =  t  on  r, 

In  whichCT  is  the  stress  tensor.  Vis  the  gradient 
vector,  f  is  the  body  force  vector;  u  is  the  displace¬ 
ment  vector,  t  is  the  traction  vector,  and  n  is  the 
outward  unit  normal  to  the  boundary  T. 

Within  the  general  MLPG  framework 
[Atluri(2004)],  one  may  choose  the  Dirac 
Delta  function  as  the  test  function  for  the  un- 
symmetric  local  weak  form,  and  apply  it  to  each 
nodal  point.  The  momentum  balance  equation  is 
enforced  at  the  nodal  points,  as 

[V-a](x^)+f(x^)  =0  (8) 

where  {x^},(/  =  1,2,..., A)  are  the  distributed 
nodes,  and  N  is  the  number  of  total  distributed 
nodes  in  the  solution  domain.  In  the  present 
mixed  scheme,  we  interpolate  the  displacement 
vector  u(x)  and  the  stress  tensor  <7(x)  indepen¬ 
dently,  using  the  same  shape  functions  obtained 
from  the  MLS  approximation  [Eq.  (3)],  namely 

m 

u  (x)  =  ^  ^  (x)  u-' 

7=1 


with  E  the  Young’s  modulus,  V  the  Poisson’s  ra¬ 
tio.  Upon  substituting  the  stress  interpolation  Eq. 
(10)  into  Eq.  (8),  we  have 

m 

^  V-0''(x^)  •(7''  +  f(x^)  =0; 

7=1 

forI  =  1,2,...,A  (13) 

It  clearly  shows  that  there  are  no  second  deriva¬ 
tives  of  the  shape  functions  for  the  displacements 
involved  in  the  system  equations,  due  to  the  inde¬ 
pendent  interpolation  of  the  stress  variables.  It  is 
well  known  that  in  the  meshless  approximation, 
specifically  fhe  MLS,  usually  resulfs  in  a  very 
complex  form  of  fhe  second  derivafives.  The  Eq. 
(13)  has  less  number  of  equafions  fhan  fhe  number 
of  fhe  independenf  sfress  variables,  because  fhe 
nodal  sfress  variables  are  more  fhan  fhe  displace- 
menf  ones.  Therefore,  we  need  fo  esfablish  some 
more  equafions  in  addifion  fo  Eq.  (11)  fhrough  fhe 
sfress  displacemenf  relafion.  The  sfandard  collo- 
cafion  mefhod  may  be  applied  fo  enforce  fhe  sfress 
displacemenf  relafion  af  each  nodal  poinf.  Eor  lin¬ 
ear  elasficify  problems.  Ibis  relafion  can  be  wrif- 
fen  as 


(9) 


a(x^)  =D-e(x^)  =D-L*-u(x^) 


(14) 
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After  substituting  the  displacement  interpolation 
Eq.  (9)  into  Eq.  (14),  we  have 


(7-^  =  ^  DB-^  (x^)  u'^ 

7=1 

where 

(x^)  0 

B-'  (x^)  =  ’  0  (x^) 

(x^)  oj  (x^) 

(7-'=  [a/  a/ 


u^=[ui 

Eq.  (13)  and  Eq.  (14)  can  be  rewritten  in  the  form 
as  follows,  respectively: 

K5-<7  =  ffo  (17) 

<7  =  T-u  (18) 

In  which  is  the  body  force  vector. 


T  =  D 


=  B-'  (x' 

'),  thus 

,  B[2 

•••  B[„ 

•••  Bf„ 

i  Kt 

•••  Kn. 

41  Bi2 

Bj 

’21  B22 

B; 

'nl  B^l 

B, 

which  yields  the  well  known  formulation  of  equi¬ 
librium  equation 

Ku  =  fb  (20) 

where 

m 

K/7  =  X  (21) 

K=l 

2.3  Boundary  Conditions 

The  traction  boundary  conditions  are  enforced  at 
each  of  the  traction  boundary  nodes  K,  as: 


n^.(7^  =  t^,  for^=l,...,5 


where  S  is  the  number  of  total  traction  boundary 
nodes,  the  matrix  is  the  transformation  matrix 
between  the  coordinates,  as 


nf  0 

0  Hy 


■^=[af  a/  T^y]\  f=[t^  jfY 


<7^=[ 


Assuming  Gi  and  a 2  represent  the  known  and  un¬ 
known  stress  vectors,  respectively.  Hence  Eq.(20) 
can  be  written  as 

Ki -(71 -I-K2 -<72  =  ffo  (23) 

where 

(7i=Ti-u  (24) 


G  —  T  5  U  —  T 

G-’  U-* 


Eet 

K  =  K5  T 


(72  =  T2  •  u  (25) 

Premultiplying  Eq.  (22)  by  the  penalty  number  a 
and  the  transpose  of  the  transformation  matrix  n, 
we  obtain: 


an^n(7i  =  an^t 
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where 

V  O' 


0 


<7^ 

<72 

<71  = 

<7’^ 

,  t  = 

<7^ 

It  is  easy  to  obtain 

(Ti +an^ -n-ai  =  Ti -u  +  an^ -t  (27) 

and 

<7i  =  (l  +  an^ -n)  ^  (Ti -u  +  an^ -t)  (28) 

where  I  is  unit  matrix. 

Let 

Q=  (l  +  an'^-n)^^  (29) 

then 

<7i  =  Q-T-i  u  +  aQ-n^ -t  (30) 

By  substituting  Eq.  (30)  into  Eq.(23),  we  can  ob¬ 
tain  a  discretized  system  which  is  expressed  as 

K-u  =  f  (31) 

where 

K  =  Ki  Q  T1+K2  T2 

—  T  - 

f  =  ffo-aKi  Q  t 

3  Topology  optimization  problem 
3.1  Problem  formulation 


Topology-optimization  implies  the  optimal  distri¬ 
bution  of  material  in  a  structure,  so  as  to  mini¬ 
mize  its  compliance,  subject  to  the  specified  con¬ 
straints  of  the  total  material  to  be  used.  Here, 


‘compliance’  is  defined  as  fhe  producf  of  fhe  ex- 
fernal  loads  and  fhe  corresponding  displacemenfs. 
According  fo  Eq.(31),  fhe  mean  compliance  of  a 
sfrucfure  is  formulafed  as  follows: 

C  =  F-u  (33) 

where  u  is  fhe  global  displacemenf  vecfor,  f  is  fhe 
force  vecfor.  Also,  fhe  above  expression  can  also 
be  written,  for  linear  response,  as: 

C  =  u'^Ku  (34) 

In  pracfice,  Eq.(34)  is  discrefized  using  fhe  MEPG 
Mixed  Collocafion  Mefhod.  The  design  domain 
Q  (Eig.l)  is  parfifioned  info  N  nodes.  Eor  an  arbi- 
frary  node  i,  if  fhe  number  of  nodes  around  poinf 
i  which  influence  fhe  frial  funcfion  af  node  i  is  r,  a 
sub-syslem  consisfs  of  fhese  r  nodes.  In  fhis  sub¬ 
system,  we  have 

k,U;  =  f;  (35) 

where  u;  is  fhe  displacemenf  vecfor  and  k,-  is  fhe 
“sfiffness”  mafrix  consfrucfed  in  fhe  same  way  as 
Eq.(19).  The  discrefized  formulafion  of  Eq.(34) 
becomes 

N 

C=Xufk,u,.  (36) 

1=1 


r,  Traction  boundary 


E  Displacement  boundary 
Eigure  1:  Two-dimensional  design  domain  for 
topology  optimization 


If  we  consider  the  nodal  volume  fractions  p,as  the 
design  variables,  then  the  topology  optimization 
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problem  for  minimizing  the  compliance  can  thus 
be  stated,  with  the  volume  constraint  V*  as  fol¬ 
lows: 

N 

min  C  (p)  =  u^Ku  =  X 

N 

subject  to  V  (p)  =  ^  piVi  =  V*  (37) 

(=1 

Ku  =  f 

0  <  Pmin  ^  P(  ^  1 


where  p  is  the  vector  consisted  of  design  variable 
Pi  ,  Pmin  is  the  minimum  allowable  relative  vol¬ 
ume  fractions  (non-zero  to  avoid  singularity),  N  is 
the  number  of  nodes  to  discretize  the  design  do¬ 
main,  and  V*  is  the  prescribed  volume.  V  {p)  is 
the  total  volume  of  material. 

Setting  pmin  to  a  positive  value  keeps  the  “stiff¬ 
ness”  matrix  k,  from  becoming  singular.  The  ar¬ 
tificial  variable  p,  is  considered  as  an  indicator  of 
the  local  material  volume  Vj.  The  final  maferial 
volume  T*  is  linearly  relafed  fo  fhe  design  vari¬ 
ables. 

To  avoid  infermediafe  volume  fracfion  values  p, 
(befween  0  and  1),  a  SIMP-like  model  (Solid 
Isofropic  Microsfructure  wifh  Penally)  is  adopfed 
in  fhe  proposed  lopology  oplimizalion  melhod.  In 
fhis  SIMP-like  model,  the  penalized  “stiffness” 
matrix  k,-  is  given  by 

k,  =  (p,)^kO  (38) 


k?  is  the  initial  value  of  the  matrix  k,-,  p  is  the  pe¬ 
nalization  power  (typically  p  =  3).  Fig.2  displays 
the  relative  “stiffness”  ratio  vs.  volume  fraction 
values  pi,  for  different  values  of  the  penalization 
power  p. 

Due  to  the  asymmetry  of  the  matrix  K  in  the 
MLPG  “Mixed  Collocation”  method,  the  sensitiv¬ 
ities  of  the  compliance  respect  to  design  variable 
Pi  can  be  derived  from  the  expression  of  Eq.(33), 
as  follows: 


=  (Ku)'r  P-  =  u^K^p- 

dpi  dpi  dpi  dpi 


T,  t<9u,- 

=  U- k- 


(39) 


'  dpi 


Figure  2:  SIMP-like  model  for  different  values  of 
the  penalization  power  p 


We  consider  the  discretized  formulations  k,u,  =  f, 

N 

and  C  =  X  uf  k,u,-.  Because  the  derivative  of  f,- 

i— 1 

with  respect  to  pi  is  null,  we  can  obtain: 


(40) 


Substituting  Eq.(38)  into  Eq.(40),  we  have 
P(p;)^^'k?u;  =  -{piYk^^ 


i.e. 


5u,-  1 

^  = - PVti 

dpi  Pi 


(41) 


Finally,  the  expression  of  Eq.(39)  is  written  as 

dC  y  y 
3—  =  u/k;— 
dpi  dpi 


3.2  The  optimally  criteria  ( OC)  method 

The  discrete  topology  optimization  problem  (39) 
usually  has  a  large  number  of  design  variables.  It 
is  natural  to  use  iterative  optimization  methods  for 
such  a  problem.  Here,  we  choose  the  popular  Op¬ 
timality  Criteria  (OC)  method  for  iterative  opti¬ 
mization.  Optimality  Criteria  methods  seek  the 
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optimum  in  the  space  of  the  Lagrange  multipliers 
relevant  to  the  active  constraints  based  upon  the 
Kuhn-Tucker  (K-T)  Conditions.  These  K-T  Con¬ 
ditions  are  an  extension  of  the  Lagrangian  theory 
to  solve  the  general  classical  single-objective  non¬ 
linear  programming  problem.  They  provide  pow¬ 
erful  tools  to  search  optimal  solutions.  The  com¬ 
putational  time  of  the  OC  method  is  highly  depen¬ 
dent  on  the  number  of  active  constraints.  In  this 
paper,  the  optimality  criteria  (OC)  was  formulated 
in  a  form  suitable  for  incorporation  in  the  mesh¬ 
less  method  codes. 

The  Lagrangian  for  the  optimization  problem 
[Eq.(39)]  is  defined  as 

PiVi-V*^  +AT’(Ku-f) 

+  X  (Pmin  -  pi)  +  S  P2  (p<  -  1)  (43) 

i—i  i—l 

where  X\  andjU,  are  Lagrange  multipliers  for  the 
equality  and  inequality  constraints,  respectively. 
A  is  the  Lagrange  multiplier  vector.  The  neces¬ 
sary  conditions  for  optimality  can  be  obtained  by 
using  the  Kuhn-Tucker  conditions  as  follows: 

dL 

■j-  =  0,  /=1,2,...,A 

OPi 


L(p)=C  +  Ai 


Differentiating  (43)  with  respect  to  p,-  and  ma¬ 
nipulating  the  terms,  the  Kuhn-Tucker  optimality 
condition  can  be  written  for  problems  [Eq.(37)] 
subject  to  multiple  constraints  as  follows 


dp. 


ac  I  1  dv 
dp.  +4-1  dpi 
N 


+A 


T  i3(Ku) 

dpi 


Pi  +P2=0 


V{p)=  lPiVi-V*=0 

i=l 

(the  equality  constraints ) 

Ku  =  f  (the  equality  constraints  ) 

Pmin  —  p,-  <  0  (the  inequality  constraints  ) 
Pj-  —  1  <0  (the  inequality  constraints  ) 

Pi  (Pmin  Pi)  —  0 


M2(P;-1)  =0 


/=1,2 


(44) 


Note:  Ai  and  A  are  unrestricted  in  sign,  corre¬ 
sponding  to  the  equality  constraints.  It  is  clear 
that  the  efficiency  of  fhe  OC  mefhod  is  defermined 
mainly  by  fhe  number  of  acfive  consfrainfs.  If 
Pmin  <  pi  <  1,  fhe  lower  and  upper  bounds  of  fhe 
design  variables  are  inacfive,  fhen  we  have  pi  = 
P2  =  0.  If  Pi  =  Pmin,  the  lower  bound  of  the  design 
variables  are  active,  then  we  have  pi  >  0,p2  =  0. 
If  Pi  =  Pmsix,  the  upper  bound  of  the  design  vari¬ 
ables  are  active,  then  pi  =  0,  p2  >  0.  and  (44) 
yields: 


r  7c  ,  1  av  ,  *t7(M  -0 

ap, dp, 

v{p)  =  lpiV,-v  =  0 

i—i 

(the  equality  constraints ) 
Ku  =  f  (the  equality  constraints 
[p,>0  /=1,2 


if  Pmin  <  Pi  <  1 
if  Pi  =  Pmin 
if  Pi  —  Pmax 


(45) 


The  above  sensitivity  of  a  node  is  dependent  on 
several  surrounding  points.  Eor  different  posi¬ 
tions,  the  number  of  nodes  around  one  point  may 
different.  So  the  sensitivity  analysis  is  more  com¬ 
plex  and  time  consuming  when  compared  with  the 
case  of  element-based  methods. 

To  derive  the  iterative  formulation  more  conve¬ 
niently,  only  the  equality  cases  in  Eq.(45)  are  used 
in  the  present  illustration,  i.e. 


dC  .  dV 

dpi  dpi 


dK 

3— u-hK— 

dpi  dpi 


=  0 


Utilizing  the  expression  Ku  =  f,  it  is  easy  to  ob¬ 
tain 


5K  5u 

3— u-fK—  =  0 

dpi  dpi 


then 


-p{pi)P-^uf  {k^)\i  +  XiVi  =  0  (46) 


Set 


Bi  = 


P{pi 


U, 


AlU 


=  1 


(47) 
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Eq.(47)  is  regarded  as  an  Optimally  Criteria  (OC) 
based  on  the  diseretization  of  the  MLPG  Mixed 
Colloeation  Method.  Thus,  we  ean  update  the  de¬ 
sign  variables  as  follows: 


sign  sensitivity  of  any  speeifie  node  depending  on 
a  weighted  average  of  the  node  sensitivities  in  a 
eonneeted  neighborhood.  The  prineiple  works  by 
modifying  the  nodal  sensitivities  as  follows 


max  (Pfnin,  P;  m) 

if  PiB^  <  max  (pmin,  P*  -  m) 

PiBl 

pnew  ^  ^  p,  -  m)  <  PiB'^ 

<  min(l,p, H-m) 

min  ( 1 ,  p,-  +  m) 

ifmin(l,p,  +  m)  <  p,B^ 

(48) 


dC 

dpi 


1  m 

I  ^fPf 
pi  I  Hff=^ 

/=! 


dc 

dpf 


(49) 


Here,  the  eonvolution  operator  (weight  faetor)  is 
written  as 


Hf  =  r^in-dist  {nj) 

{f  CM \dist{nj)  <  r^in}, 

n  =  I,  -  ■  ■  ,m  (50) 


Where  m  is  the  limit  ([Bendspe  and  Kikuchi 
(1988)]),  whieh  represents  the  maximum  allow¬ 
able  ehange  in  the  relative  nodal  volume  fraetions 
Pi  in  the  OC  iteration,  rj  is  the  damping  eoeffi- 
eient.  This  updating  seheme  was  often  adopted  in 
many  presented  papers.  The  values  of  m  and  rj  in- 
lluenee  the  eonvergenee  of  the  seheme,  and  they 
are  ehosen  by  experienee  ([Bendspe  and  Kikuchi 
(1988)]). 

The  penalty  parameter  p  is  set  to  be  3,  and  the  nu- 
merieal  damping  eoeffieient  rj  is  set  to  0.5.  The 
Lagrange  multiplier  for  the  volume  eonstraint  Ai 
is  determined  at  eaeh  OC  iteration  using  a  bi- 
seetioning  algorithm,  as  in  the  paper  [Sigmund 
(2001)]. 

3.3  Filtering  principle 

Here  we  deseribe  the  prineiple  of  suppressing 
eheekerboard  patterns,  whieh  is  a  familiar  prob¬ 
lem  in  topology  optimization  when  numerieal 
stability  is  not  guaranteed.  The  appearanee  of 
eheekerboarding  eauses  diffieulties  in  interpret¬ 
ing  and  fabrieating  topology -optimized  struetural 
eomponents.  Sigmund  (1994,  1997)  developed 
a  sensitivity  filter  method  for  preventing  numer¬ 
ieal  instabilities  from  oeeurring.  Filtering  teeh- 
niques  have  beeome  quite  popular  in  topology  op¬ 
timization  [Wang;  Lim,  Khoo  and  Wang  (2008)]. 
To  taekle  eheekerboarding,  a  seheme  similar  to 
the  filtering  method  is  ineorporated  in  the  opti¬ 
mization  algorithms  based  on  the  meshless  dis¬ 
eretization.  In  this  seheme,  we  modify  the  de- 


and  the  operator  dist{n,  f)  is  defined  as  fhe  dis- 
fanee  befween  node  n  and  node  /.  The  eonvolu- 
fion  operafor  Hf  is  zero  oufside  fhe  filfer  area,  and 
deeays  linearly  wifh  fhe  disfanee  from  node  /. 

4  Numerical  examples 

In  fhis  seefion,  we  presenf  several  numerieal  ex¬ 
amples  (eanfilever  and  MBB-beams).  They  are 
used  fo  illusfrafe  fhe  suifabilify  of  fhe  MLPG 
Mixed  Colloeafion  Mefhod  for  solving  fopology 
opfimizafion  problems  wifh  volume  eonsfrainfs. 
All  fhe  following  examples  are  freafed  here  as  be¬ 
ing  dimensionless. 

4.1  Verification  of  the  validity  and  convergence 

The  fopology-opfimizafion  problem  is  an  ill- 
posed  problem,  wifh  a  laek  of  proof  exisfenee  of 
solufions,  sinee  if  often  resulfs  in  a  eomplex  ma¬ 
terial  disfribufion  [Esehenauer  and  Olhoff(2001)]. 
The  eonvergenee  of  solufions  ean  nof  be  guaran- 
feed  numerieally.  The  validify  and  eonvergenee 
are  fhe  imporfanf  areas  of  eoneern  for  fhe  solufion 
of  fhe  fopology  opfimizafion  problem.  We  wanf 
fo  eompare  fhe  resulfs  by  fhe  presenf  mefhod  wifh 
fhe  ones  by  finife  elemenf  mefhod  (LEM). 

Example  1: 

The  firsl  example  is  fhaf  of  a  shorf  eanfilever  beam 
as  shown  in  Fig.  3.  The  design  domain  is  fixed 
along  fhe  lefl  edge  and  a  eoneenfrafed  verfieal 
load  P  is  applied  af  fhe  boffom  eorner  of  fhe  free 
(righf)  end  of  fhe  beam. 
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L 


Figure  3:  Cantilever  beam  I  (L=H) 


To  determine  an  optimum  structural  layout,  the 
square  ‘design  domain’  (L=H)  is  discretized  by 
the  MLPG  Mixed  Collocation  Method  using 
20x20,  40x40,  80  x  80  uniformly  distributed 
nodes,  respectively. 

The  same  problem  is  also  solved  by  using  the  fi¬ 
nite  element  method  (FEM)  by  Sigmund(2001) 
for  mesh  refinements  of  20x20,  40x40,  80  x  80 
elements.  The  optimized  topology  results  using 
the  meshless  method  and  finite  element  method 
are  shown  in  Fig.  4  and  Fig.5,  respectively.  It  can 
be  seen  that  for  this  example,  the  similar  topolo¬ 
gies  were  obtained  by  two  different  algorithms. 
Example  2: 

The  second  case  is  the  so-called  MBB  beam 
[Zhou  and  Rozvany  1991]  which  only  the  right 
half-domain  (Fig.7)  is  used  for  the  analysis.  The 
design  domain  is  discretized  into  60x20,  90x30, 
120x40  uniformly  distributed  nodes  in  the  half¬ 
domain,  respectively.  The  left  bottom  is  assumed 
to  be  fixed,  and  the  right  one  is  assumed  to  be 
on  a  roller.  The  concentrated  load  P  is  applied  at 
the  middle  of  the  top  of  the  beam.  As  a  compari¬ 
son,  the  considered  problem  was  also  investigated 
by  using  finite  element  method  (FEM).  The  mesh 
refinements  are  of  60x20,  90x30,  120x40  ele¬ 
ments  in  the  half-domain,  respectively.  The  so¬ 
lutions  are  given  in  Eig.8  and  Eig.9.  After  com¬ 
paring  these  solutions,  it  can  be  seen  from  that 


(a)  MLPG  20x20 


(a)  FEM  20x20 


(b)  MLPG  40x40 


(b)  FEM  40x40 


(c)  MLPG  80x80 


(c)  FEM  80x80 


Eigure  4:  Topology  op¬ 
timization  results  of  the 
cantilever  beam  by  the 
MEPG  Mixed  Colloca¬ 
tion  Method 


Eigure  5:  Topology  op¬ 
timization  results  of  the 
cantilever  beam  by  EEM 
methods 


similar  topologies  can  be  obtained  in  the  MEPG 
“Mixed  Collocation”  method,  as  in  the  FEM. 

Eig.6  and  Eig.  10  give  three  curves  of  convergence 
of  the  cantilever  and  MBB  beams’  mean  com¬ 
pliance,  respectively.  The  almost  monotonic  and 
uniform  convergence  can  be  observed  from  these 
figures.  The  mean  compliances  steadily  decrease 
as  the  iteration  number  is  increased.  Their  conver¬ 
gence  characteristics  are  very  similar.  Note  that 
for  both  the  above  examples,  the  iterative  perfor¬ 
mances  of  the  discretization  differ  very  little. 

The  validity  and  convergence  of  the  present  topol¬ 
ogy  optimization  method  are  verified  by  the  ex- 
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Figure  6:  Convergence  history  of  the  cantilever 
beam  compliance  using  the  present  method 


Figure  7 :  MBB  beam  (right  half-domain) 


cellent  agreement  between  the  results  of  mesh¬ 
less  method  and  FEM.  However,  when  FEM  does 
converge  to  the  same  topology,  the  phenomena 
of  mesh-dependency  appears  (Fig.  10(c))  although 
a  filter  is  applied.  The  appearance  of  mesh  de¬ 
pendence  is  a  common  problem  in  topology  op¬ 
timization,  wherein  the  solution  to  the  topology 
optimization  changes  qualitatively  as  the  mesh  is 
refined.  Forfunafely,  no  phenomenon  of  mesh- 
dependence  is  found  in  fhe  case  of  MLPG  Mixed 
Collocafion  Mefhod. 

4.2  Effectiveness  of  filtering 

Checkerboard  pafferns  are  anofher  common  prob¬ 
lem  which  are  oflen  presenf  in  opfimal  fopolo- 
gies  generafed  by  confinuum  fopology  opfimiza- 


CMES,  vol.26,  no.l,  pp.61-74,  2008 


(a)  MLPG  60X20  (a)FEM  60X20 


(b)  MLPG  90X30  (b)  FEM  90X30 


(c)  MLPG  120x40  (c)  FEM  120x40 


Figure  8:  Opfimal 

configuralion  of  MBB 
beam  (halves)  by  fhe 
MLPG  Mixed  Colloca¬ 
fion  Mefhod 


Eigure  9:  Opfimal  con¬ 
figuration  of  MBB  beam 
(halves)  by  EEM  mefh- 
ods 


Figure  10:  Convergence  history  of  fhe  MBB  beam 
compliance  using  fhe  presenf  mefhod 


fion  mefhods.  Sigmund  (1994)  suggested  a  fil¬ 
tering  mefhod,  which  is  shown  fo  be  effecfive  in 
suppressing  fhe  formafion  of  checkerboard  paf- 
fems.  To  illusfrafe  fhe  filfering  effecf,  we  consider 
a  canfilever  beam  in  Fig.  1 1  and  a  MBB  beam  in 
Fig.  14. 

Example  3: 

This  example  is  also  fhaf  of  a  shorf  cantilever 
beam  which  has  fhe  recfangular  ‘design  domain’ 
(L=2H)  as  shown  in  Fig.  1 1 .  The  load  P  is  applied 
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at  the  middle  of  the  right  end. 


L 


The  design  domain  is  discretized  using  40  x  20, 
60  X  30,  80  X  40  uniformly  distributed  nodes,  re¬ 
spectively.  For  the  considered  beam,  topologies 
are  given  in  Fig.  12  and  Fig.  13. 

We  can  see  the  effects  of  the  filter.  A  sample 
MLPG  solution  with  checkerboarding  is  shown  in 
Fig.  12.  Fig.  13  shows  the  final  optimal  layouts  of 
the  short  cantilever  beam  after  filtering.  It  can  be 
seen  that  the  checkerboard  pattern  disappears  and 
optimal  configurations  became  more  clear.  The 
filtering  properties  of  the  present  method  are  thus 
verified. 


(c)  80x40  (c)  80x40 


Figure  12:  Optimal  con¬ 
figuration  before  filter¬ 
ing 


Figure  13:  Optimal  con¬ 
figuration  after  filtering 


Example  4; 


We  now  solve  another  simple  topology  opti¬ 
mization  problem  for  various  discretization  cases, 
i.e.  40x20,  60x30,  80x40  uniformly  distributed 
nodes,  respectively.  The  domain  and  boundary 
conditions  for  the  problem  chosen  are  shown  in 
Fig.  14.  In  this  case,  the  beam  is  of  given  length 
L  and  depth  H,  and  both  the  ends  are  simply  sup¬ 
ported.  The  remaining  volume  ratio  is  30%. 


Fig.  15  shows  that  the  algorithm  finds  a  typical 
bar-design.  The  results  are  found  to  be  similar  to 
those  in  [Eschenauer  and  Olhoff(2001)].  In  this 
example,  we  find  that  the  optimum  structural  lay¬ 
outs  are  polluted  by  so-called  checkerboard  pat¬ 
terns.  Figs.  16  show  that  the  checkerboards  can  be 
completely  eliminated  by  the  present  nodal  sensi¬ 
tivity  filter.  This  example  shows  that  the  filter  is 
good  for  eliminating  checkerboarding.  As  a  result 
of  this,  it  is  desirable  to  suppress  the  formation  of 
checkerboard  patterns  in  continuum  topology  op¬ 
timization. 

4.3  Comparison  of  topology  with  different  “re¬ 
maining  volume”  ratio 

Example  5: 

The  example  is  that  of  an  MBB  beam  as  in  Fig. 
17.  This  case  is  a  bridge-structure  with  same 
boundary  conditions  and  different  load  location 
as  the  MBB  beam  in  Example  4.  The  beam  has 
length  L  and  depth  H  with  ratio  E/H=2. 

These  optimal  designs  have  the  “remaining  vol¬ 
umes”  of  60%,  50%,  40%,  30%,  20%  and  10  %  of 
the  initial  volume,  respectively.  The  final  topolo¬ 
gies  of  MBB  beam  are  shown  in  Eig.l8.  This  de¬ 
sign  finds  a  classic  Michell  type  structure  and  a 
typical  bar-design.  The  same  results  can  be  oh- 
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(c)  80X40  (c)  80X40 


Figure  15:  Optimal  con¬ 
figuration  before  filter¬ 
ing 


Figure  16:  Optimal  con¬ 
figuration  after  filtering 


(a)  V=60%  (b)  V^0% 

/tN 

(c)  V=40%  (d)  V=30% 


/7\  A7\ 


(e)  V=20% 


(f)  V=10% 


Figure  18:  The  final  topologies  of  MBB  beam 
with  different  volume 


Figure  19:  Bridge  structure 


tained  by  using  Sigmund’s  99  line  code  in  Matlab 
[Sigmund  (2001)]. 

Example  6: 

In  this  example,  we  consider  the  initial  design  of 
a  bridge  structure  for  a  prescribed  (hatched)  area 
subject  to  uniformly  distributed  load  (Fig.  19). 
The  two  points  at  the  bottom  surface  corners  are 
simply  supported.  The  bridge-structure  has  a  2:1 
ratio  for  the  length:width.  The  whole  structure  is 
modelled  by  60x30  nodes.  The  hatched  part  is 
the  required  minimum  thickness  at  the  top  of  the 
bridge,  which  is  specified  as  a  non-design  domain. 
We  obtain  the  initial  optimal  designs  for  different 
“remaining  volume”  limits  of  70,  60,  50,  40,  30 
and  20  %  of  the  initial  volume. 

Fig.20  displays  an  optimal  design  for  the  bridge 


structure  using  the  conventional  MLPG  mixed 
collocation  method.  When  the  remaining  mate¬ 
rial  volume  is  less  than  50%,  the  topologically 
optimized  structure  is  becoming  a  typical  arch 
truss  system.  This  is  a  perfect  construction  that 
transfers  the  loads  to  the  supports  very  efficiently 
through  a  reasonable  path. 

5  Conclusions 

The  MLPG  method  is  implemented  to  solve  the 
topology  optimization  problem.  In  this  paper,  de¬ 
sign  domains  are  discretized  by  using  the  MLPG 
mixed  collocation  method,  and  the  material  distri¬ 
bution  problem  becomes  one  of  finding  the  opti¬ 
mal  values  of  the  relative  nodal  volume  fractions. 
A  node  with  zero  relative  nodal  volume  fraction 
represents  a  void  and  a  node  with  a  relative  nodal 
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(a)  V=70% 


(b)  V=60% 


(c)  V=50%  (d)  V=40% 


T  ^  f  \ 

(e)V=30%  (f)V=2CI% 

Figure  20:  The  final  topologies  of  bridge  structure 
with  different  volume 


volume  fraction  of  1  represents  a  solid  node.  The 
goal  is  to  find  a  distribution  of  relative  nodal  vol¬ 
ume  fractions  that  minimizes  a  compliance  objec¬ 
tive  function,  subject  to  volume  constraints.  To 
solve  such  a  topology  optimization  problem,  the 
popular  optimality  criteria  (OC)  method  is  em¬ 
ployed  with  an  iterative  heuristic  scheme  for  up¬ 
dating  the  design  variables. 

In  this  paper,  we  show  several  numerical  exam¬ 
ples  to  demonstrate  the  validity  and  convergence 
of  the  present  method.  We  examine  the  effect  of 
filtering  on  the  resulting  topology.  We  compare 
the  various  numerical  results  in  solving  topol¬ 
ogy  optimization  problems.  Summarizing  our  re¬ 
search,  the  present  method  has  the  following  ad¬ 
vantages: 

The  filtering  technique  is  not  certain  in  general  to 
suppress  the  mesh-dependency  problem  in  the  fi¬ 
nite  element  method.  The  present  method  does 
not  use  a  mesh  of  elements.  The  numerical  in¬ 
stability  problems  related  to  mesh  do  not  exist.  It 
need  not  cost  extra  CPU-time  to  deal  with  such 
the  numerical  instabilities.  The  filtering  technique 
is  highly  suitable  for  the  present  MLPG  method. 

The  nodal  values  are  used  as  the  design  variables. 
It  can  be  seen,  by  comparing  with  the  element- 


based  methods,  that  it  is  not  necessary  to  inter¬ 
polate  or  project  those  design  variables  onto  an 
element  space. 

The  formulation  of  the  MLPG  mixed  collocation 
method  is  established  at  the  nodal  points.  It  is 
unnecessary  to  integrate  over  the  design  domain, 
during  the  optimization  procedure.  So  the  imple¬ 
mentation  becomes  very  convenient  and  efficient. 
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A  Novel  Time  Integration  Method  for  Solving  A  Large  System  of 
Non-Linear  Algebraic  Equations 
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Abstract:  Iterative  algorithms  for  solving  a 

nonlinear  system  of  algebraie  equations  of  the 
type:  Fi{xj)  =0,  i,j  =  \,...,n  date  haek  to 
the  seminal  work  of  Issae  Newton.  Nowadays 
a  Newton-like  algorithm  is  still  the  most  popu¬ 
lar  one  due  to  its  easy  numerieal  implementa¬ 
tion.  However,  this  type  of  algorithm  is  sensitive 
to  the  initial  guess  of  the  solution  and  is  expen¬ 
sive  in  the  eomputations  of  the  Jaeohian  matrix 
dFijdxj  and  its  inverse  at  eaeh  iterative  step.  In 
a  time-integration  of  a  system  of  nonlinear  Ordi¬ 
nary  Differential  Equations  (ODEs)  of  the  type 
BijXj  +  Fi  =  0  where  Bij  are  nonlinear  funetions 
of  Xj,  the  methods  whieh  involve  an  inverse  of 
the  Jaeohain  matrix  Bij  =  dFijdxj  are  ealled  “Im- 
plieit”,  while  those  that  do  not  involve  an  inverse 
of  dFijdxj  are  ealled  “Explieit”.  In  this  paper  a 
natural  system  of  explieit  ODEs  is  derived  from 
the  given  system  of  nonlinear  algebraie  equations 
(NAEs),  by  introdueing  a  fietitious  time,  sueh  that 
it  is  a  mathematieally  equivalent  system  in  the 
n  +  l  -dimensional  spaee  as  the  original  algebraie 
equations  system  is  in  the  n-dimensional  spaee. 
The  iterative  equations  are  obtained  by  apply¬ 
ing  numerieal  integrations  on  the  resultant  ODEs, 
whieh  do  not  need  the  information  of  dFtjdxj 
and  its  inverse.  The  eomputational  eost  is  thus 
greatly  redueed.  Numerieal  examples  given  eon- 
firm  that  this  fietitious  time  integration  method 
(ETIM)  is  highly  effieient  to  find  the  true  solutions 
with  residual  errors  being  mueh  smaller.  Also,  the 
ETIM  is  used  to  study  the  attraeting  sets  of  fixed 
poinfs,  when  multiple  roots  exist. 
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titious  time  integration  method  (ETIM) 

1  Introduction 

Numerical  solution  of  algebraic  equations  is  one 
of  the  main  aspects  of  computational  mathemat¬ 
ics.  In  many  practical  nonlinear  engineering  prob¬ 
lems,  the  methods  such  as  the  finite  element 
method,  boundary  element  method,  finite  volume 
method,  the  meshless  method,  etc.,  eventually 
lead  to  a  system  of  nonlinear  algebraic  equations 
(NAEs).  Many  numerical  methods  used  in  com¬ 
putational  mechanics,  as  demonstrated  by  Zhu, 
Zhang  and  Atluri  (1998),  Atluri  and  Zhu  (1998a), 
Atluri  (2002),  Atluri  and  Shen  (2002),  and  Atluri, 
Eiu  and  Han  (2006)  lead  to  the  solution  of  a  sys¬ 
tem  of  linear  algebraic  equations  for  a  linear  prob¬ 
lem,  and  of  an  NAEs  system  for  a  nonlinear  prob¬ 
lem.  Collocation  methods,  as  those  used  by  Eiu 
(2007a,  2007b,  2007c,  2008a)  for  the  modified 
Trefffz  method  of  Eaplace  equation  also  need  to 
solve  a  large  system  of  algebraic  equations. 

Over  the  past  forty  years  two  important  contri¬ 
butions  have  been  made  towards  the  numerical 
solutions  of  NAEs.  One  of  the  methods  has 
been  called  the  “predictor-corrector”  or  “pseudo- 
arclength  continuation”  method.  This  method  has 
its  historical  roots  in  the  embedding  and  incre¬ 
mental  loading  methods  which  have  been  success¬ 
fully  used  for  several  decades  by  engineers  to  im¬ 
prove  the  convergence  properties  when  an  ade¬ 
quate  starting  value  for  an  iterative  method  is  not 
available.  Another  is  the  so-called  simplical  or 
piecewise  linear  method.  The  monographs  by  All- 
gower  and  Georg  (1990)  and  Deuflhard  (2004)  are 
devoted  to  the  continuation  methods  for  solving 
NAEs. 
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In  this  paper  we  introduee  a  novel  eontinuation 
method,  by  embedding  the  NAEs  into  a  system 
of  nonautonomous  first  order  ODEs  (EOODEs). 
To  motivate  the  present  approaeh,  we  eonsider  a 
single  NAE: 

F(x)  =  0.  (1) 

In  the  above  equation,  we  only  have  an  indepen¬ 
dent  variable  v.  We  transform  it  into  a  EOODE  by 
introdueing  a  time-like  or  fietitious  variable  t  into 
the  following  transformation  of  variable  from  v  to 
3^: 

y{t)  =  {l+t)x.  (2) 

Here,  t  is  a  variable  whieh  is  independent  of  x; 
henee,  y  =  dy / dt  =  x.  If  V  /  0,  Eq.  (1)  is  equiva¬ 
lent  to 

0  =  -vF{x).  (3) 

Adding  the  equation  y  =  x  to  Eq.  (3)  we  obtain: 
y  =  x-vF{x).  (4) 


of  eonvergenee,  hy  x  =  y/{\+t)  we  ean  get  the 
solution  X  =  1  of  Eq.  (6).  We  note  that  x  =  1  is 
also  the  asymptotie  of  the  following  EOODE: 


X 


V 

1  +  ? 


(x-1) 


(9) 


where  x  =  dx/dt.  The  solution  of  Eq.  (9)  is 


x{t) 


XQ-l 

(1+0" 


+ 1) 


(10) 


where  x{t  =  0)  =  xq.  The  solution  x  =  1  is  reeov- 
ered  very  fast  from  x{t)  in  Eq.  (10),  when  v  >  0 
is  a  large  number. 

Multiplying  Eq.  (5)  by  an  integrating  faetor  of 
1/(1  -ft)  we  can  obtain 


dt 


(11) 


Eurther  using  y/(l  +t)  =x,  leads  to 
x=--^F{x).  (12) 


By  using  Eq.  (2)  we  can  derive 


y  =  -  vF 

l+t 


(5) 


This  is  a  EOODE  for  y(t).  The  initial  condition 
for  the  above  equation  is  y(0)  =  x,  which  is  how¬ 
ever  an  unknown  and  requires  a  guess. 

We  demonstrate  the  above  idea  by  a  simple  alge¬ 
braic  equation: 


F{x)  =x  —  1  =  0, 


(6) 


which  has  the  solution  x  =  1 . 

Erom  Eqs.  (5)  and  (6)  it  follows  that 

1  —  V 

+  (7) 

Suppose  that  y(0)  =  yo,  then  the  solution  of 
Eq.  (7)  can  be  written  as 


y{t) 


yp-i 

(1+0"^^ 


+ 1  + 1  • 


(8) 


The  roots  of  F{x)  =  0  are  fixed  points  of  the 
above  equation.  We  should  stress  that  the  factor 
—v/{\+t)  before  F{x)  is  important. 

We  may  employ  a  forward  Euler  scheme  on 
Eq.  (12)  by  starting  from  a  chosen  initial  condi¬ 
tion  xq: 

Xk+i=Xk--J^F{xk),  (13) 

i+tk 

where  h  is  a  time  stepsize  and  xt  =  x{tk)  is  the 
value  of  X  at  the  k-th  discrete  time  tt- 

Suppose  that  tk  =  kis  an  integer  time  with  a  time 
increment  h  =  \,  then  we  have 

V 

Xk+i=Xk-Y^F{xk).  (14) 

This  bears  certain  similarity  with  the  famous 
Newton  method  for  Eq.  (1): 


F{xk) 
F'{xk)  ■ 


(15) 


If  we  choose  V  >  1,  the  above  y{t)  approaches  But  it  can  be  seen  that  when  there  exists  a  dan- 

\+t  with  a  power  of  (1  .  At  this  moment  ger  in  the  Newton  method  of  dividing  by  a  zero 


A  Novel  Time  Integration  Method  for  Solving  A  Large  System 


73 


F'{xk),  the  algorithm  in  Eq.  (14)  is  always  work¬ 
able.  If  the  funetion  F  is  bounded,  the  algo¬ 
rithm  (14)  guarantees  that  the  solution  ean  be  ap- 
proaehed. 

Now  we  turn  to  the  diseussions  of  the  following 
algebraie  equations: 

Fi{xi,...,Xn)  =0,  /=l,...,n.  (16) 

The  Newton  method  for  these  equations  is  given 
by 

Xk+i=Xk-[B(xk)]^^F(xk),  (17) 

where  we  use  x  :=  (xi,...,x„)^  and  F  := 
(Fi , . . . ,  F„)^  to  represent  the  veetors,  and  B  is  an 
n  X  n  matrix  with  its  ij-th  eomponent  given  by 
dFijdxj. 

The  Newton  method  has  a  great  advantage  that 
it  is  quadratieally  eonvergent.  However,  it  still 
has  some  drawbaeks  of  not  being  easy  to  guess 
the  initial  point,  the  eomputational  burden  of 
[B(x,(;)]^\  and  F  being  required  to  be  differen¬ 
tiable.  Some  quasi-Newton  methods  are  thus  de¬ 
veloped  to  overeome  these  defeets  of  the  Newton 
method;  see  the  diseussions  by  Broyden  (1965), 
Dennis  (1971),  Dennis  and  More  (1974,  1977), 
and  Spedieato  and  Huang  (1997). 

Davidenko  (1953)  was  the  first  who  developed  a 
new  idea  of  homotopy  method  to  solve  Eq.  (16) 
by  numerieally  integrating 

x(0  = -Hx^Hj(x,f),  (18) 

x(0)=a,  (19) 

where  H  is  a  homotopie  veetor  funetion,  for  ex¬ 
ample,  H  =  (1  — f)(x  — a)  -|-tF(x),  and  Hx  and  Hj 
are  respeetively  the  partial  derivatives  of  H  with 
respeet  to  x  and  t.  This  theory  is  later  refined 
by  Kellogg,  Ei  and  Yorke  (1976),  Chow,  Mallef- 
Paref  and  Yorke  (1978),  Ei  and  Yorke  (1980),  and 
Ei  (1997).  Af  fhe  same  lime,  Hirseh  and  Smale 
(1979)  also  derived  a  eonfinuous  Newlon  mefhod 
governed  by  fhe  following  differenlial  equalion: 

x{t)  =  -B-\x)F{x),  (20) 

x(0)  =  a.  (21) 


an  inverse  mafrix.  Below  we  will  develop  a  new 
DDEs  sysfem,  whieh  is  equivalenf  lo  fhe  original 
equalion  (16). 

2  A  fictitious  time  integration  approach 

2.1  Transformation  into  an  ODEs  system 

Eirsf  we  propose  the  following  variable  transfor¬ 
mation: 


yft)  =  {\+t)xi,  /  =  (22) 

and  multiply  Eq.  (16)  by  a  eoeffieient  — v  f  0: 

0  =  -vFi{xi,...,Xn).  (23) 


Using  Eq.  (22)  we  have 


0  =  -vFi 


Jn  \ 
1  + 1  / 


(24) 


Reealling  that  y,  =  x,  by  Eq.  (22),  and  adding  it  on 
both  the  sides  of  the  above  equation  we  obtain 


yi  =  Xi  -  vFi 


Jn  \ 

1  -ft  J 


(25) 


Then,  by  using  x,  =  yi/{\  -ft),  we  ean  ehange 
Eq.  (16)  into  an  ODEs  system: 


yi  = 


yi 

\-ft 


-VFi 


yn  \ 

1  -ft  J 


(26) 


Einally,  multiplying  eaeh  equation  by  the  integrat¬ 
ing  faetor  1/(1  -ft)  and  using  Eq.  (22)  again  we 
obtain 


—V 

Xi  =  jq^Fi(xi,...,x„),  i  =  (27) 

It  ean  be  seen  that  this  ODEs  system  is  nonau- 
tonomous  and  is  mueh  simpler  than  those  in 
Eqs.  (18)  and  (20). 

Eurthermore,  in  terms  of  a  logarithmie  time  seale 


T  —  ln(l  -ft), 


(28) 


Eq.  (27)  ean  be  reeast  into  a  more  elegant  form: 

dxf 

=  -vFi{xu...,Xn),  i  =  (29) 


It  ean  be  seen  that  the  ODEs  in  Eqs.  (18)  and  (20)  The  above  idea  was  first  proposed  by  Eiu  (2008b) 

are  diftieult  to  ealeulate,  beeause  they  all  inelude  to  treat  an  inverse  Sturm-Eiouville  problem  by 
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transforming  an  ODE  into  a  PDE.  Then,  Eiu  and 
his  coworkers  [Eiu  (2008c,  2008d);  Eiu,  Chang, 
Chang  and  Chen  (2008)]  extended  this  idea  to  de¬ 
velop  new  method  for  estimating  parameters  in 
the  inverse  vibration  problems. 

Eq.  (22)  is  not  the  unique  way  to  transform  the 
algebraic  equations  (16)  into  the  ODEs.  We  can 
adopt 


yi{t)  =  q{t)xi,  /=l,...,n, 


(30) 


and  a  similar  derivation  leads  to 
—V 
q{t) 


(31) 


The  requirements  on  q{t)  are  that  they  be  differ¬ 
entiable  and  ^(0)  =  1.  A  special  case  is  q{t)  =  1 
and  V  =  —  1,  and  then  we  have 


Xi=Fi{xi,...,Xn). 


(32) 


Therefore  we  develop  a  more  stable  group  pre¬ 
serving  scheme  (GPS)  given  as  follows.  Upon  let¬ 
ting  X  =  (xi , . . . , x„)^,  and  letting  f  denote  a  vector 
with  its  /-th  component  being  the  right-hand  side 
of  Eq.  (27)  we  can  write  Eq.  (27)  a  vector  form: 

X  =  f(x,t)  = -j-q^F(x),  X  G  M",  f  >  0,  (34) 

where  n  is  the  number  of  algebraic  equations. 

A  GPS  can  preserve  the  internal  symmetry  group 
of  the  considered  ODEs  system.  Although  we 
do  not  know  previously  the  symmetry  group  of 
differential  equations  system,  Eiu  (2001)  has  em¬ 
bedded  it  into  an  augmented  differential  equations 
system,  which  concerns  with  not  only  the  evolu¬ 
tion  of  state  variables  themselves  but  also  the  evo¬ 
lution  of  the  magnitude  of  the  state  variables  vec¬ 
tor.  We  note  that 


Deuflhard  (2004)  has  called  the  above  equation  a 
pseudo-transient  continuation  method.  However, 
this  equation  is  hard  to  work  and  usually  leads  to 
wrong  solutions  of  T]  =  0. 

Erom  Eq.  (29)  we  can  understand  that  the  so- 
called  steady  state  must  be  considered  in  the  log¬ 
arithmic  time  scale  T  =  ln(l  -ft),  because  this 
equation  is  no  more  a  nonautonomous  one  as 
Eq.  (27)  is.  In  the  logarithmic  time  scale,  if 
the  motion  of  x,  approaches  a  steady  state,  i.e., 
dxi/dx  =  0,  then  the  roots  are  reached.  In  this  pa¬ 
per  we  focus  on  using  Eq.  (27)  as  our  tool  to  com¬ 
pute  the  roots  of  algebraic  equations.  This  is  the 
most  simple  choice  of  q{t)  =  1  -|-i  to  meet  the  just 
mentioned  requirements  of  q{t).  However,  other 
choices  are  possible  if  they  can  provide  better  be¬ 
havior  than  the  present  one. 

2.2  GPS  for  differential  equations  system 

As  was  done  in  Eq.  (14),  we  may  employ  the  Eu¬ 
ler  method  for  Eq.  (27),  and  using  h=  1,  to  obtain 
an  iterative  method  to  calculate  the  solutions  of 
algebraic  equations: 

4+‘=4-y^T;-(4,...,4),  (33) 

However,  we  find  that  this  method  is  not  so  good, 
because  sometimes  h  =  \  may  be  too  large  to 
cause  over-flow  of  the  values  of  x,. 


(35) 


where  the  dot  between  two  n-dimensional  vectors 
denotes  their  inner  product.  Taking  the  derivatives 
of  both  the  sides  of  Eq.  (35)  with  respect  to  t,  we 
have 


(36) 


Then,  by  using  Eqs.  (34)  and  (35)  we  can  derive 


d\\x\\  Fx 

dt  ||x|| 


(37) 


It  is  interesting  that  Eqs.  (34)  and  (37)  can  be 
combined  together  into  a  simple  matrix  equation: 


ft  t©‘) 

^nxn  ||x|| 

0 

[Ixf] 


(38) 


It  is  obvious  that  the  first  row  in  Eq.  (38)  is  the 
same  as  the  original  equation  (34),  but  the  in¬ 
clusion  of  the  second  row  in  Eq.  (38)  gives  us 
a  Minkowskian  structure  of  the  augmented  state 
variables  of  X  :=  (x^,  ||x||)^,  which  satisfies  the 
cone  condition: 

xTgx  =  o, 


(39) 
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where 


In  On  X 1 
Olxn  1 


(40) 


is  a  Minkowski  metric,  and  I„  is  the  identity  ma¬ 
trix  of  order  n.  In  terms  of  (x,  ||x||),  Eq.  (39)  be¬ 
comes 


The  Lie  group  can  be  generated  from  A  G  5o(n,  1) 
by  an  exponential  mapping, 


G{k)  =  exp[/iA(k)] 


In  T 


(ak-i) 


bktj 

Trar 


Ml 

11411 

at 


(49) 


X’^gX  =  x-x-||x||^  =  ||x|p-||x||^  =0.  (41)  where 


It  follows  from  the  definition  given  in  Eq.  (35), 
and  thus  Eq.  (39)  is  a  natural  result. 
Consequently,  we  have  an  n  -|- 1  -dimensional  aug¬ 
mented  differential  equations  system: 


Uk  :=  cosh 


bk  '■  =  sinh 


(50) 

(51) 


X  =  AX 


(42) 


with  a  constraint  (39),  where 


A  := 


ft  f(xi) 

^nxn  ||x|| 

A 

||x|| 


satisfying 
A^g  +  gA  =  0, 


(43) 


(44) 


is  a  Lie  algebra  so{n,\)  of  the  proper  or- 
thochronous  Lorentz  group  SOo{n,  1).  This  fact 
prompts  us  to  devise  the  GPS,  whose  discretized 
mapping  G  must  exactly  preserve  the  following 
properties: 

GTgG  =  g,  (45) 

detG=l,  (46) 

Gg  >  0,  (47) 


where  Gq  is  the  00-th  component  of  G. 

Although  the  dimension  of  the  new  system  is 
raised  by  one  more,  it  has  been  shown  that  the 
new  system  permits  a  GPS  given  as  follows  [Liu 
(2001)]: 


X,+i  =  G(k)X,, 


(48) 


where  Xjt  denotes  the  numerical  value  of  X  at  tk, 
and  G(k)  G  SOo{n,  1)  is  the  group  value  of  G  at  tk- 
If  G(k)  satisfies  fhe  properfies  in  Eqs.  (45)-(47), 
fhen  X<;  safisfies  fhe  cone  condifion  in  Eq.  (39). 


Subsfifufing  Eq.  (49)  for  G(k)  info  Eq.  (48),  we 
obfain 


xa:+i  ='ikk  +  rikh, 

\\xk+i\\=ak\\xk\\  +  -^^(k-Xk, 


where 


rik  ■■= 


bkhk\\\\fk\\  +  {ak-i){k-^k 


(52) 

(53) 


(54) 


The  group  properfies  are  preserved  in  fhis  scheme 
for  all  h  >  0,  and  is  called  a  group-preserving 
scheme. 


2.3  Runge-Kutta  method 

We  have  derived  a  GPS  in  fhe  lasf  secfion,  which 
is  however  a  firsl-order  numerical  infegrafion 
scheme.  In  order  fo  increase  fhe  accuracy  in  fhe 
infegrafion  of  Eq.  (34)  somefimes  we  may  employ 
fhe  fourfh-order  Runge-Kuffa  mefhod  (RK4)  by 
fhe  following  process: 

XA:+1  =  X^ —  (fl -|-2f2 -|-2f3 -|-f4),  (55) 

6 


where 

fi  =^{xkdk), 

h  =  f(x<:  -f  /i/2fi ,  tk  +  h/2) , 
fa  =  f(x<:  -f  /j/2f2,  tk  +  h/1) , 
U  =  K^n  +  hiz,tk  +  h). 
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2.4  Numerical  procedure 

Starting  from  an  initial  value  of  x(0)  which  can  be 
guessed  in  a  rather  free  way,  we  employ  the  above 
GPS  or  RK4  to  integrate  Eq.  (34)  from  t  =  0  to  a 
selected  final  time  tf.  In  the  numerical  integration 
process  we  check  the  convergence  of  x,-  at  the  k- 
and  k  +  1  -steps  by 

(56) 

!=1 

where  e  is  a  given  convergent  criterion.  If  at  a 
time  to  <  tf  the  above  criterion  is  satisfied,  fhen 
fhe  solufion  of  x,  is  obfained.  In  pracfice,  if  a  suif- 
able  tf  is  selecfed  we  find  fhaf  fhe  numerical  so- 
lufion  is  also  approached  very  well  fo  fhe  frue  so- 
lufion,  even  fhe  above  convergenf  criferion  is  nol 
satisfied  before  fhe  time  t  <  tf.  A  suitable  coef¬ 
ficient  V  introduced  in  Eq.  (27)  can  increase  the 
stability  of  numerical  integration,  and  speeds  up 
the  rate  of  convergence. 

In  particular  we  would  emphasize  that  the  present 
method  is  a  new  fictitious  time  integration  method 
(ETIM),  which  can  calculate  the  solution  very  sta¬ 
bly  and  effectively.  Below  we  give  numerical  ex¬ 
amples  to  display  some  advantages  of  the  present 
ETIM. 


3  Numerical  tests  of  FTIM  by  examples 

In  this  section  we  will  apply  the  new  method  of 
FTIM  on  both  single,  as  well  as  multiple  nonlin¬ 
ear  algebraic  equations,  and  sometimes  compare 
it  with  the  Newton  method  (NM). 

Before  embarking  the  numerical  tests  we  use  the 
following  case  to  compare  the  ETIM  and  continu¬ 
ous  Newton  method: 

x^  -  1  =  0.  (57) 


Of  course,  it  has  two  roots  x  =  —  1  and  x  =  1 . 
Erom  Eq.  (20)  we  have 


Similarly,  from  Eq.  (12)  we  have 

v(x2-l) 


(58) 


(59) 


While  the  integral  of  the  first  equation  (58)  leads 
to 


X^  —  1  -|-  (Xq  —  1  )c  ^ , 


(60) 


the  integral  of  the  second  equation  (59)  leads  to 


X—  1 


x-|-  1 


XQ  -  1 

Xq  -|-  1 


(61) 


where  xq  is  an  initial  condition. 

It  is  obvious  that  Eq.  (60)  quickly  approaches  x^  = 
1  when  t  increases.  However,  because  x^  is  not 
a  monotonic  function,  it  cannot  take  the  inverse 
of  Eq.  (60)  to  find  x.  Therefore,  by  applying  a 
numerical  infegrafion  mefhod  on  Eq.  (58)  we  need 
fo  decide  which  one  of 


X  =  1  -|-(x^  -  l)e  ^  (62) 

is  selected. 

Conversely,  from  Eq.  (61)  we  have 

x^l,  t^o°,  if  V  >  0,  (63) 

x^— 1,  t  ^  if  V  <  0.  (64) 

The  above  convergence  speed  is  dependenf  on  fhe 
value  of  V.  If  we  choose  v  >  0  fhe  FTIM  will 
lead  fo  a  unique  solufion  x  =  1,  no  matter  whaf  xq 
is  selecfed;  on  fhe  ofher  hand,  if  we  choose  v  <  0 
fhe  ETIM  will  lead  fo  a  unique  solution  x  =  —  1, 
no  matter  whaf  xq  is  selecfed.  The  convergence 
speed  of  ETIM  is  2v  power  of  t,  which  is  slower 
fhan  fhe  exponenfial  convergence  of  Eq.  (62),  buf 
ifs  advanfage  is  fhaf  we  have  a  unique  solufion: 
X  =  1  if  V  >  0,  and  x  =  —  1  if  V  <  0.  Buf  fhe 
continuous  NM  cannof  find  fhese  fwo  solutions. 

3.1  Example  1 

We  firsl  consider  a  simple  algebraic  equafion: 
F{x)  =  x^  —  3x^  -|-  2x  =  0.  (65) 

The  roofs  are  0,  1  and  2. 

Eirsf  we  invesfigafe  fhe  behavior  in  firsf  20  sfeps 
by  fracing  fhe  pafhs  in  fhe  plane  of  {xk,Xk+\).  As 
shown  in  Eig.  1(a),  sfarfing  from  x  =  —0.5  fhe  NM 
lends  fo  fhe  firsl  roof  of  x  =  0  very  fasl,  white  fhe 
ETIM  wilh  V  =  1.5  fends  fo  fhe  Ihird  roof  x  =  2 
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with  an  approximation  value  of  1.9996.  It  is  in¬ 
teresting  that  when  v  =  1 .6  the  FTIM  tends  to  the 
second  root  of  x  =  1  exactly,  and  when  v  =  1.7 
the  FTIM  tends  to  the  first  root  of  x  =  0  with  a 
numerical  value  of  —4.1  x  10^^. 


-1  2  5  8  11 

Figure  1 :  Comparing  the  iteration  paths  of  Exam¬ 
ple  1  by  FTIM  and  NM. 

Next  we  start  from  x  =  0.55.  When  the  FTIM  with 
V  =  —2.5  tends  to  x  =  1  with  a  high  accuracy  of 
0.999999992  and  with  v  =  2  tends  to  x  =  0  with  a 
value  of  3.1  x  10^^  as  shown  in  Fig.  1(a),  the  NM 


goes  through  a  large  range  in  the  plane  as  shown 
seperately  in  Fig.  1(b),  and  then  tends  to  the  third 
root  of  X  =  2. 

The  above  demonstration  indicates  that  the  solu¬ 
tion  by  FTIM  with  a  suitable  choice  of  v  can  be 
very  accurate  even  only  through  a  few  iterations. 
Between  two  roots  with  a  same  starting  point  the 
FTIM  under  different  sign  of  v  tend  to  different 
roots  almost  exactly. 

3.2  Example  2 

Then  we  consider  a  system  of  two  algebraic  equa¬ 
tions  in  two-variables  [Hirsch  and  Smale  (1979)]: 

F\{x,y)  =x^  — 3xy^  -|-fl;i(2x^  +xy)  +biy^ 

-|-cix-|-fl:2y  (66) 

=0, 

F2 (x, y)  =3x^y  -y^  -ai  (4xy  -y^)+  b2^  +  C2 

=0. 

(67) 

The  parameters  used  in  this  test  are  listed  in  Table 
1 .  For  these  problems  the  initial  guesses  are  re¬ 
spectively  (x,y)  =  (5,5),  (x,y)  =  (0.25,0.1)  and 
=  (-1,-1)- 

For  problem  1  there  are  other  solutions  given  by 
(x,y)  =  (50.46504,-37.2634179),  and  (x,y)  = 
(36.045402,36.80750808).  For  the  former  solu¬ 
tion  the  parameters  we  use  are  given  by  (v,  /z,  e)  = 
(0.1,0.0001,10^^*’),  and  the  initial  point  is 
(50,-30).  Through  1341  iterations  the  result  is 
obtained.  For  the  latter  solution  the  parameters 
are  given  by  {v,h,e)  =  (0.01,0.01,10^’*’),  and 
the  initial  point  is  (40,20).  Through  1474  itera¬ 
tions,  the  result  is  obtained. 

For  a  vision  of  the  convergent  paths  we  also  plot¬ 
ted  the  orbits  of  (x,y)  for  the  above  three  prob¬ 
lems  in  Figs.  2(a),  2(b)  and  2(c),  respectively.  In 
Fig.  2(a)  the  left-side  corresponds  to  the  first  root, 
while  the  right-side  is  for  the  second  root.  It  can 
be  seen  that  the  first  fixed  poinf  is  a  node,  while 
fhe  second  one  is  a  focus;  similarly,  fhe  fhird  fixed 
poinf  is  a  focus.  There  appears  a  zig-zag  of  fhe 
pafh  for  problem  2;  however,  if  spends  only  52  if- 
erafions  fo  reach  a  highly  accurafe  solufion  of  fhe 
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Figure  2:  Two-dimensional  solution  orbits  of  Ex¬ 
ample  2  for  three  different  problems. 


roots  with  errors  in  the  order  of  The  third 

problem  is  hard  to  solve  because  there  appears  a 
much  large  coefficient  ai  =  200  than  others.  As 
reported  by  Hsu  (1988),  he  could  not  calculate  the 
third  problem  by  using  the  homotopic  algorithm 
with  a  Gordon-Shampine  integrator,  the  Li-Yorke 
algorithm  with  Euler  predictor  and  Newton  cor¬ 
rector,  and  the  Ei-Yorke  algorithm  with  Euler  pre¬ 
dictor  and  quasi-Newton  corrector. 

Hirsch  and  Smale  (1979)  used  the  continuous 
Newton  algorithm  to  calculate  the  above  three 
problems.  Eor  the  first  problem  they  obtained 
{x,y)  =  (36.0454,36.8056).  However,  insert¬ 
ing  it  into  Fi  and  F2  we  find  fhaf  (fi,f2)  = 
(13.315,3.675),  which  indicates  fhaf  fhe  resulf 
obfained  by  Hirsch  and  Smale  (1979)  is  nof 
an  accurate  roof  of  Eqs.  (66)  and  (67).  Eor 
fhe  second  problem  Hirsch  and  Smale  (1979) 
obfained  {x,y)  =  (39.0207,38.2417).  Inserf- 
ing  if  info  F\  and  F2  we  find  fhaf  (^1,^2)  = 
(—0.339,  —0.1 17),  which  indicates  fhaf  fhe  resulf 
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obtained  by  Hirsch  and  Smale  (1979)  is  not  ac¬ 
curate.  Finally,  we  check  the  third  problem,  of 
which  Hirsch  and  Smale  (1979)  obtained  {x,y)  = 
(0.5115,197.936).  Inserting  it  into  Fi  and  F2  we 
find  that  (^1,^2)  =  [1  All ,26.964),  which  indi¬ 
cates  again  that  the  result  obtained  by  Hirsch  and 
Smale  (1979)  is  not  an  accurate  root  of  Eqs.  (66) 
and  (67). 

For  problem  1  we  have  found  three  roots  as  shown 
above.  It  is  interesting  to  investigate  the  attract¬ 
ing  set  of  each  fixed  point  in  the  plane  of  ini¬ 
tial  conditions  of  (x(0),y(0)).  Starting  from  any 
initial  condition  in  the  domain  of  —60  <  x(0)  < 
60,  —  40  <  y(0)  <  40  we  apply  the  FTIM  un¬ 
der  a  converegnt  criterion  of  £  =  10^^,  and  with 
V  =  0.01  and  h  =  0.001  to  find  its  terminal  lo¬ 
cation,  and  determines  which  attracting  set  it  be¬ 
longs  by  a  small  disk  with  a  ceneter  on  each  fixed 
point.  The  most  points  in  the  left-side  of  Fig.  3 
as  shown  by  the  diamonds  are  attracted  by  the 
fixed  point  (-50.3971,-0.8042).  At  the  right- 
side  there  are  two  fixed  points  (50.465,  —37.263) 
and  (36.045,36.808).  The  solid  circular  points  as 
shown  in  Fig.  3  are  the  attracting  set  of  the  for¬ 
mer  one,  while  the  square  points  are  the  attracting 
set  of  the  latter  one.  This  result  reveals  that  the 
dynamics  of  the  FTIM  is  rather  simple,  and  it  is 
convenient  for  us  to  choose  suitable  initial  con¬ 
ditions  to  find  the  different  roots.  As  we  know 
the  dynamics  of  Newton  method  is  very  complex, 
which  usually  makes  the  selection  of  initial  con¬ 
dition  being  sensitive  and  difficult. 

3.3  Example  3 

Then  we  study  the  following  system  of  two  alge¬ 
braic  equations  [Spedicato  and  Hunag  (1997)]: 

Fi(x,y)  =x-y^  =0,  (68) 

^2(x,y)  =  (y-  l)2(y-2)2  +  (x-y2)2  =  q.  (69) 

The  two  real  roots  are  (x,y)  =  (1,1)  and  (x,y)  = 
(4,2). 

In  this  test  of  the  FTIM  we  study  the  attracting 
sets  of  these  two  fixed  points.  All  nodes  of  a  reg¬ 
ular  grid  of  50  by  50  points  with  side  length  5 
in  the  region  of  [0,5]  x  [0,5]  are  classified  accor- 
ing  to  which  fixed  point  is  tended.  In  Fig.  4  the 
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Figure  3:  The  attracting  sets  for  three  different 
fixed  points  of  problem  1  in  Example  2. 


square  points  are  those  attracted  by  the  the  fixed 
point  (x,y)  =  (1,1),  while  the  triangular  points 
are  those  attracted  by  the  the  fixed  point  (x,  y)  = 
(4,2).  Under  the  convergent  criterion  £  =  10^^, 
some  points  in  the  blank  part  of  Eig.  4  are  not  con¬ 
vergent  to  any  of  the  above  fixed  points. 


x(0) 


Eigure  4:  The  attracting  sets  for  two  different 
fixed  points  of  Example  3. 
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3.4  Example  4 

We  consider  a  system  of  three  algebraic  equations 
in  three-variables: 

Ei(x,y,z)  =x-|-y-|-z-3  =  0, 

(70) 

F2{x,y,z)  =xy  +  2y'^  +4z^ -1  =  0, 

(71) 

F2{x,y,z)=x^+y^+z'-3=0. 

(72) 

Obviously x  =  y  =  z=  lis  the  solution. 

For  this  case  we  use  a  large  v  =  10  to  speed 
up  the  rate  of  convergence.  In  order  to  in¬ 
crease  the  accuracy  we  employ  the  RK4  method 
by  using  a  small  time  stepsize  h  =  0.01,  and 
a  stringent  convergent  criterion  with  e  =  10^^ 
is  used.  Starting  from  an  initial  value  of 
{x,y,z)  =  (0.5, 0.6, 0.6),  through  1264  iterations 
the  orbit  converges  to  the  solution  {x,y,z)  = 
(1.000000037, 1.00000004,0.999999955),  which 
is  very  near  the  true  solution.  The  present  method 
converges  much  faster  than  the  above  mentioned 
homotopic  methods  with  the  computational  time 
smaller  than  0.1  sec  by  using  a  PC586. 

Because  we  do  not  use  the  steady-state  concept 
in  our  formulation  of  the  ODEs  in  Eq.  (34),  the 
final  time  spent  by  the  present  approach  is  not  too 
long.  Eor  example,  in  this  case  the  final  time  is 
tf  =  1264  X  0.01  =  12.64. 

3.5  Example  5 

Now  we  consider  a  test  example  given  by  Roose, 
Kulla,  Eomb  and  Meressoo  (1990): 

1  2 

Fi  =  3xi (x,-+ 1  - 2xi  +Xi-i)  +  - (x,-+ 1  - X,-- 1 )  , 

(73) 

XQ  =  0,  x„+i  =  20.  (74) 

Initial  value  is  fixed  to  be  x,  =  10,  /  =  1 , . . . ,  n  as 
that  used  by  Spedicato  and  Huang  (1997). 

Eor  this  case  we  use  a  large  v  =  —100  to  speed 
up  the  rate  of  convergence,  which  needs  2381  it¬ 
erations  with  a  time  stepsize  h  =  0.0002  for  the 
RK4  method.  When  the  convergent  criterion  is 
given  by  10^*^,  the  residual  error  of 

numerical  solution  is  about  1.72  x  10^^^.  This  is 
equivalent  to  spending  a  time  of  238 1  x  0.0002  = 
0.4762  that  the  dynamical  system  of  Eq.  (34) 
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reaches  the  fixed  poinf,  which  is  recorded  in  Table 

2. 

As  compared  with  the  methods  reported  by  Spedi¬ 
cato  and  Huang  (1997)  for  the  Newton-like  meth¬ 
ods,  the  present  approach  is  more  accurate  and 
time  saving,  where  the  computational  time  is 
smaller  than  0.1  sec  by  using  a  PC586.  Eor  n  =  50 
the  numerical  solutions  are  plotted  in  Eig.  5(a), 
where  the  error  of  each  is  shown  in  Eig.  5(b). 
The  residual  error  is  about  5.83  x  10^'^. 


Eigure  5:  Eor  Example  5  with  n  =  50  the  numeri¬ 
cal  solutions  are  plotted. 


3.6  Example  6 


In  this  example  we  apply  the  ETIM  to  solve  the 
following  boundary  value  problem  [Eiu  (2006)] : 


//  3  2 

U  =-u  , 

(75) 

u{0)  =  4,  m(1)  =  1. 

(76) 

The  exact  solution  is 

"W  =  (i+,r' 

(77) 
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Table  2:  The  numerical  solutions  of  Example  5  with  n  =  10 


Xl 

X2 

■^3 

X4 

3^5 

X6 

Xy 

3^8 

Xg 

xio 

3.083 

5.383 

7.395 

9.240 

10.969 

12.612 

14.186 

15.705 

17.176 

18.606 

By  introducing  a  finite  difference  discretization  of 
u  at  the  grid  points  we  can  obtain 


Fi  = 


1 


Uq  =  4,  Un+l  =  1, 


{ui+i-2ui  +  ui-i 


(78) 

(79) 


where  Ax  =  1  /  (n  +  1 )  is  the  grid  length. 

Under  the  following  parameters  n  =  49,  h  = 
0.001,  V  =  —0.3  and  e  =  10^**^  we  compute  the 
roots  of  the  above  system,  and  compare  them  with 
the  exact  solutions  in  Fig.  6(a),  which  can  be  seen 
that  the  error  as  shown  in  Fig.  6(b)  is  very  small 
in  the  order  of  10^^. 


Figure  6:  Applying  the  FTIM  to  a  boundary  value 
problem:  (a)  comparing  numerical  and  exact  so¬ 
lutions,  and  (b)  displaying  the  numerical  error. 


3.7  Example  7 

In  this  example  we  apply  the  FTIM  to  solve  the 
following  boundary  value  problem  of  nonlinear 
elliptic  equation  [Atluri  and  Zhu  (1998a,  1998b); 
Zhu,  Zhang  and  Atluri  (1998,  1999)]: 

Au{x,y)  +  oFu{x,y)  +£u^{x,y)  =  p{x,y).  (80) 

The  exact  solution  is 

u{x,y)  = -^{x^ +y^)+3{x^y+xy'^).  (81) 

The  exact  p  can  be  obtained  by  inserting  the  above 
u  into  Eq.  (80). 

By  introducing  a  finite  difference  discretization  of 
u  at  the  grid  points  we  can  obtain 

^‘,j  ~  (^^)2  (“'+1,;  +Wi-lj) 

+  (A^ (“U'+i  “ 2m, -j  +  Ui  j^i) 

+  CO^Uij  +  £uF  —  Pij ,  (82) 

where  Ax  =  1  /(n  +  1 )  and  Ay  =  1  /  (m  +  1 )  are 
grid  lengths.  The  boundary  constraints  can  be  ob¬ 
tained  from  the  exact  solution  in  Eq.  (81). 

Under  the  following  parameters  n  =  29  x  29,  h  = 
0.0005,  V  =  —2,  £  =  10^^,  (0  =  1  and  e  =  0.001 
we  compute  the  roots  of  the  above  system,  and 
compare  them  with  the  exact  solutions.  Starting 
from  an  initial  value  of  m,j  =  —0.1,  the  FTIM 
converges  within  5488  steps.  At  the  point  yo  = 
0.75  the  error  of  m  was  plotted  with  respect  to  x  in 
Fig.  7  by  the  dashed  line,  of  which  the  maximum 
error  is  about  5.4  x  10^^.  At  the  point xq  =  0.5  the 
error  of  m  was  plotted  with  respect  to  y  in  Fig.  7 
by  the  solid  line,  of  which  the  maximum  error  is 
about  4.4  X  10^^.  For  this  highly  nonlinear  prob¬ 
lem  the  FTIM  is  effective  and  gives  very  small 
error  of  the  numerical  solution. 

4  Conclusions 

Since  the  work  of  Newton,  iterative  algorithms 
were  developed  by  many  researchers,  extending 
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x.y 


Figure  7:  Applying  the  FTIM  to  a  nonlinear  el¬ 
liptic  boundary  value  problem,  the  errors  are  very 
small. 


to  continuous  type  by  introducing  an  extra  ad  hoc 
artificial  time.  However,  those  ODEs  are  not  in¬ 
timately  related  to  the  original  algebraic  equa¬ 
tions.  The  present  paper  very  simply  transforms 
the  original  nonlinear  algebraic  equations  into  an 
evolutionary  system  of  equations  by  introducing  a 
fictitious  time,  and  had  adding  a  coefficient  to  en¬ 
hance  the  stability  of  numerical  integration  of  the 
resulting  ODEs  and  to  speed  up  the  convergence 
to  the  true  roots.  The  main  idea  presented  here 
is  that  the  resulting  system  of  ODEs  is  mathe¬ 
matically  equivalent  to  the  original  equations,  and 
no  approximation  is  made.  Hence,  the  present 
ETIM  can  work  very  effectively  and  accurately 
for  the  solution  of  nonlinear  algebraic  equations. 
Because  no  inverse  of  a  matrix  is  required,  the 
present  method  is  very  time  efficient.  Seven  nu¬ 
merical  examples  were  worked  out,  including  the 
analysis  of  attracting  sets  and  convergent  paths. 
Some  are  compared  with  exact  solutions  revealing 
that  high  accuracy  can  be  achieved  by  the  ETIM. 
The  new  method  is  also  applicable  to  the  solutions 
of  boundary  value  problems  of  elliptic  type  equa¬ 
tion  by  discretizing  them  into  high-dimensional 
nonlinear  algebraic  equations,  revealing  a  high 
performance  than  other  solvers. 
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Computational  Modeling  of  Impact  Response  with  theRG  Damaqe  Model  and  the 
M  eshless  L ocal  Petrov-G alerkin  (M  L  PG )  Approaches 

H. T.  Liu^  Z.  D.  Han^,  A.  M .  Rajendran^,  S.  N.  Atluri^ 


Abstract;  The  Rajendran-G  rove  (RG)  ceramic  damage 
model  is  a  three-dimensional  internal  variable  based  con¬ 
stitutive  model  for  ceramic  materials,  with  the  consider¬ 
ations  of  micro-crack  extension  and  void  collapse.  In  the 
present  paper,  the  RG  ceramic  model  is  implemented  into 
the  newly  developed  computational  framework  based  on 
the  Meshless  Local  Petrov-G  alerkin  (MLPG)  method, 
for  solving  high-speed  impact  and  penetration  problems. 
Theability  of  theRG  model  to  describe  the  internal  dam¬ 
age  evolution  and  the  effective  material  response  is  in¬ 
vestigated.  Several  numerical  examples  are  presented, 
including  the  rod-on-rod  impact,  plate-on-plate  impact, 
and  ballistic  penetration.  The  computational  results  are 
compared  with  available  experiments,  as  well  as  those 
obtained  by  the  popular  finite  element  code  (Dyna3D). 

keyword;  Rajendran-G  rove  ceramic  model.  Material 
modeling.  Ceramic  damage.  Meshless  method,  MLPG, 
High-speed  impact.  Penetration  and  perforation 

1  Introduction 

Ceramic  materials  are  an  important  category  of  materials 
that  have  been  widely  used  in  armor  elements,  engine  tur¬ 
bine  blades  and  other  structural  components,  because  of 
their  enhanced  dynamic  compressive  strength  and  high 
temperature  properties.  Accurately  modeling  the  consti¬ 
tutive  behavior  of  ceramics,  including  their  damage  and 
failure,  is  essential  in  the  device-design,  and  their  de¬ 
ployment  for  dynamic  structural  and  armor  applications. 
Recently,  Rajendran  and  Grove  (Rajendran,  1994;  Ra- 
jendran  and  Grove,  1996)  proposed  a  three-dimensional, 
internal  state  variable  based  constitutive  model  (RG  ce¬ 
ramic  damage  model)  for  ceramic  materials,  which  incor¬ 
porated  both  micro-crack  propagation  and  void  collapse. 
The  proposed  RG  ceramic  damage  model  has  been  im- 
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plemented  into  EPIC  code  for  investigating  the  model's 
abi  I  i ty  to  descri  be  the  response  of  pure  al  umi  na  (A  D  995) 
subjected  to  various  stress/strain  loading  conditions  (Ra¬ 
jendran  and  Grove,  2002). 

In  the  present  paper,  the  RG  ceramic  damage  model 
is  implemented  into  the  newly  developed  computa¬ 
tional  code  based  on  the  M  eshless  Local  Petrov-G  alerkin 
(M  LPG)  method.  The  M  LPG  method  is  a  truly  mesh¬ 
less  approach  that  establishes  both  the  trial  and  test  func¬ 
tions  in  local  subdomains.  Because  of  the  total  elim¬ 
ination  of  the  mesh,  it  is  a  promising  method  in  solv¬ 
ing  high-speed  contact,  impact  and  penetration  problems 
with  severe  material-distortion.  The  detailed  description 
of  the  M  LPG  and  its  applications  can  be  found  in  the 
authors'  other  papers.  For  comparison  and  verification 
purpose,  the  RG  model  has  also  been  implemented  into 
the  three-dimensional  computational  hydrodynamic  code 
DynaSD.  Several  numerical  examples  are  solved,  using 
either  the  DynaSD  or  the  M  LPG  method,  with  RG  ce¬ 
ramic  damage  model  implemented  in  them.  Several  nu¬ 
merical  simulations  are  conducted:  rod-on-rod  impact, 
plate-on-plate  impact,  and  the  ballistic  impact  and  pene¬ 
tration.  The  simulation  results  obtained  from  DynaSD, 
MLPG  and  available  experiments  are  compared.  For 
completeness  purpose,  a  brief  introduction  of  the  RG  ce¬ 
ramic  damage  model  is  included. 

2  Rajendran-G  rove  Ceramic  Damage  Model 

In  the  Rajendran-G  ove  ceramic  model,  the  foil  owing  as¬ 
sumptions  are  made:  1)  randomly  distributed  and  ori¬ 
ented  micro-cracks  are  pre-existing  in  the  materials,  2) 
plastic  flow  occurs  when  the  materials  are  shocked  above 
the  H  E  L  (H  ugoniot  E  lastic  Limit),  3)  pore  collapse  is  due 
to  the  plastic  flow  in  the  matrix  surrounding  the  pores,  4) 
no  plastic  flow  happens  when  the  material  is  under  ten¬ 
sile  loading,  5)  micro-cracks  propagate  under  both  com¬ 
pression  and  tension,  and  6)  pulverization  occurs  under 
compressive  loading,  when  the  accumulated  micro-crack 
density  reaches  a  critical  value.  The  micro-crack  dam- 
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age  is  described  using  a  dimensionless  damage  density 
parameter  in  terms  of  the  maximum  micro-crack  size  and 
the  average  number  of  mi  cro-cracks  per  uni  t  vol  ume.  T  he 
damage  evolution  in  terms  of  crack  growth  is  formulated 
based  on  a  generalized  Griffith  criterion  (Griffith,  1920). 
The  stiffness  reduction  due  to  micro-cracking  is  modeled 
using  the  analytical  formulation  from  Margolin  (1983) 
and  Budiansky  and  O'Connell  (1976).  The  pore  collapse 
effects  are  modeled  using  viscoplastic  equations  derived 
from  Gurson's  pressure  dependent  yield  function  (Gur- 
son,  1977).  In  the  following  sections,  the  Rajendran- 
Grove  ceramic  model  is  briefly  reviewed. 


engineering  volumetric  strain,  with  the  consideration  of 
the  voids,  is  defined  as 


'  (l-f)l/ 


(5) 


Where  l/o  and  V  are  the  volumes  of  the  initial  and  cur¬ 
rent  states;  fo  and  f  are  the  initial  and  current  porosity 
densities,  respectively. 

The  deviatoric  stress  is  related  to  the  deviatoric  elastic 
strain  efj,  as 

Sij=2RgGefj  (6) 


2.1  Constitutive  Relationships 

The  total  strain  e/yis  decomposed  into  the  elastic  part  efj 
and  plastic  partefy  as 

Sij  =  sfj -pSj’j  (1) 

Here,  the  elastic  strain  includes  the  elastic  strain  of  the 
intact  matrix  material  and  the  strain  due  to  micro-crack 
opening/sliding.  The  plastic  strain  is  associated  with  pore 
collapse  and  occurs  only  when  the  applied  pressure  ex¬ 
ceeds  the  pressure  at  the  Hugoniot  Elastic  Limit  (H  EL). 
The  total  stress  a,y  is  decomposed  into  deviatoric  stress 
S/y  and  pressure  P  as 


Here  6"  is  the  effective  shear  modulus  for  micro-crack 
containing  material  (Margolin,  1983;  Budiansky  and 
O'Connell,  1976)  and  Rg  is  the  correction  factor  for  shear 
modulus  due  to  the  existence  of  porosity,  which  is  ex¬ 
pressed  as 


Rg  =  (l-f) 


(6/C +126)  f 
(9/C +86) 


(7) 


with  6  the  shear  modulus  for  the  intact  matrix.  The 
porosity  density  is  assumed  to  decrease,  due  to  void  col- 
lapsi  ng  at  pressures  above  the  H  E  L ,  as 

f  =  (l-f)eP  (8) 


(^ij  —  Sjj  —  P  5ij  (2) 

The  pressure  is  calculated  through  the  M ie-Gruneisen 
equation  of  state  which  given  by 

p  =  [PH(i-0.5nT)+rpo(/-/o)]  (3) 


where  e?  the  plastic  volumetric  strain,  and  the  dot  above 
a  symbol  implies  the  temporal  derivative. 

W  hen  the  materials  are  shocked  above  the  H  E  L  (H  ugo- 
niot  Elastic  Limit),  plastic  flow  occurs.  In  the  current 
model,  G  urson's  pressure  dependent  yield  function  (G  ur- 
son,  1977)  when  considerations  of  the  porosity  are  in¬ 
cluded,  namely 


where 

=/CY((3iri  +  (32ri^  +  (33ri^)  (4) 

In  the  above  equations,  (3i,  (32  and  (33  are  empirical  pa¬ 
rameters;  r  is  the  M  ie-G  runeisen  parameter;  Ky  =  l<  /K 
is  the  bulk  modulus  reduction  ratio  with  K  the  bulk  mod¬ 
ulus  for  the  intact  matrix  and  T  the  effective  bulk  mod¬ 
ulus  for  the  micro-crack  containing  material  (M  argolin, 
1983;  Budiansk  and  O'Connell  1976).  Furthermore,  po 
is  the  initial  material  density;  /q  and  /  are  the  internal  en¬ 
ergy  at  the  initial  and  current  states,  respectively.  The 


^  =||  +  2fcosh(|-)-f^-l  =  0  (9) 

with  J2  =  0.5S,yS,y.  A  simplified  Johnson-Cook  strain 
rate  dependent  strength  model  (J  ohnson  and  Cook,  1985) 
is  used  and  can  be  expressed  as 

'  =Ci(^l+C3lng^  (10) 

whereCi  andC3  are  model  constants.  Sp  is  the  equivalent 
plastic  strain  rate  andeo  is  the  reference  strain  rate,  which 
is  assumed  to  be  1  in  the  current  model. 
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Figure  1  qualitatively  shows  the  effect  of  the  void  col¬ 
lapse  on  the  material  response  under  a  hydrostatic  load¬ 
ing/unloading  condition  predicted  by  the  RG  model. 
With  the  increase  of  the  compressive  hydrostatic  load¬ 
ing,  the  voids  start  to  collapse  at  point  A.  At  point  B,  the 
volume  of  the  voids  reduces  to  zero  and  the  correspond¬ 
ing  porosity  f  becomes  0.  During  the  unloading  process, 
at  poi  nt  C ,  the  pressure  reduces  to  zero,  but  the  vol  umet- 
ric  strain  does  not  go  to  zero  due  to  the  collapsed  void 
volume. 


2.2  D  amage  D  efinition  and  E  volution 

The  micro-crack  damage  is  measured  in  terms  of  a  di¬ 
mensionless  micro-crack  damage  density  y,  which  is  ex¬ 
pressed  as 

y=N^a^  (11) 


where  A/g  is  the  average  number  of  micro-flaws  per  unit 
volume,  and  a  is  the  maximum  micro-crack  size  at  the 
current  state.  The  initial  values  of  A/g  and  ao  are  material 
constants.  For  simplicity,  it  is  assumed  that  no  cracks  nu¬ 
cleate  during  the  loading,  and  therefore  the  damage  evo¬ 
lution  is  represented  by  the  growth  of  micro-crack  size  a, 
which  follows  a  generalized  Griffith  criterion  (Griffith, 


1920) as 

r  0 

HiGr 

,Gs  <Gc 
Gs  >  Gc 


(12) 


where  Cr  is  the  Rayleigh  wave  speed,  6c  is  the  critical 
strain  energy  release  rate  for  micro-crack  growth  calcu¬ 
lated  from  the  fracture  toughness  /C;c,  Young's  modulus 

E  and  Poisson's  ratio  v  as  Gc  = /C;c  (1“'^^)/^' 

the  applied  strain  energy  release  rate.  ni  and  02  are  the 
parameters  controlling  the  crack  growth  rate.  Four  pa¬ 
rameters  are  used  for  the  micro-crack  extension  model: 
n^  and  n^  for  crack  sliding,  and  and  for  crack 
opening.  The  applied  strain  energy  release  rates  are  cal¬ 
culated  in  the  principal  directions,  with  01,02,03  being 
the  three  principal  stress  components.  For  crack  opening 

4('l-v2)  , 

Gj~=  max (0,01,02,03)  (13) 


Figure  1  :  The  hydrostatic  loading/unloading  of  RG 
model  with  void  collapse 


with 
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In  the  above  equation,  i,j,k  =  1,2,3  and  i  ^  j  p  is 
the  dynamic  friction  coefficient. 

As  an  example,  we  show  the  shear  loading  response  with 
micro-crack  evolution  predicted  by  the  RG  model  in  Fig¬ 
ure  2.  With  the  increase  of  the  applied  shear  loading,  the 
strain  energy  release  rate  goes  beyond  the  critical  energy 
release  rate  at  the  point  A,  activating  the  micro-cracks 
si  i di  ng.  T  he  mi cro-crack  damage  density  y  i  ncreases  pro- 
portional  to  the  growth  of  the  micro-crack  size  and  the 
effective  shear  modulus  in  Eq.  (6)  decreases.  Therefore, 
a  softening  stage  corresponding  to  the  micro-cracks  ex¬ 
tension  is  form  in  this  figure  between  point  A  and  B. 

2.3  Pulverization 

W  hen  the  micro-crack  damage  density  y  reaches  a  critical 
value  (usually  set  as  0.75)  under  compressive  loading,  the 
material  becomes  pulverized.  The  bulk  and  shear  moduli 
for  the  pulverized  material  are  set  to  the  corresponding 
effective  bulk  and  shear  moduli  at  the  pulverization  point 
as 

Kp=K,Gp=G  (16) 


and  for  crack  sliding 
65  =  max  (61^,02^,63^) 


The  pulverized  material  does  not  support  any  tensile 
(14)  loading  and  the  compressive  strength  of  the  pulverized 
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material  is  described  by  the  M  ohr-Columb  law  as 


/  0  ,P  <0 
\  a  +  (3P  ,  P  >  0 


(17) 


where  a  and  (3  are  model  constants.  The  pressure  is  sim¬ 
ply  computed  from  the  elastic  volumetric  strain  e®  as 


solve  three-dimensional  high-speed  contact  and  impact 
problems  with  large  deformation  [Han,  Liu,  Rajendran, 
and  atiuri  (2006)]. 

In  this  section,  a  brief  introduction  of  the  M  LPG  mixed 
method  is  presented.  I  nterested  readers  are  encouraged  to 
refer  to  the  above  mentioned  M  L  PG  papers  for  detailed 
formulations. 


/  0_  ,£^,>0 

\  -K  p£®  <  0 


(18) 


2.4  Determination  of  M odei  C onstants 

In  the  Rajendran-Grove  ceramic  model,  there  are  eight 
material  constants  to  describe  the  micro-crack  behavior: 
A/g,  ao,  p,  n^,  n^,  n{,  n2,  and  /C;c.  Usually,  several  ex- 
peri  ments  I i ke  pi ate-on-pl ate  and  bar-on-bar  i mpact  tests 
are  needed  to  determine  these  constants  for  a  specific  ma¬ 
terial.  Rajendran  and  Grove  (1996)  conducted  a  sensi¬ 
tivity  study  of  the  material  constants  and  calibrated  the 
constants  for  several  commonly  used  ceramic  materials, 
like  SiC,  B4C,  TiB2,  A  D85,  and  A  D995  (Rajendran  and 
Grove,  1996  and  2002;  Grove,  1993).  In  the  following 
numerical  simulations,  the  AD995  and  AD85  ceramic 
are  used  and  the  material  constants  that  we  employed  are 
listed  in  Table  1. 


3  M  eshless  L ocal  Petrov-G alerkin  M  ethod 

Meshless  Local  Petrov-Galerkin  Method  (MLPG) 
[Atiuri  and  Zhu  (1998),  and  Atiuri  (2004)]  is  a  truly 
meshless  approach,  in  which  both  the  trial  and  test 
functions  are  established  in  local  subdomains.  As  an 
extension  to  the  primitive  MLPG  method,  Atiuri  Han, 
and  Rajendran  proposed  an  MLPG  mixed  method  to 
simplify  the  formulation  and  improve  the  efficiency 
and  stability  of  the  MLPG  approach  [Atiuri,  Han  and 
Rajendran  (2004),  Han,  Rajendran  and  Atiuri  (2005)].  In 
this  MLPG  mixed  method,  both  displacement/velocity 
gradients  and  displacements/velocities  are  interpolated 
independently.  Their  compatibility  is  enforced  only  at 
the  nodal  points.  Therefore,  the  continuity  requirement 
of  the  trial  function  is  reduced  by  one  order,  and  the 
second  derivatives  of  the  shape  functions  are  eliminated. 
This  MLPG  mixed  method  has  been  implemented  to 
solve  static  problems  with  large  deformation  [Atiuri, 
H  an  and  Rajendran  (2004)]  and  dynamic  problems  [H  an, 
Rajendran  and  Atiuri  (2005)].  Recently,  the  authors 
have  successfully  applied  the  M  LPG  mixed  method  to 


3.1  L  ocai  N  odai  I  nterpoiation 

I  n  the  current  implementation,  the  M  oving  L  east  Squares 
(M  LS)  is  adopted  as  the  local  nodal  interpolation  scheme 
because  of  the  reasonable  accuracy,  completeness,  ro¬ 
bustness  and  continuity  of  the  M  LS  functions  With  the 
MLS,  a  trail  function  u(x)  can  be  expressed  as 

N 

u(x)  =  ^<l>'(x)u'  (19) 

/=! 

where  u'  and  <l>'(x)  are  the  fictitious  nodal  value  and 
shape  function  of  node  /,  respectively.  The  shape  func¬ 
tions  are  obtained  by  minimizing  the  L2  norm  of  the 
weighted  distance  between  the  trial  function  value  and 
its  true  values  at  nodal  points.  The  explicit  expressions 
for  the  shape  functions  can  be  found  in  Atiuri  (2004). 

In  the  mixed  method,  we  interpolate  the  velocities  v/,  and 
the  velocity  gradients  v,- j- ,  independently,  using  the  same 
shape  functions,  namely 

w 

V/(x)  =  ^<1>' (x)v{-  (20) 

J=i 


N 

V,';(X)= 


/(=! 


(21) 


The  compatibility  condition  between  the  velocities  and 
velocity  gradients  is  enforced  only  at  the  nodes  by  a  stan¬ 
dard  collocation  method,  as 


dXj 


(22) 


By  interpolating  the  velocity  gradients,  as  one  of  the  key 
features  of  the  mixed  method,  we  eliminate  the  differ¬ 
entiation  operations  of  the  shape  functions  in  the  local 
weak  form  integration.  Therefore,  the  requirement  of 
the  completeness  and  continuity  of  the  shape  functions 
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Table  1 :  The  material  constants  for  Rajendran-Grove  model 


AD995 

AD85 

Density  (g/cOT^) 

3.89 

3.42 

Shear  Modulus  (GPa) 

156 

88.0 

Initial  Porosity 

0 

10% 

Material  Strength  Constants 

Cj  (GPa) 

2.3 

4.0 

Q 

0.2 

0.029 

Equation  of  State  Constants 

A  (GPa) 

231 

150.0 

A  (GPa) 

-169 

150.0 

A  (GPa) 

2774 

150.0 

r 

0.1 

0 

Damage  Model  Parameters 

Nl  (m”A 

2x10" 

1.83x10'" 

i/im) 

20 

0.58 

0.45 

0.72 

n* 

1.0 

1.0 

n\ 

1.0 

0.07 

n; 

0.1 

0.1 

1.0 

0.07 

(  MPa4m  ) 

3.0 

3.25 

Pulverized  Material  Constants 

a  (GPa) 

0 

0.1 

P 

1.0 

0.1 

is  reduced  by  one-order,  and  thus,  lower-order  polyno¬ 
mial  terms  can  be  used  in  the  meshless  approximations. 
This  leads  to  a  smaller  nodal  influence  size  and  speeds 
up  the  calculation  of  the  shape  functions.  The  adoption 
of  the  mixed  method  in  our  implementation  greatly  im¬ 
proves  the  program  efficiency. 

3.2  Formulations  for  Finite  Strain  Problems 

We  adopted  an  updated  Lagrangian  formulation  in  our 
implementation  for  solving  the  high-speed  dynamic 
problems.  Let  x/  be  the  spatial  coordinates  of  a  mate¬ 
rial  particle  in  the  current  configuration.  Let  S/y  be  the 
Truesdell  stress-rate  (the  rate  of  second  Piola-Kirchhoff 
stress  as  referred  to  the  current  configuration);  and  let 
be  the J  aumann  rate  of  Kirchhoff  stress  (which  is  j  times 
the  Cauchy  stress,  where j  is  the  ratio  of  volumes).  It  is 


known  [Atiuri  (1980)]: 

S/'j  =^ij  ~Dik^kj  ~^ikDkj  (23) 

Here,  D/y  and  l/l//y  are  the  symmetric  and  skew-symmetric 
parts  of  the  velocity  gradient,  respectively.  Considering 
a  3D  domain  with  a  boundary  dCl,  the  rate  forms  of 
the  linear  and  angular  momentum  balances  are  [Atiuri 
(1980)]: 

(S/'y  +TjkVj^k)j  +  fj  —  bj  (24) 

where,  by  =  pay  is  the  inertia  force  rate  with  p  is  the  mass 
density  and  ay  the  acceleration  rate.  In  a  dynamic  prob¬ 
lem,  fy  are  appropriately  defined  in  terms  of  the  rate  of 
change  of  inert!  a  forces  and  (),,  =3(  )/9x/;  x,-  are  current 
coordinates  of  a  material  particle.  In  Eq.  (24),  x,y  is  the 
Cauchy  stress  in  the  current  configuration. 
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3.3  L  ocal  weak  form  with  the  large  deformations 

In  the  M  LPG  approaches,  the  weak  form  is  established 
over  a  local  subdomain  Qj.  which  may  have  an  arbitrary 
shape,  and  contain  a  point  x  in  question.  In  our  imple¬ 
mentation,  the  local  weak  form  is  established  for  a  spher¬ 
ical  subdomain  with  the  radius  of  r  (we  define  it  as  the 
test-function  size),  namely 


f  [(S/'y  +'rikVj.k)j  +  fj  —  i) j]w jdCl  —  0 

J 


where  Wj  are  the  test  functions.  By  applying  the  diver¬ 
gence  theorem,  Eq.  (25)  may  be  rewritten  in  a  symmetric 
weak  form,  as: 


(S/y+X/(cVy,(c)n/Wydr 


-  /  [{Sij  +TikVj^k)Wjj  -  fjWj  +bj]da  =  0  (26) 


wherein,  the  rate  definition  ty  =  {Sij  +XikVj^k)ni ,  with  n,- 
being  the  components  of  a  unit  outward  normal  to  the 
boundary  of  the  local  subdomain  Q.s,  in  its  current  con¬ 
figuration,  is  used.  Thus  the  local  symmetric  weak  form 
can  be  rewritten  as 


f  tjWidT+  I  tjWidT+  f  iiWjdr 
-f  [{Sij+XikVj^k)Wjj-  fiWi+bj)dn  =  0  (27) 

J  ^^5 

whereFsu  is  a  part  of  the  boundary  9Qs  of  iij,  overwhich 
the  essential  boundary  conditions  are  specified.  In  gen¬ 
eral,  dels  =  TsULs,  with  Fj  being  a  part  of  the  local 
boundary  located  on  the  global  boundary,  and  Is  is  the 
other  part  of  the  local  boundary  which  is  inside  the  solu¬ 
tion  domain.  rsu=Ts  nF(j  isthe  intersection  between  the 
local  boundary  dels  and  the  global  displacement  bound¬ 
ary  Fui  Fjt  =  Fs  nFt  is  a  part  of  the  boundary  over  which 
the  natural  boundary  conditions  are  specified. 

To  simplify  the  integration  and  speed  up  the  numerical 
implementation,  the  Heaviside  function  is  adopted  as  the 
test  function  in  our  program.  Thus,  the  local  symmetric 
weak  form  in  Eq.(27)  becomes 


(28) 


4  Numerical  Simulations 

For  the  implementation  of  the  Rajendran-Grove  ceramic 
damage  model,  a  material  subroutine  is  developed.  To 
maintain  the  stability  of  the  explicit  algorithm,  an  itera¬ 
tive  scheme  based  on  a  second-order  diagonally  implicit 
Runge-Kutta  method  is  employed  to  solve  the  coupled 
differential  equationsof  the  constitutive  model.  Thisma- 
terial  subroutine  is  linked  to  the  DynaSD  (2000  version) 
hydrodynamic  code  and  the  newly  developed  MLPG 
mixed  program.  Numerical  examples  are  conducted  ei¬ 
ther  under  the  DynaSD  (finite  element  method)  and  the 
meshless  method  (M  L  PG). 

4.1  Beam  Under  Stretch  and  Rotation 


0.000  0.005  0.010  0.015  0.020  0.025 

shear  strain 

Figure2  :  The  shear  loading  response  of  RG  model  with 
micro-crack  evolution 


Figures  :  A  beam  under  stretch  and  rotation 

In  the  first  example,  we  consider  a  beam  undertaking  a 
uniaxial  stretch  in  the  x-direction,  as  shown  in  Figure  3. 


stress  stress 
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Figure4 :  Thestress  components  of  the  beam  under  uni-  p|  ^^7  .  (he  rod-on-rod  impact 

axial  stretch  and  rotation 


Figures:  Thestress  components  of  the  beam  under  uni¬ 
axial  stretch  and  rotation  with  micro-crack  damage  evo¬ 
lution 


AD995 


Striker  Rod  Target  Rod  Stress  Gauge 

Figure  6  :  Rod-on-rod  impact  test  configuration 
schematic 


To  demonstrate  the  consistency  of  the  RG  model  in  deal¬ 
ing  with  large  deformation  problems,  a  rigid  body  rota¬ 
tion  in  z-direction  is  added  to  the  beam.  The  rotation 
rate  is  set  such  that  the  beam  will  rotate  a  90  degree  in 
z-direction  after  the  simulation.  The  stretching  and  rota¬ 
tion  are  applied  slowly  so  that  there  is  no  inertia  effect 
and  a  quasi-static  state  is  maintained.  The  Poisson's  ratio 
is  set  to  be  zero  during  the  simulations. 

Figure  4  shows  elastic  stress  response  obtained  with  RG 
model.  The  beam  orientation  rotates  90  degree  with  the 
uniaxial  stretching,  and  therefore  the  stress  tensors  are 
rotated  correspondingly.  Figure  5  shows  the  same  prob¬ 
lem  solved  using  RG  model  with  micro-crack  damage 
evolution.  With  the  increase  of  the  uniaxial  stretching, 
the  micro-crack  opening  is  activated  when  the  strain  en¬ 
ergy  release  rate  goes  beyond  the  critical  energy  release 
rate.  The  stress  drops  due  to  the  micro-crack  damage 
evolution. 

4.2  Rod-on-Rod  Impact 

Recently,  Simha  (1998)  conducted  rod-on-rod  impact  ex¬ 
periments  at  the  impact  velocity  of  278  m/s,  in  which 
both  the  striker  and  the  target  rods  were  made  of  A  D995 
ceramic.  The  striker  rod  was  5  cm  long  and  1.25  cm  in  di¬ 
ameter,  while  the  target  rod  was  10  cm  long  and  1.25  cm 
in  diameter.  A  stress  gauge  was  embedded  in  the  target 
rod  at  the  location  of  2.5  cm  from  the  free  end  to  record 
the  axial  stress  history.  Figure  6  shows  the  test  configu- 
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ration.  In  this  experiment,  fracture  initiates  at  the  impact 
end  and  propagates  toward  the  gauge  location.  The  mea¬ 
sured  peak  stress  from  this  experiment  can  be  used  in  a 
qualitative  sense  to  validate  the  model  constants  under 
uniaxial  stress. 

The  same  problem  is  simulated  using  DynaSD  with  the 
RG  ceramic  damage  model.  Three-dimensional  finite  el¬ 
ement  mesh  is  constructed  and  a  quarter  of  the  striker 
and  target  rods  are  modeled  by  considering  the  configu¬ 
ration  symmetry.  49499 nodesand  254021  Tet4 elements 
with  the  average  nodal  spacing  of  0.5  mm  are  used  in  the 
finite  element  model.  The  initial  crack  size  is  reduced 
to  do  =  2.3pm  to  avoid  premature  crack  extension  and 
catch  the  peak  stress  recorded  in  the  experiment.  Figure 
7  compares  the  computed  axial  stress  at  the  gauge  loca¬ 
tion  with  the  experimental  data  and  a  good  agreement  is 
obtained.  A  coarse  mesh  with  average  nodal  spacing  of 
1  mm  is  used  to  re-simulate  the  same  problem  and  the 
result  is  shown  in  Figure  7.  The  calculated  stress  from 
the  coarse  mesh  increases  slower  than  the  one  obtained 
with  fine  mesh,  due  to  the  loss  of  the  high-frequency 
wave  information  of  the  stress  wave.  Figure  8  shows  the 
micro-crack  density  profile,  with  the  darkness  scales  of 
the  micro-crack  density.  The  micro-cracks  begin  to  ex¬ 
tend  at  the  impact  ends  upon  the  collision  of  the  striker 
and  target  rods.  With  the  propagation  of  the  stress  wave, 
the  micro-crack  damage  extends  toward  the  free  ends. 

4.3  Plate-on-Plate Impact 


Figure  9  :  Plate-on-plate  impact  test  configuration 
schematic 


In  the  simulated  plate  impact  problem,  two  thin  ceramic 
plates  collide  at  the  velocity  of  500  m/s  (see  Figure  9). 
The  flyer  and  target  plates  have  the  same  diameter  of  50 
mm  and  their  thicknesses  are  4  mm  and  8  mm,  respec¬ 
tively.  Frictionless  contact  is  assumed  between  the  two 
plates.  Both  the  flyer  and  the  target  plates  are  made  of 
A  D995  ceramic. 

To  simulate  the  described  problem  using  the  M  LPG  soft¬ 
ware,  32058  nodes  are  used  with  an  averaged  nodal  spac¬ 
ing  of  1  mm.  The  A  D995  ceramic  material  is  modeled 
using  Rajendran-Grove  (RG)  ceramic  model.  The  mate¬ 
rial  constants  for  RG  model  are  listed  in  Table  1.  For 
comparison  purpose,  the  plate  impact  problem  is  also 
solved,  using  the  DynaSD.  The  FEM  modeling  uses  the 
same  nodal  arrangement,  and  thus,  163698  Tet4  elements 
are  produced  from  these  nodes. 

Figure  10  reports  the  axial  velocity  profiles.  In  Figure 
10(a),  the  axial  velocities  at  the  central  points  on  the 
free  surfaces  of  the  flyer  and  target  plates  are  drawn,  re¬ 
spectively.  The  velocity  of  the  flyer  plate  starts  to  de¬ 
crease  while  the  compressive  wave  initiated  at  the  colli¬ 
sion  surface  arrives  at  the  free  surface.  The  flyer  veloc¬ 
ity  becomes  positive  representing  the  bouncing  back  of 
the  flyer  plate.  Similarly,  the  free  surface  of  the  target 
plate  begins  to  move  when  the  first  compressive  wave  ar¬ 
rives  at  around  0.6  micro-seconds.  This  time  is  twice  the 
ti  me  taken  for  the  wave  to  propagate  to  the  flyer  free  sur¬ 
face,  which  reflects  the  fact  that  the  target  plate  is  twice 
as  thick  as  the  flyer  plate.  The  speed  changes  due  to  the 
arrivals  of  the  second  wave  peak  can  be  clearly  observed 
in  the  target  free  surface  velocity  profile.  To  investigate 
the  momentum  exchange  between  the  flyer  and  target 
plates,  the  averaged  axial  velocities  are  drawn  in  Figure 
10(b).  The  averaged  velocity  is  obtained  by  the  total  mo¬ 
mentum  of  the  flyer  or  target  plate,  divided  by  the  total 
mass  of  the  corresponding  plate.  At  around  1.5  micro¬ 
seconds,  the  momentum  exchange  completes,  which  rep¬ 
resents  the  end  of  the  collision  process.  The  target  plate 
attains  an  averaged  axial  velocity  of  270  m/s,  while  the 
flyer  plate  bounces  back  at  a  velocity  of  38  m/s.  The  ve- 
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Figure  10  :  (a)  Axial  velocities  of  the  central  points  at  the  free  surfaces  of  the  flyer  and  target  plates;  and  (b)  the 
averaged  axial  velocities  of  the  flyer  and  target  plates 


Figure  11 :  Damage  profiles  of  ballistic  impact  (a)  3.5  micro-seconds  and  (b)  10  micro-seconds 


locity  profiles  calculated  from  Dyna3D  are  also  shown 
in  the  same  figures.  From  Figure  10(a),  similar  velocity 
histories  are  obtained  from  M  LPG  and  Dyna3D  and  both 
of  them  show  the  same  wave  arrival  time.  The  results 
from  Dyna3D  simulation  are  more  oscillatory  than  the 
ones  from  M  LPG .  It  shows  that  M  LPG  is  able  to  obtain 
more  stable  results  than  theFEM ,  even  whilethere  are  no 
hourglass  control  or  other  artificial  "fixes"  involved  in  the 
MLPG  calculation.  The  averaged  axial  velocities  com¬ 
puted  from  Dyna3D  are  shown  in  Figure  10(b).  From  this 
figure,  it  is  seen  that  both  the  M  L  PG  and  Dyna3D  results 
strictly  follow  the  conservation  of  momentum.  A  Ithough 
the  Dyna3D  calculation  shows  larger  velocities  for  both 
flyer  and  target  plates  after  the  contact,  the  difference  of 
the  averaged  velocities  from  M  LPG  and  Dyna3D  is  in¬ 
significant. 


4.4  Ballistic  Impact 

To  demonstrate  the  capacity  of  the  RG  model  on  simu¬ 
lating  the  damage  and  penetration  problems,  a  ballistic 
impact  problem  is  considered  here.  In  this  simulation,  a 
cylindrical  tungsten  projectile  impacts  with  an  A  D85  ce¬ 
ramic  plate  at  the  velocity  of  1500  m/s.  Both  the  length 
and  diameter  of  the  projectile  are  10  mm.  The  target  ce¬ 
ramic  plate  has  a  thickness  of  5  mm  and  a  diameter  of 
80  mm.  The  tungsten  is  modeled  as  elastoplastic  with 
the  following  material  properties:  density  16.98  g/cm^, 
Young's  modulus  299.6  GPa,  Possion's  ratio  0.21  and 
yield  strength  1.5  GPa.  The  target  plate  is  modeled  using 
the  Rajendran-Grove  ceramic  model,  with  the  material 
constants  as  listed  in  Table  1. 

This  problem  is  simulated  using  both  the  Dyna3D  and 
the  MLPG.  Figure  11  shows  the  damage  profile  from 
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Figure  12  :  Ballistic  impact  penetration 


DynaSD  simulation,  with  the  darkness  referring  to  the 
damage  density.  At  3.5  micro-seconds,  damage  begins 
to  form  under  and  around  the  impact  area.  Inside  these 
areas,  the  compressive  stress  or  shear  stress  increases 
rapidly  due  to  the  collision,  causing  the  strain  energy  re¬ 
lease  rate  to  go  beyond  the  critical  strain  energy  release 
rate.  Thus,  the  micro-cracks  begin  to  growth  inside  these 
areas.  At  10  micro-seconds,  these  micro-cracks  inside 
the  whole  impact  area  grow  and  cause  the  damage  to 
accumulate  very  rapidly  inside  the  whole  impact  area, 
to  form  a  perforation  hole.  Due  the  incapability  of  the 
element-based  method  in  dealing  with  severe  distortion, 
the  DynaSD  simulation  stops  at  the  10  micro-seconds. 
The  same  problem  is  re-simulated  by  using  the  M  LPG 
method.  The  problem  has  been  solved  smoothly  without 
any  mesh  distortion  problems,  because  of  the  advantages 
of  thetruly  meshless  method.  The  whole  penetration  pro¬ 
cess  is  simulated  and  the  total  solution  time  is  20  micro¬ 
seconds.  The  final  deformation  is  shown  in  Figure  12, 
and  the  fragmentation  is  clearly  formed  after  the  projec¬ 
tile  penetrates  the  target  plate.  The  detailed  simulation 
results  and  discussion  is  reported  in  the  author  another 
paper  [Han,  Liu,  Rajendran,  and  Atiuri,  (2006)]. 

5  Closing  Remarks 

The  ability  and  accuracy  of  the  constitutive  model  plays 
an  important  role  in  the  computational  methodology. 
The  Rajendran-Grove  ceramic  damage  model  is  capa¬ 
ble  of  predicting  the  micro-crack  and  void  damage  evo¬ 
lution,  and  the  pulverization  of  ceramic  materials.  The 
MLPG  method,  as  a  truly  meshless  approach,  enables 
a  feasible  computational  framework  for  solving  high¬ 


speed  dynamic  problems  with  large  deformation.  The 
current  mixed  method,  as  an  extension  to  the  primal 
MLPG  method,  leads  to  a  high-performance  computa¬ 
tional  code,  which  can  solve  three-dimensional  high¬ 
speed  impact  and  penetration  problems.  The  numeri¬ 
cal  examples  demonstrate  the  capability  of  the  M  LPG 
method  with  RG  ceramic  damage  model  in  solving  the 
important  class  of  impact  and  penetration  problems,  in¬ 
volving  severe  material  deformation  and  fragmentation. 
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The  Optimal  Radius  of  the  Support  of  Radial  Weights  Used  in  Moving  Least 

Squares  Approximation 

Y.F.  Niei  2,  S.N,  Atluri^  and  C.W.  Zuo^ 


Abstract:  Owing  to  the  meshless  and  loeal  eharaeter- 
isties,  moving  least  squares  (MLS)  methods  have  been 
used  extensively  to  approximate  the  unknown  funetion  of 
partial  differential  equation  initial  boundary  value  prob¬ 
lem.  In  this  paper,  based  on  matrix  analysis,  a  suffieient 
and  neeessary  eondition  for  the  existenee  of  inverse  of 
eoeffieient  matrix  used  in  MLS  methods  is  developed 
firstly.  Then  in  the  light  of  approximate  theory,  a  prae- 
tieal  mathematies  model  is  posed  to  obtain  the  optimal 
radius  of  support  of  radial  weights  used  in  MLS  meth¬ 
ods.  As  an  example,  while  uniform  distributed  partieles 
and  the  4^^  order  spline  weight  funetion  are  adopted  in 
MLS  method  in  two  dimension  domain  and  two  kinds  of 
norms  are  used  to  measure  error,  optimal  results  for  lin¬ 
ear  and  quadratie  basis  are  gained.  Finally,  the  test  data 
verify  that  the  optimal  values  are  eorreet.  The  researeh 
idea  ean  be  used  in  3-dimension  problems  too. 

keyword:  MLS  methods,  Radius  of  support.  Sealing, 
Sobolev  norm,  Mathematies  model.  Matrix  analysis.  Ap¬ 
proximate  theory. 

1  Introduction 

Comparing  with  the  radial  basis  funetion  interpolation 
approaeh,  the  moving  least  squares  (MLS)  method  offers 
another  kind  of  effieient  seattered  data  approximation  es- 
peeially  if  the  number  of  point  is  large  and  the  data  val¬ 
ues  eontain  noise.  The  MLS  method  is  a  variation  on  the 
elassieal  least  squares  teehnique  with  the  advantage  al¬ 
lowing  the  nearest  neighbors  of  the  evaluation  point  x  to 
influenee  the  approximate  value  through  a  weight  fune¬ 
tion  with  loeal  eompaet  support  w{x,  xj)  :  x  R‘‘  ^R+ 
where  xjis  one  of  the  given  partieles  (nodes)  in  set  Pq  = 
{xj}”^]in  the  bounded  domain  Q.C  R'^.  That  is  for  every 
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point  X  we  have  to  solve  the  following  problem 

I  X  [^(^;)  -fj]  Mx,Xj)  I ,  (1) 

where  S  is  a  finite-dimensional  linear  spaee  and  fj  = 
f{xj)  is  the  eolleeted  data.  Weight  funetion  w{x,Xj)  with 
the  form  wq  (  ||a  —  xy  II2/ rj)  is  generally  used  to  simplify 
the  form  of  weight  funetion  and  help  forward  the  inde- 
pendenee  of  weight  funetion  on  the  dimension  d  of  the 
domain  Q,.  As  funetion  H’o(r)has  a  eompaet  support  [0, 
1],  weight  funetion  w{x,Xj)h2L^,  a  dise  support  with  eenter 
Xj  and  radius  rj.  In  this  paper,  we  would  like  to  take  the 
radius  as  a  eonstant  r  for  simplieity. 

The  MLS  approximation  has  its  origin  in  the  early  pa¬ 
per  [Laneaster  and  Salkauskas(1981)]  with  speeial  eases 
going  baek  to  [MeLain(1974),and  Shepard(1968)],  and 
some  investigation  about  the  approximation  order  is 
given  in  paper  [Farwig(1986)].  Now  MLS  methods  have 
emerged  as  the  basis  of  numerous  meshless  (meshfree) 
approximation  methods  that  being  suggested  as  an  al¬ 
ternative  to  the  traditional  finite  element  method  in  ref- 
erenees  [Atluri  (2004),and  Babuska,  Banerjee  and  Os- 
born(2003),  Liu,  Han  and  Lu  (2004)]  and  there  referred. 
Espeeially,  the  generalized  moving  least  squares  methods 
is  developed  and  sueeessfully  applied  as  a  approxima¬ 
tion  methods  to  solve  thin  beam  problem  in  paper  [Atluri, 
Cho,  Kim(1999)]. 

As  we  know,  one  of  the  erueial  steps  to  solve  partial  dif¬ 
ferent  equations  system  is  the  approximation  to  the  un¬ 
known  field  funetion  appeared  in  the  system,  i.e.  how 
to  ensure  trial  funetion  being  an  effeetive  approximation. 
The  influenee  faetors  existing  in  MLS  method  inelude 
whieh  kind  of  weight  funetion  wq  should  be  used  and 
how  mueh  the  size  of  eompaet  support  of  the  weight 
funetion  r  should  be.  Referenee  [Atluri  (2004)]  suggests 
to  use  4*^  order  spline  type  weight  funetion  in  order  to 
give  smoothness  to  the  derivatives  of  the  trail  funetion. 
About  the  seeond  faetor  there  is  no  definite  answer  up  to 
now  as  our  known. 
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In  this  paper,  after  a  brief  introduetion  of  the  MLS  ap¬ 
proximation  in  this  seetion,  a  suffieient  and  neeessary 
eondition  about  the  existenee  of  the  inverse  of  eoeffieient 
matrix  of  linear  equations  system  used  in  MLS  method 
is  posed  and  proved  when  uniform  distributed  partiele  is 
exploited  in  seetion  2.  The  eonelusions  about  the  appliea- 
tion  in  the  ease  of  linear  and  quadratie  basis  are  speeified 
in  seetion  3.  Then  the  model  of  optimal  radius  of  the  sup¬ 
port  of  radial  weight  funetion  is  developed  and  solved  in 
seetion  4  and  5  respeetively.  Some  numerieal  tests  about 
the  optimal  radius  when  linear  bases  and  quadries  base 
being  used  are  given  in  seetion  6.  And  the  eonelusions 
are  shown  in  the  end. 


where  matrix 

A(x)  =  P^W(x)P,  B(x)  =  P^W(x) , 

W(x)  =  diag{w{x,xi),  w{x,X2),  . . . ,  w(x,x„)}, 


P  = 


a(x) 


Pl{xi)p2{xi)  ...pni{xi) 
PI{X2)P2{X2)  ■  ■  ■  Pm{x2) 


Pl{Xn)P2{Xn)  ■  ■  ■  Pm{Xn) 
ai{x) 
a2{x) 


2  Sufficient  and  necessary 

Let’s  assume  that  the  finite  dimension  of  linear  spaee  S 
used  in  formula  (1)  is  expressed  as 


L  ani{x) 

ft ' 
fl 


S  =  span{pi{x),p2{x),-  ■  ■  ,Pm{x)} 


fn 


(4) 


(5) 


i.e.  a  series  of  linear  independent  funetions 
pi{x),p2{x),- ■  ■  ,pm{x)  defined  on  are  fhe  basis 
of  linear  spaee  S,  and  for  any  s  ^  S  fhere  exisf  a  group  of 

m 

eoeffieienfs  C  R  sueh  fhaf  5  =  X  ^iPi{x)  .  Then 

f— 1 

for  any  given  poinfx  G  C  R^,  fhe  moving  leasf  squares 
problem  (1)  ean  be  wrifen  as 

m 

Find  s*  =  "Z  cii{x)pi{x)  sueh  fhaf 
!=1 


min 


S  -fj\  ^w{x,Xj 


,1=1 


( 

P  _ 

2  '1 

n 

m 

1 

min  1  ^ 

Y,aiPi{xj)  -fj 

w{x,Xj)  } 

ai£R  [^2=1 

i—i 

J 

1  <  /  <  m 


n 


I 

1=1 


m 


2 


Y,ai{x)pi{xj)  -fj 
i—i 


w{x,Xj). 


(2) 


Aeeording  fo  leasf  squares  prineiple,  for  any  poinf  x  G 
Q.  C  R‘^,  fhe  eoeffieienfs  {aiix)}'^^  C  R  of  fhe  solution 
funetion  s*  should  be  fhe  solution  of  fhe  following  linear 
equations  system 


(3) 


In  order  fo  deseribe  fhe  solvabilify  of  fhe  linear  equafions 
system  (3)  elearly,  we  need  infroduee  fhe  following  defi- 
nifion  as  in  referenee  [Zuo  and  Nie(2005)]. 

Definition  1  Assuming  that  we  have  funetions  series 
Wi{x)}T=i  and  partieles  set  X  =  {xjYj^^,  is 

said  to  be  linear  independent  on  the  set  X  if  equations 

m 

Z  Ci^iixj)  =0  (1  <  y  <  n)  lead  to  ci  =  C2  =  •  •  •  =  = 

!=1 

0. 

Remark  2  Aeeording  to  the  definition,  obviously  the 
funetions  series  {tf>i{x)}1Li  is  linear  independent  on  the 
set  X  if  and  only  if  the  rank  of  the  matrix  O  is  m.  The 
matrix  O  is  defined  as 


o  = 


^iix2)(f>2{x2)  ■  ■  ■(f>m{x2) 


tpl  (Xji)  tp2(Xn)  •  •  •  (pm  {X/i) 


In  other  words,  the  eolumn  veetors  of  matrix  O  are  linear 
independent.  The  geometrie  explanation  is  that  there  is 
a  group  of  partieles  {xij}J^^  C  X  sueh  that  they  do  not 
loeate  in  any  same  eurve  expressed  by  a  funetion  in  spaee 
5pan{(pi(x),(p2(x),--  -  ,(pm(x)}. 

Now,  let  us  eome  baek  to  the  MLS  approximation.  For 
a  fixed  x  G  Q,  suppose  that  there  are  number  of  k  parti¬ 
eles,  {x,i  ,x,2,  •  •  •  ,Xik}=Px  C  Pa,  whieh  satisfy  eondition 


A(x)a(x)  =  B(x)u, 
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weight  w{x,xi)  >  0  for  any  xi  G  Px  in  contrast  with  weight 
w{x,xi)  =  0  for  xi  G  Pq\Px-  Reference  [Atluri  (2004)] 
calls  Px  as  the  influence  domain  of  point  ;c  based  on  given 
particles  set  Pq. 

Take  a  permutation  matrix  Tx  which  can  be  used  to  real¬ 
ize  the  following  transformation 


T.W(x)TJ 


Wii(x)  On  ' 
O21  O22  ’ 


(6) 


where  matrix 

W 1 1  (x)  =  diag{w{x,  xa ) ,  w(x,  xq ) ,  • ' ' ,  w{x,  Xiu) } , 


and  the  sizes  of  the  zero  matrixes  O12,  O21,  O22  are 
k  X  {n  —  k),  {n  —  k)  X  k,  {n  —  k)  x  {n  —  k)  respectively. 
Using  the  characteristic  of  permutation  matrix,  we  have 
the  alternative  form  of  coefficient  matrix  of  linear  equa¬ 
tions  system  (3)  as  follows 

A(x)  =  P^W(x)P  =  P^TjT,W(x)TjT,P 

=  (T,P)^T,W(x)Tj(T,P)  (7) 


Let’s  dispart  the  matrix  (T_^P)nxm  into  two  parts,  as  fol¬ 
lows 


where  matrix  P2  has  the  size  of  {n  —  k)  xm  and  matrix 
P]  has  the  form 


Pl{xil)P2{x^i)  .  .  .pni{x^i) 

Pi{x^2)P2{x[2)---Pm{x[2) 


P\{Xik)p2{Xik)  ■  ■  ■  Pm{Xik) 


(9) 


Substitute  formulas  (6)  and  (8)  into  (7),  and  we  obtain 
that  coefficient  matrix 


A(x) 


p,  r  Wii(x) 

P2 )  O21 


=  P[Wii(x)Pi. 


O12 

O22 


(10) 


Due  to  diagonal  matrix  Wn  (x)  being  positive  symmetry, 
det(A(x))  /  0  if  and  only  if  rank{P\)  =  m.  Using  the 
Remark  2  and  Definition  1,  that  is  to  say  functions  series 
{p,(x)}^j  should  be  linear  independent  on  the  influence 


domain  Px  =  {x,i ,  x,2 ,  • ' '  >  Xik].  Conclude  this  into  the  fol¬ 
lowing  theorem. 

Theorem  3  For  any  x  G  Q,  the  linear  equation  sys¬ 
tem  derived  from  moving  least  squares  approximation 
exist  unique  solution  if  and  only  if  the  base  functions 
{p,(x)}^j  is  linear  independent  on  the  influence  domain 
Px  of  point  X  based  on  the  given  particles  set  Pa- 
Remark  4  The  expression  (10)  of  coefficient  matrix  A(x) 
show  us  that  the  coefficient  matrix  of  MLS  method  is 
positive  symmetry  under  the  condition  of  Theorem  3. 
And  the  characteristic  leads  that  much  more  methods  can 
be  used  to  solve  equations  system  (3). 

Remark  5  The  theorem  is  correct  for  any  kind  of  weight 
function,  random  distributed  particles,  and  any  dimen¬ 
sion  of  any  shape  of  domain  LI  used  in  the  MLS  approx¬ 
imation. 

Remark  6  To  ensure  basis  {pi{x)}'^^  of  linear  space  S 
being  linear  independence  on  the  influence  domain  Px  of 
any  point  x  €  LI,  all  of  the  radius  rj  (1  <  7  <  n)of  the 
compact  support  of  weight  function  W{x,Xj)  must  large 
enough  such  that  Px  can  contain  number  of  m  particles  at 
least.  That  is  to  say  for  any  point  x^Ll  there  are  number 
of  k>m  =  dim(5')  supports  of  weight  functions  which 
cover  the  point  x,  and  among  of  the  k  centers  of  the  sup¬ 
ports,  there  are  m  center  at  least  which  do  not  locate  on 
any  curve  defined  by  a  function  in  space  S. 

Although  satisfying  the  condition  of  the  Theorem  3  en¬ 
sures  that  the  MLS  method  has  unique  analysis  solution, 
it  does  not  tell  us  what  the  best  radius  of  the  compact 
support  of  weight  function  should  be  to  obtain  a  good 
approximation.  This  problem  will  be  discussed  in  the 
following  several  sections. 

3  Application  to  linear  and  quadric  basis 

Now  we  use  the  previous  theory  to  the  case  of  the  linear 
space  S  with  linear  and  quadric  basis  respectively  and 
assuming  that  the  particles  Pa  =  {u}7=i  distributed 
uniformly  on  the  bounded  convex  domain  LI  C  with 
particles  step  h,  namely  the  distance  along  the  coordinate 
axis  between  the  adjacent  particles. 

In  the  case  of  linear  basis,  we  have  linear  space  S  = 
span{l,x,y}  and  m  =  dim(5')  =  3.  According  to  The¬ 
orem  3  and  Remark  6,  the  influence  domain  Px  for  any 
point  X  ^  LI  must  include  at  least  3  particles  not  shar¬ 
ing  any  same  straight  line,  then  the  MLS  method  can 
be  used  to  evaluate  the  approximation  of  the  unknown 


140  Copyright©  2006  Tech  Science  Press 


CMES,  vol.12,  no.2,  pp.137-147,  2006 


function  at  point  x.  As  the  particles  is  distributed  like 
Fig.  1,  and  weight  functions  take  the  form  of  w{x,Xj)  = 
wq  ( ||x  — Xj||2/r),  the  support  radius  r  of  the  support 

should  be  greater  than  ©5  j 2h  ^  1.11 803/i,  which  can 
be  obtain  by  sampling  several  special  point  x  along  the 
domain  boundary  dO.  only  because  the  interior  point  x 
has  more  particles  included  in  its  influence  domain  . 

In  the  case  of  quadratic  basis,  linear  space  S  = 
span{l ,x,y,x^ ,xy,y^}  and  the  dimension  m  =  dim(5')  = 
6.  Similarly  discussion  as  in  the  linear  case,  we  know  that 
the  influence  domain  Px  must  include  6  particles  not  shar¬ 
ing  any  quadratic  curve  (two  lines  regards  as  a  special 
quadratic  curve),  and  further  the  support  radius  r  should 
be  greater  than  vT/  jlh  k,  2.0616/i. 

Remark  7  Although  the  previous  conditions  about  the 
radius  of  support  can  ensure  the  matrix  inversion  of  the 
MLS  approximation  possible,  a  little  larger  support  ra¬ 
dius  than  the  previous  mentioned  is  needed  to  reduce 
the  condition  number  of  the  coefficient  matrix.  Through 
computing  simulation,  reference  [Zuo  and  Nie  (2005)] 
suggests  that  r  >  \.2h  >  j 2h  for  linear  basis  and 

r  >  2.5/i  >  vT? /2/i  for  quadratic  basis.  We  will  search 
the  best  support  radius  based  on  a  model  in  the  coming 
section. 
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(a)  linear  basis  (b)  quadratic  basis 

Figure  1  :  The  positions  where  the  minimum  radius  of 
influence  domain  needed  by  MLS  method.  •  point  x  G 
Q  o  particle  in  Px 


4  Model  of  optimal  radius 

It  is  very  hard  just  depending  on  the  mathematical  anal¬ 
ysis  to  obtain  the  optimal  radius  of  support  of  the  weight 
function  used  in  the  MLS  approximation.  To  our  knowl¬ 
edge  there  is  no  a  clear  result  about  this  problem  up  to 


now.  Here  we  try  to  develop  a  mathematic  model  and 
systemic  numerical  tests  based  on  approximation  theory 
to  solve  this  problem  partially. 

According  to  reference  [Atluri  (2004)],  the  order 
spline  function  which  takes  as  the  following  form 


l-6t'^  +  8?^  - 

0 


0<t  <  1 
1  <  t 


(11) 


is  suggested  to  use  as  the  weight  function  in  MLS  method 
because  it  has  better  smoothness  of  the  first  derivative  of 
the  approximate  function. 

Owing  to  Weierstrass  theorem  that  any  continuous  func¬ 
tion  can  be  approximated  by  a  polynomial  for  any  given 
accuracy  requirement,  we  take  the  monomial  basis,  for 
example  in  space  they  are 

l,x,y,x^xy,y^x^x^y,xy^y^  •  •  • 


to  express  the  polynomial  which  is  used  to  approximate 
a  given  functions.  Thus  a  good  approximation  method 
should  approximate  monomials  efficiently,  and  the  re¬ 
verse  is  correct  because  of  the  following  fact 

\f  -s*\<\f -p\  +  \p-s*\<z  +  \p-s*\, 

where  /  is  any  continuous  function,  s*  is  the  approxima¬ 
tion  function  of  function  /  by  MLS  methods,  and  p  is  the 
polynomial  used  to  approximate  /  for  a  given  accuracy 
requirement  £  >  0. 

For  each  monomial,  we  use  MLS  method  to  approxi¬ 
mate  it,  and  find  the  best  radius  through  comparing  the 
Sobolev  norms  of  the  approximate  error.  Considering  the 
reproducing  ability  for  polynomials  of  MLS  which  is  de¬ 
cided  by  the  linear  space  S  used  in  formula  (1),  the  first 
several  monomials  no  need  to  be  tested. 

Sobolev  norm  ||•||y  is  defined  as  follows 

(  t 

ll/ll^=  I  I  [  [0“/(x)]'r/Q  , 

ncR^  (12) 

where  multi-index  a  =  (ai,a2,--  -  ,(Xd)  is  used,  |a|  = 

d 

X  oc,-,  {o.iYi=i  nonnegative  integers,  and  differential 
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Figure  2  :  Errors  of  MLS  method  to  monomials  with  varying  support  radius  (Linear  basis),  (a)  ||  •  ||q,  (b)  ||  •  ||  j  norms 
are  used  to  measure  errors  respectively. 


Denote  the  monomial  optimal  radius  (MOR)  of  support 
of  the  weight  used  in  MLS  method  as  while  the  ap¬ 
proximated  monomial  is  x“  =  ■  ■  ■x^‘‘  and  Sobolev 

norm  ||•||y  is  used  to  measure  approximate  error.  MOR 
can  be  gotten  approximately  through  simple  search¬ 
ing  methods  and  the  initial  searching  radius  can  be  de¬ 
fined  through  the  theory  in  section  2  (Step  0). 


Generally,  for  different  monomials,  the  MORs  are  differ¬ 
ent  each  other.  So  we  need  use  these  MORs  to  develop 
the  optimal  radius  of  MLS  method  .  Assume  that  the 
MLS  approximate  has  degree  of  {m*  —  1 )  polynomial  re¬ 
producing.  The  following  three  steps  can  be  used  to  ob¬ 
tain 

Step  1  Develop  the  group  optimal  radius  (GOR)  of 
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Table  1  :  Evaluation  of  optimal  radius  in  linear  basis  case  (h=0.25) 


h=0.25 

n=2 

xy 

n=3 

x^  x^y 

n=4 

x'^ 

t=0 

Ma) 

opt 

0.290  0.390 

0.290  0.325 

0.290  0.315  0.315 

Mn) 

opt 

0.323 

0.308 

0.305 

^(0) 

'  opt, n 

0.323 

0.318 

0.316 

t=l 

f{Xa) 

opt 

0.420  0.390 

0.420  0.415 

0.420  0.415  0.410 

opt 

0.410 

0.418 

0.416 

^(1) 

'  opt,  n 

0.410 

0.413 

0.412 

Table  2  :  Evaluation  of  optimal  radius  in  quadratic  basis  case  (h=0.25) 


h=0.25 

n=3 

x^  x^y 

n=4 
x'^  xV 

x^  xV  xV 

t=0 

r(0,a) 

opt 

0.560  0.520 

0.560  0.545  0.515 

0.560  0.545  0.515 

Mn) 

opt 

0.540 

0.545 

0.540 

p-(O) 

opt,n 

0.540 

0.542 

0.541 

t=l 

opt 

0.585  0.575 

0.590  0.580  0.525 

0.630  0.580  0.555 

opt 

0.580 

0.573 

0.588 

M) 

opt,n 

0.580 

0.578 

0.579 

MES  method  as  simple  arithmetic  average  of  the 
MORs  of  monomials  with  the  same  degree  n: 


where  C„  is  the  cardinality  of  multi-index  set  {a  :  |a|  = 
n}. 

Step  2  Develop  the  partial  optimal  radius  (FOR)  of 
MES  method  ^  as 

rolt,n  =  S  I 

l—m*  /  l—m* 

where  are  a  group  of  weights  of  GOR 

(f  z)  1  ” 

'opt  f  For  the  first  several  degrees  of  monomials 

)  l=m* 


less  than  m*,  any  radius  which  satisfies  fhe  condifion  of 
Theorem  3  in  fhis  paper  is  opfimal  because  of  fhe  zero  er¬ 
ror  caused  by  fhe  reproducfion.  So  fhe  opfimal  radius  for¬ 
mula  (14)  does  nol  include  fhe  confribufions  of  fhose  low 
orders  of  monomials.  As  fhe  equal  weighfs  are 

used  for  fhe  GOR,  formula  (14)  means  fhe  simple  arifh- 
mefic  average  over  fhe  nonzero  error  groups.  Ofherwise, 
if  is  an  average  wifh  weighfs  on  GOR.  In  order  fo  ensure 
beffer  approximafe  ability  on  a  linear  space,  gradual  re¬ 
ducing  weighfs  such  as  {w/  =  1  /2^}”^^*  are  suggesfed  fo 
use. 

Step  3  Develop  the  optimal  radius  of  MES  method 
as  the  limit  of  FOR 

z'5f=limr^5,  (15) 

As  uniform  particles  are  used,  r^‘pt  depends  on  particle 
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Figure  3  :  Errors  of  MLS  method  to  monomials  with  varying  support  radius  (Quadric  basis),  (a)  ||•||o^  (b)  ||•||l 
norms  are  used  to  measure  errors  respectively. 

step  /jobviously.  Let’s  name  quantity  as  opti-  5  Optimal  radius  of  linear  and  quadratic  basis 

mal  scaling.  The  numerical  results  in  section  6  will  show 

that  optimal  scaling  is  independent  on  particle  step  h.  Now  we  use  the  model  posed  in  the  previous  section  to 

develop  the  optimal  scaling  of  MLS  in  the  case  of  linear 
space  S  with  linear  and  quadratic  basis  being  used  for 
2  dimensional  domain  Q  =  [0,  1]  x  [0,  1]  with  uniform 
distributed  particles. 


144  Copyright©  2006  Tech  Science  Press 


CMES,  vol.12,  no.2,  pp.137-147,  2006 


While  the  linear  basis  are  used  in  MLS  approximation, 
the  errors  of  approximations  to  a  group  of  monomials 
with  varying  radius  in  different  norms  are  show  in  Fig.2, 
and  the  MORs  and  is  given  in  Tab.  1.  In 
the  eomputing  proeess,  searehing  method  is  used  with 
researehing  step  0.005  and  initial  radius  value  1.1 2/i  > 
\/5  jlhK,  1.11 803/i  that  the  reason  has  been  diseussed 
in  details  in  seetion  3. 

Considering  the  symmetry,  we  just  show  data  about  the 
partial  monomials  in  a  group  in  Fig.  2  and  Tab.  1.  GORs 
and  PORs  are  evaluated  due  to  formula  (13)  and  (14)  with 
weights  {w/  =  1  respeetively.  Owing  to  formula 

(15),  the  optimal  radius  of  MLS  ~  0.316,  ~ 

0.412  while  partiele  step  h  =  0.25  is  used,  and  the  opti¬ 
mal  sealings  1 .264,  Rs  1 .648.  The  reason  that 
sealing  ^(1)  >  5(0)  is  that  error  measured  by  norm  ||•||J 
ineludes  more  items  eompared  with  norm  ||•||o,  namely 
first  order  differentials,  and  this  leads  to  more  smooth  re¬ 
quirement. 

While  the  quadrie  bases  are  used,  the  same  proeess  as  the 
linear  ease  is  followed  exeept  that  for  the  initial  searehing 
radius  is  2.06/iss  vT? / 2/i.  The  eorresponding  data  are 
shown  in  Fig.  3  and  Tab.  2.  The  optimal  radius  of  MLS  is 
r^pf  0.541 ,  r^pj  0.579  while  partiele  step  h  =  0.25 
is  used,  and  the  optimal  sealings  2.164, 

2.316. 

Remark  8  Although  the  data  we  used  is  dependent  on 
node  step  h,  the  optimal  sealing  are  independent  of 
h  whieh  will  be  shown  through  numerieal  examples  in 
next  seetion.  And  the  results  ean  be  applied  to  the  other 
2  dimensional  domain  with  uniform  nodes  beeause  linear 
map  does  not  ehange  the  key  eharaeteristies  of  polynomi¬ 
als  sueh  as  degree. 

Remark  9  The  model  ean  be  used  to  three  dimensional 
problem  without  any  diffieulty.  As  the  quasi-uniform 
[Babuska  ,  Banerjee  and  Osborn  (2003)]  distributed  par- 
tieles  are  used,  it  ean  be  used  with  little  modify  whieh 
will  be  given  in  eoming  paper. 


6  Numerical  test 

In  this  seetion,  we  eheek  that  the  optimal  sealing  has 
little  dependent  on  node  step  h  firstly.  Then  some  eom- 
plex  funetions  are  used  to  test  the  effieieney  of  the  opti¬ 
mal  sealing  obtained  by  the  model  posed  in  this  paper. 


6.1  Optimal  scaling  independent  on  node  step  test 

Two  different  node  steps  0.2  and  0.125  eompared  with 
the  step  0.25  are  used  to  the  model  in  seetion  5  to  obtain 
the  optimal  sealing  while  linear  and  quadratie  base  are 
used  respeetively.  The  optimal  sealing  results  evaluated 
from  the  data  in  Tab.5-6  and  Tab.  7-8  are  given  in  Tab.  3 
and  Tab.  4  for  two  kinds  of  linear  spaee  S  respeetively. 
The  results  show  the  optimal  sealing  of  radius  of  support 
of  weight  funetion  evaluated  from  different  steps  is  equal 
eaeh  other  approximately,  and  the  little  differenee  among 
them  is  eaused  mainly  from  searehing  step. 


Table  3  :  Comparing  of  optimal  sealing  with  varying  par¬ 
tiele  steps  (linear  basis) 


h 

0.25 

0.2 

0.125 

1.264 

1.275 

1.264 

1.648 

1.665 

1.672 

Table  4  :  Comparing  of  optimal  sealing  with  varying  par¬ 
tiele  steps  (quadratie  basis) 


h 

0.25 

0.2 

0.125 

2.164 

2.175 

2.176 

2.316 

2.315 

2.200 

6.2  Efficient  test 

Three  funetions  e^sinysin(x^y)  and  are  used  to  test 
the  effieieney  of  fhe  opfimal  sealing  of  supporf  radius  of 
weighl  funelion  in  MLS  mefhod.  And  lef  parfiele  sfep 
h=0.125.  The  error  eurves  measured  by  fwo  kinds  of 
norms  varying  wifh  supporf  radius  are  displayed  in  Fig. 
4  for  linear  basis  ease  and  Fig.  5  for  quadrafie  basis. 

Fig.  4  (a)  and  (b)  show  fhaf  while  supporf  radius 
r  =  5(0) /i  =  1.264  X  0.125  =  0.158 

and 

r  =  =  1.672  X  0.125  =  0.209 

are  used  respeefively  MLS  mefhod  wifh  linear  basis 
gives  fhe  fhree  fesf  funelions  fhe  besf  approximafions  all- 
around  in  eorresponding  norm  of  ||•||Q  and  ||•||^.  Simi¬ 
larly,  Fig.  5  (a)  and  (b)  indieafe  fhaf  while  MLS  mefhod 
wifh  quadrafie  basis  and  supporf  radius  faken  as 

r  =  5^/1  =  2.176  X  0.125  =  0.272 
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Figure  4  :  Test  about  optimal  radius  (linear  basis  case),  (a)  ||•||o^  (b)  ||•||J  norms  are  used  to  measure  errors 
respectively. 


Figure  5  :  Test  about  optimal  radius  (quadratic  basis  case),  (a)  ||•||o,  (b)  ||•||l  norms  are  used  to  measure  errors 
respectively. 


and 

r  =  =  2.200  X  0. 125  =  0.275  , 

the  best  approximations  all-around  to  the  three  test  func¬ 
tions  in  norm  of  1 1  •  1 1  q  and  1 1  •  1 1  ^  are  obtained  respectively. 

7  Conclusion 

Based  on  matrix  analysis  and  approximation  theory,  this 
paper  develops  an  efficient  approach  to  find  the  optimal 


radius  of  support  of  radial  weight  function  used  in  mov¬ 
ing  least  squares  method.  As  an  example,  while  uniform 
distributed  particles  and  the  order  spline  weight  func¬ 
tion  are  adopted  in  MLS  method  in  two  dimension  do¬ 
main,  and  two  kinds  of  norms  are  used  to  measure  er¬ 
ror,  optimal  results  for  linear  and  quadratic  basis  are  ob¬ 
tained,  and  then  the  test  data  verify  that  the  optimal  value 
are  correct. 
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Table  5  :  Evaluation  of  optimal  radius  in  linear  basis  case 


h=0.2 

n=2 

xy 

n=3 

3  2 

X  X  y 

x"^  xV  xV 

t=0 

AO, a) 
opt 

0.235  0.310 

0.235  0.260 

0.235  0.255  0.255 

AO.n) 

opt 

0.260 

0.248 

0.247 

AO) 

oft,n 

0.260 

0.256 

0.255 

t=l 

AXa) 

opt 

0.340  0.310 

0.340  0.335 

0.340  0.335  0.330 

Al,n) 

opt 

0.330 

0.338 

0.336 

AD 

opt,n 

0.330 

0.333 

0.333 

Table  6  :  Evaluation  of  optimal  radius  in  linear  basis  case 


h=0.125 

n=2 

x^  xy 

n=3 

x^  xV 

X^  xV  xV 

t=0 

AO, a) 
opt 

0.145  0.195 

0.145  0.160 

0.145  0.160  0.160 

A0,n) 

opt 

0.162 

0.153 

0.154 

AO) 

opt,n 

0.162 

0.159 

0.158 

t=l 

AXa) 

opt 

0.215  0.195 

0.210  0.210 

0.210  0.210  0.210 

AXn) 

opt 

0.208 

0.210 

0.210 

AX) 

opt,n 

0.208 

0.209 

0.209 

Table  7  :  Evaluation  of  optimal  radius  in  quadratic  basis  case 


h=0.2 

n=3 

x^  x^y 

n=4 

x'^  xV  xy 

n=5 

x^  xV  xV 

t=0 

A0,a) 

opt 

0.450  0.415 

0.450  0.440  0.415 

0.450  0.440  0.415 

A0,n) 

opt 

0.433 

0.439 

0.435 

AO) 

'  opt, n 

0.433 

0.435 

0.435 

t=l 

AXa) 

opt 

0.460  0.485 

0.460  0.460  0.415 

0.475  0.460  0.455 

AXn) 

opt 

0.473 

0.451 

0.463 

AD 
'  opt, n 

0.470 

0.464 

0.463 
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Table  8  :  Evaluation  of  optimal  radius  in  quadratic  basis  case 


h=0.125 

n-3 

x^y 

n=4 

x^  x^  x^y^ 

n=5 

x^  xV  xV 

t=0 

fiO.n) 

'k 

0.280  0.260 

0.280  0.280  0.255 

0.280  0.280  0.265 

Mn) 

opt 

0.270 

0.275 

0.275 

f{0) 

'  Oft, n 

0.270 

0.272 

0.272 

t=l 

f(Xn) 

'k 

0.285  0.255 

0.285  0.285  0.255 

0.290  0.285  0.285 

'opt 

0.270 

0.279 

0.287 

'  opt, n 

0.270 

0.273 

0.275 
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Atomic-level  Stress  Calculation  and  Continuum-Molecular  System  Equivalence 

Shengping  Shen^  and  S.  N.  Atluri^ 


Abstract:  An  atomistic  level  stress  tensor  is  defined 

with  physical  clarity,  based  on  the  SPH  method.  This 
stress  tensor  rigorously  satisfies  fhe  conservation  of  lin¬ 
ear  momenfum,  and  is  appropriate  for  bofh  homogeneous 
and  inhomogeneous  deformalions.  The  formulation  is 
easier  fo  implemenf  fhan  ofher  sfress  fensors  fhaf  have 
been  widely  used  in  afomisfic  analysis,  and  is  validafed 
by  numerical  examples.  The  presenf  formulation  is  very 
robusf  and  accurafe,  and  will  play  an  imporfanf  role  in 
fhe  multiscale  simulafion,  and  in  molecular  dynamics. 
An  equivalenf  confinuum  is  also  defined  for  fhe  molec¬ 
ular  dynamics  system,  based  on  fhe  developed  definilion 
of  atomistic  sfress  and  in  conjuncfion  wifh  fhe  SPH  fech- 
nique.  The  process  is  simple  and  easy  to  implemenf,  and 
fhe  fields  are  wifh  high-order  confinuify.  This  equivalenf 
confinuum  mainfains  fhe  physical  aflribufes  of  fhe  atom¬ 
istic  sysfem.  This  developmenf  provides  a  sysfemafic  ap¬ 
proach  fo  fhe  confinuum  analysis  of  fhe  discrefe  afomic 
systems. 


uum  mechanical  calculafions,  which  have  been  used  in 
molecular  dynamics  simulations  of  solids  in  a  variety  of 
ways,  such  as  characferizafion  of  defecls,  fhe  defermina- 
fion  of  elastic  consfanfs,  and  fhe  sfudy  of  fhe  local  elasfic 
properfies  of  carbon  nanolubes  [Chandra,  Namilae,  and 
Shef  (2004)].  There  are  differenl  ways  fo  calculate  sfress 
in  afomisfic  simulations.  Pioneering  work  has  been  done 
in  Ibis  field  by  Born  and  Huang  (1954)  who  used  an  elas¬ 
tic  energy  approach  fo  evaluafe  fhe  sfress  in  lattices  by 
means  of  fhe  Cauchy-Born  hypofhesis  for  homogeneous 
deformalion. 

Anofher  widely  used  sfress  measure  al  fhe  atomic  scale  is 
fhe  virial  sfress,  which  is  based  on  a  generalization  of  fhe 
virial  fheorem  of  Clausius  (1870)  for  gas  pressure.  This 
quanfify  includes  fwo  parfs,  and  can  be  expressed  as: 


-.virial 


(1) 


keyword:  Atomistic  analysis,  sfress,  SPH,  continuum. 

1  Introduction 

The  macroscopic  behavior  of  solids  is  widely  studied 
from  a  microscopic  level,  using  the  viewpoints  of  atom¬ 
istic  mechanics  [Askar  (1985),  Bardenhagen  and  Tri- 
antafyllidis  (1994)].  To  bridge  the  atomistic  mechan¬ 
ics  and  the  continuum  mechanics,  it  is  important  to 
know  the  relationships  between  the  microscopic  quanti¬ 
ties  of  atoms,  and  the  macroscopic  quantities  of  continua. 
Atomic-level  stress  calculation  plays  a  very  important 
role  in  comparisons  of  continuum  predictions  with  atom¬ 
istic  simulations,  and  it  allows  the  intensity  and  nature  of 
internal  interactions  in  the  discrete  particle  systems  to  be 
measured.  The  atomistic  stress  can  be  employed  to  inter¬ 
pret  the  results  of  atomistic  simulation  in  light  of  contin- 
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Here  i  and  j  are  the  atomic  indices.  The  summation  is 
over  all  the  atoms  occupying  the  total  volume  Q..  m  i  is 
the  mass  of  atom  i,  u,  is  the  displacement  vector  of  atom 
i  relative  to  a  reference  position,  u,  =  du,- / dt  denotes  the 
material  time  derivative  of  u,-,  Vij  =  rj  —  r,-,  and  (g)  repre¬ 
sents  the  tensor  product  of  two  vectors,  f  ,7  is  the  inter¬ 
atomic  force  applied  on  atom  i  by  atom  j. 


9  .  J.. . 

fij 


(2) 


where  ^7  =  ||r,7  ||,  is  the  energy  of  the  atomic  en¬ 

semble.  It  is  noted  that  this  stress  formulation  is  strictly 
valid  only  when  a  homogeneous  stress  state  exists  in  the 
entire  volume.  The  first  term  on  the  right-hand  side  of 
equation  (1)  is  the  kinetic-energy  term,  which  accounts 
for  mass  transport  across  a  fixed  spatial  surface.  The 
second  term  comes  from  interatomic  interactions.  Based 
on  the  virial  stress,  some  other  formulations  of  stress  in 
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molecular  dynamics  such  as  BDT  stress  [Basinski,  Dues- 
bery,  and  Taylor  (1971)],  Lutsko  stress  [Lutsko  (1988); 
Cormier,  Rickman,  and  Delph  (2001)],  and  mechanical 
stress  [Cheung  and  Yip  (1991)]  are  proposed.  However, 
as  pointed  by  Zhou  (2003): 

The  virial,  BDT,  Lutsko  and  mechanical  stresses,  are 
not  the  Cauchy  stresses  or  any  other  form  of  mechani¬ 
cal  stresses.  It  must  be  clearly  stated  that  the  virial  the¬ 
orem  for  gas  pressure  is  totally  correct  in  the  statistical 
sense.  However,  generalizing  it  to  claim  that  mechanical 
stress  also  depends  on  mass  transfer  as  well  as  internal  in¬ 
teratomic  force  is  unjustifiable  and  incorrect.  The  virial 
stress  as  defined  in  equafion  (1)  has  fhe  geomefric  infer- 
prefafion  of  being  a  measure  for  fhe  momenfum  change 
in  a  fixed  spatial  region.  This  inferprefafion  does  nol  as¬ 
sign  any  physical  significance  fo  fhe  virial  sfress  as  a  pos¬ 
sible  measure  of  mechanical  inferaefion.  Sfress  is  a  mea¬ 
sure  of  fhe  effeef  of  pure  force  on  momenfum  change  as- 
sociafed  wifh  a  fixed  amounf  of  mass  (nof  change  in  mo¬ 
menfum  confained  in  a  spafial  region).  The  “virial  sfress” 
is  defined  using  a  spafial  cuf  which  is  fixed  in  space,  and 
is  relafed  fo  fhe  sfafisfical  average  of  fhe  exfernal  forces 
befween  fhe  sysfem  and  a  rigid  non-deforming  confainer. 
If  fhe  virial  sfress  is  freafed  as  a  measure  of  mechanical 
force,  fhe  balance  of  momenfum  would  be  violafed. 

However,  if  fhe  kinefic-energy  ferm  in  fhese  expressions 
is  fhrown  off,  fhey  reduce  fo  Cauchy  sfress  wifh  a  phys¬ 
ical  meaning.  In  Ibis  paper,  we  will  nol  consider  fhe 
kinefic-energy  ferm  in  fhe  formulalions  of  BDT  and  Lul- 
sko  slresses.  BDT  sfress  is  pul  forward  by  Basinski, 
Duesbery,  and  Taylor  (1971),  and  is  based  on  a  volu- 
melric  parlilion  of  fhe  homogeneous  deformed  bulk  by 
exlending  fhe  virial  sfress  fo  one  alomic  volume.  BDT 
sfress  is  defined  as: 


•DT 


(■■)  =  2^Er.r 


(3) 


where  D'  is  a  small  volume  around  an  alom  i.  Theoreti¬ 
cally,  fhe  above  definilions  are  valid  only  for  a  homoge¬ 
neous  system.  In  seclion  2,  we  will  prove  lhal  fhe  BDT 
sfress  in  eq.  (3)  is  equivalenl  fo  fhe  Cauchy-Born  hypolh- 
esis  for  homogeneous  deformation.  The  folal  volume  and 
fhe  volume  of  a  single  alom  are  required  in  fhe  calcula- 
lion  of  virial  and  BDT  slresses.  The  local  sfress  proposed 
by  Lulsko  (1988)  and  exlended  by  Cormier,  Rickman, 
and  Delph  (2001)  is  based  on  fhe  local  sfress  tensor  of 


sfafisfical  mechanics.  The  Lulsko  sfress  can  be  expressed 
as 


=  (4) 

'  Mi 

where  is  fhe  averaging  volume,  lij  (0  <  hj  <  1) 
denotes  fhe  fraction  of  fhe  lenglh  of  fhe  i  —  j  bond  ly¬ 
ing  inside  fhe  same  averaging  volume.  For  a  homoge¬ 
neously  deformed  sysfem,  approaches  for 

large  averaging  volumes.  Lulsko  sfress  has  been  used 
fo  evaluale  local  elaslic  properlies  of  grain  boundaries 
in  melals.  Lulsko  sfress  assumes  lhal  fhe  sfress  slafe  is 
homogenous  in  fhe  averaging  volume.  The  mechanical 
sfress  advanced  by  Cheung  and  Yip  (1991)  is  calculated 
as  fhe  sum  of  fhe  lime  rale  of  fhe  change  of  fhe  momen- 
lum  flux  and  fhe  forces  divided  by  area  across  fhe  parlic- 
ular  surface  of  inferesl.  The  researchers  inferesled  in  sur¬ 
face  problems  proposed  fhe  alomic  sfress  based  on  force 
balance  and  fhe  inferplanar  inferaefion,  inslead  of  fhe  in- 
feralomic  interaction  [Machova  (2001)]. 

Two  years  back,  Afluri  (2002)  poinfed  oul  lhal  in  a  multi¬ 
scale  modeling,  fhe  forces  on  particles  are  simply  dif- 
ferenl:  Ihose  on  an  alomic  parlicle  arise  due  fo  alomic 
inleraclions,  while  Ihose  on  a  confinuum  parlicle  arise 
due  fo  fhe  divergence  of  fhe  slress-slale  around  fhe  par¬ 
licle,  as  pointed  oul  by  Navier.  Thus,  in  any  continuum- 
molecular  dynamics  equivalence,  fhe  alomic  forces  in 
MD  should  be  made  equivalenl  fo  fhe  divergence  of  fhe 
slress-field  in  a  continuum.  Thus,  in  Ibis  paper,  a  new 
atomistic  sfress  formulalion  is  proposed  wifh  physical 
clarify,  which  is  appropriate  for  both  homogeneous  and 
inhomogeneous  deformations.  In  Ibis  paper,  fhe  formula- 
lion  of  fhe  atomistic  sfress  is  derived  direcfly  based  on 
fhe  physics.  Since  fhe  sfress  is  a  continuum  concepl, 
al  firsl,  fhe  discrele  alomislic  force-field  is  smoolhed  by 
using  fhe  Smoolhed  Parlicle  Hydrodynamics  fechnique 
[Lucy  (1977)].  Then,  by  analyzing  the  force-state  of  an 
infinitesimal  parallelepiped  at  point  r,  a  relationship  be¬ 
tween  the  stress  and  the  atomistic  force  can  be  developed. 
This  formulalion  is  useful  and  convenienl  for  compula- 
lional  applicalions,  and  satisfies  fhe  conservation  of  lin¬ 
ear  momenfum.  The  resulfs  are  compared  wifh  fhe  BDT 
and  Lulsko  sfress.  Based  on  fhe  new  formulalion  of  fhe 
atomistic  sfress,  an  equivalenl  confinuum  for  molecular 
system  is  defined,  which  conserves  fhe  momenfum  and 
mass  of  fhe  discrele  alomic  sysfem.  The  smoolhed  parli- 
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cle  hydrodynamics  (SPH)  technique  is  employed  to  make 
the  discrete  atomic  system  to  be  an  equivalent  continuum 
system. 

Smoothed  Particle  Hydrodynamics  (SPH)  has  been  in¬ 
troduced  by  Lucy  (1977)  to  study  self-gravitating  fluids. 
The  idea  of  the  method  is  to  consider  the  fluid  as  an  en¬ 
semble  of  (smooth)  particles.  Each  particle  has  a  kernel 
which  represents  its  mass  distribution,  and  carries  infor¬ 
mation  on  the  average  values  of  dynamical  and  thermo¬ 
dynamical  quantities,  as  well  as  on  their  gradients.  After 
then,  it  has  become  a  widely  used  tool  in  astrophysics 
[Monaghan  (1992)].  In  astrophysics,  the  system  is  dis¬ 
crete.  By  means  of  a  localized  kernel  function,  a  local 
continuous  field  is  generated  to  avoid  singularity.  SPH 
provides  a  systematic  method  to  obtain  these  quantities 
based  on  a  “smoothed”  estimate  over  neighboring  parti¬ 
cles.  The  idea  for  estimating  the  quantities  using  a  kernel 
is  at  the  heart  of  the  SPH  technique.  We  can  employ 
this  idea  to  obtain  any  physical  quantity  of  a  particle  us¬ 
ing  a  kernel-weighted  estimate  over  neighboring  parti¬ 
cles.  A  primary  reason  for  the  popularity  of  SPH,  de¬ 
spite  its  shortcomings,  is  its  overall  simplicity  and  ease 
of  use.  Due  to  its  distinct  advantage,  the  SPH  method 
was  widely  adopted  as  one  of  the  efficient  computational 
techniques  to  solve  applied  mechanics  problems. 

2  The  derivation  of  the  stress  tensor 

As  we  discussed  in  the  previous  section,  there  are  lots  of 
atomistic  stress  tensors  in  volume-averaged  form.  Here, 
we  will  give  an  atomistic  tensor  in  a  nonvolume-averaged 
form  with  physical  clarity. 

Consider  a  discrete  atomic  system,  wherein  the  inter¬ 
atomic  force  on  atom  i  is  f,.  As  well  known,  the  con¬ 
cept  of  stress  is  a  continuum  concept.  Hence,  to  derive 
the  atomistic  stress,  at  first,  we  should  make  the  discrete 
atomic  system  to  be  an  equivalent  continuum  system. 
The  idea  of  the  SPH  method  is  employed  here  to  smooth 
the  discrete  atomistic  force  field.  SPH  is  very  popular 
in  astrophysics,  where  the  real  physical  system  is  dis¬ 
crete.  In  order  to  avoid  singularity,  a  local  continuous 
field  is  generated  by  introducing  a  localized  kernel  func¬ 
tion,  which  can  serve  as  a  smoothing  interpolation  field. 
The  physical  meaning  of  the  kernel  function  can  be  inter¬ 
preted  as  the  probability  of  a  particle’s  position,  as  in  a 
probabilistic  method.  The  SPH  is  only  a  smoothing  tech¬ 
nique.  In  this  paper,  we  will  smooth  the  discrete  atomic 
force  field  at  first.  In  this  case,  the  force  per  unit  volume. 


i.e.  the  force  density  g(r),  can  be  obtained  by  means  of 
the  SPH,  as 

=  J^fiw{r-ri,h)  (5) 

i 

where  f,-  is  the  force  on  atom  i,  w  (x,  h)  is  the  smooth  ker¬ 
nel  function,  and  the  summation  is  over  all  the  particles. 
Notice  that  we  do  not  have  to  divide  by  volume,  because 
the  kernel  is  normalized  to  unite  volume  [w  (x,  h)  has  the 
units  of  inverse  volume,  as  in  eq.  (6)],  the  division  by 
volume  is  effectively  incorporate  into  w{x,h).  A  com¬ 
mon  choice  for  a  kernel  is  a  Gaussian,  namely 

where  d  is  the  number  of  spatial  dimensions  in  the  prob¬ 
lem,  and  h  is  the  smoothing  length.  The  kernel  is  normal¬ 
ized  such  that  its  integral  is  unity,  i.e. 

Jw(x,h)dx=l  (7) 

where  the  integration  is  over  all  the  space.  In  general,  the 
kernel  function  has  to  be  a  compact-supported  positive 
function,  and  its  integral  is  unity.  Moreover,  as  /i  ^  0, 
the  kernel  function  should  approach  to  6(x).  It  is  im¬ 
portant  to  realize  that  although  the  summations  are  for¬ 
mally  over  all  the  particles,  only  a  small  number  actu¬ 
ally  contribute,  because  w{x,h)  can  be  chosen  so  that 
it  falls  off  rapidly  for  appropriate  h.  Other  commonly 
used  compact-supported  kernel  functions  include  the  cu¬ 
bic  spline  and  the  quartic  spline  [Atluri  (2004),  Atluri 
and  Shen  (2002)],  in  these  cases,  the  smoothing  length 
becomes  the  radius  of  the  compact  support. 

Now,  in  the  equivalent  continuum  system,  we  consider 
an  infinitesimal  parallelepiped  at  point  r  with  surfaces 
parallel  to  the  coordinate  planes  (as  shown  in  Fig.  1).  In 
the  infinitesimal  volume,  the  volume  of  the  infinitesimal 
parallelepiped  is  dv  =  dx\dx2dx^,  and  the  Cauchy  stress 
at  point  r  is  a  (r),  then,  the  resultant  forces  at  point  r  in  v, 
direction  are:  Ojijdv.  On  the  other  hand,  from  eq.  (5),  we 
can  get  the  force  density  at  point  r,  g(r),  of  the  equivalent 
continuum  system.  Hence,  the  resultant  forces  at  point  r 
should  be  equal  to  g(r)r/v.  Thus,  we  have  the  following 
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Xl  A 
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1 


Figure  1  :  The  definition  of  the  stress  tensor 


equation  to  relate  the  equivalent-eontinuum  stress  and  the 
atomie  foree, 


is -0(8)  =  -^fiw(s) 


^Isr, 


divO  (r)  dv  =  g  (r)  dv 
Then,  we  have 

diva  (r)  =  ^  (r  -  r,- ,  h) 

i 

Defining  the  Fourier  transform  of  a  funetion  F(r)  as 

F(s)  =  [  F{r)e^^  '^dV 

Jv 

and  the  inverse  transform  as 


^  i  Mi 


gls  r,  _  gls  r; 


2“;^'  1ST 


w(s) 

w(s) 


(12) 


Here,  we  use  the  following  equation  to  deriving  eq.  (12), 


(10) 


dV^ 


(11)  = 


[V-a(r)]ei®-VF 


dV 

dV 


F{r)  =  ^[  F(s)e-i"- 
(27I) 

=  [  n  •  f  r/r  —  is  •  [ 

where  F*  is  the  transformed  spaee.  By  using  the  Fourier  2r  V  2  Jv 

transformation,  equation  (9)  ean  be  written  as  =  —is  •  a  (s) 
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Noting  that 


By  means  of  eq.  (13)  and  carrying  out  the  inverse  trans¬ 
form  of  eq.  (12),  the  Cauchy  stress  of  the  atomic  level 
can  be  obtained  as 


=  5  L  L  ®  ^ 


a  region  with  volume  Q.'  around  atom  i  at  the  current  con¬ 
figuration,  the  average  stress  can  be  derived  as  the  BDT 
stress  eq.  (3).  Equations  (15)  and  (16)  are  useless  for 
computational  applications,  but  the  coarse-grained  aver¬ 
age  stress  can  be  defined  by  infegrafing  equations  (15) 
and  (16)  over  an  appropriafe  averaging  volume;  while  fhe 
sfress  formulalion  (14)  is  useful  for  compufafional  appli¬ 
cations.  The  virial,  BDT  and  Lufsko  sfresses  smear  fhe 
effecl  of  inhomogeneifies  due  fo  volume  averaging.  The 
calculation  of  fhe  Cauchy  sfress  in  eq.  (14)  does  nol  in¬ 
volve  ad  hoc  specification  of  a  relevanf  volume,  while 
fhe  evaluation  of  fhe  BDT  sfress  (or  fhe  Cauchy-Born 
rule)  for  any  sef  of  afoms  requires  fhe  idenfificafion  of 
a  proper  volume  whose  exfenf  is  nol  always  obvious:  in 
atomic  ensembles  wifh  irregular  alom  arrangemenl,  fhe 
identification  of  Ihis  volume  can  be  ambiguous. 

For  fhe  finite  deformalion,  we  can  also  derive  fhe  firsl 
Piola-Kirchhoff  sfress  T,  based  on  fhe  initial  configura- 
lion.  We  denole  fhe  inilial  posilion  of  fhe  atom  i  as  R  „ 
Ihen,  in  inilial  configuralion,  eq.  (9)  can  be  rewritten  as 


d/vT(R)  =  £f,-w(R-R,-,/i) 

i 


(17) 


Ash^O,  fhe  kernel  function  w  (x,  h)  should  approach  lo 
6(x),  and  eq.  (14)  will  be  reduced  to 


Similarly,  fhe  firsl  Piola-Kirchhoff  sfress  lensor  can  be 
oblained  as 


^  (*■)  =  T  L  L  ®  [*■  -  )]  <^15) 

*  j^i 

where  0<k<l.  5[r  —  (rjik  +  rj)]  is  singular  along  fhe 
line  segmenf  belween  r,-  and  r^,  and  is  zero  elsewhere. 
This  singular  expression  can  be  used  to  oblain  fhe  aver¬ 
age  sfress  over  any  region  of  an  alomislic  ensemble,  i.e. 
fhe  Lufsko  sfress.  For  a  region  wifh  volume  by  inte¬ 
grating  eq.  (15),  and  divided  by  eq.  (4)  is  derived. 
Moreover,  if  one  Ihinks  lhal  fhe  singular  alomic  sfress 
exisls  only  al  atomic  posilions,  fhe  physically  significanl 
inlerprelalion  of  eq.  (15)  in  fhe  conlexl  of  discrefe  atomic 
system  is 

(r)  =  i  L  L  rq-  ffiS  (r  -  r,-)  (16) 

i  j^i 

This  singular  expression  can  be  used  to  obtain  the  aver¬ 
age  stress  over  any  region  of  an  atomistic  ensemble.  For 


T (R)  =  T L L R'7  ® (RifC  +  R,)]dc  (18) 

2  Jo 

As  h^O,  eq.  (18)  becomes 

T(R)  =  (19) 

with  0  <  c  <  1 .  For  the  discrete  atomic  system,  the  phys¬ 
ically  significant  solution  of  eq.  (19)  is 

T  (R)  =  T  L  L  R'7  ®  (R  -  R' )  (20) 

*  j^i 

This  singular  expression  can  be  used  to  obtain  the  aver¬ 
age  stress  over  any  region  of  an  atomistic  ensemble.  For 
a  region  with  volume  Qq  around  atom  i  at  initial  config¬ 
uration,  the  average  stress  is 
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'r(R)  =  4^i;i;R.;®f7  (21) 

i  j^i 

Recognizing  the  relationship  between  stress,  deforma¬ 
tion  and  internal  strain  energy,  Born  and  Huang  (1954) 
used  the  Cauchy-Born  hypothesis  to  evaluate  the  stress 
in  lattices  for  homogeneous  deformation.  In  that  method, 
the  gradient  of  the  deformation  F  is  defined  as 


rij  =  FR,-y  (22) 

The  strain  density  is  IT  / Qq,  where  W  is  the  interatomic 
potential  of  the  atomic  volume  Qq.  Then,  the  stress  can 
be  derived  as 


T(R) 


1  dW 
Qq  dF 


1 

1 


0  i 


dF 


0  I  j^i 


(23) 


Here,  we  employed  /dF  =  R,y  in  derivation  of  eq. 
(23).  From  the  finite  deformation  theory,  we  have 


a  =  7FT  (24) 

where  J  is  the  Jacobian.  Hence,  by  means  of  eq.  (24), 
from  eq.  (23),  we  can  get  the  Cauchy  stress 


a(r)  =7FT(R) 

=  l4EEFR.7®f.7 

<•  j^i 

1  j^i 

If  Q!  is  taken  to  be  the  total  volume  of  the  system,  this 
equation  becomes  the  virial  stress;  if  fl'  is  taken  to  be  a 
small  volume  around  an  atom  i,  this  equation  becomes 
the  BDT  stress.  Eq.  (25)  confirms  that  the  BDT  stress 


[or  the  second  term  of  virial  stress  (1)]  is  identical  to  that 
based  on  the  Cauchy-Born  hypothesis,  in  homogeneous 
deformation.  This  also  implies  that  the  kinetic-energy 
term  of  eq.  (1)  should  not  be  included  in  the  expression 
of  the  atomic  stress.  However,  there  are  a  lot  of  limits 
in  the  Cauchy-Born  hypothesis  [Atluri  (2004),  Shen  and 
Atluri  (2004a,  b)],  while  there  are  no  limits  on  the  for¬ 
mulation  in  (14). 

It  is  important  to  point  out  that  the  derivation  here  is  also 
appropriate  for  system  with  body  forces,  which  can  re¬ 
sult  from  non-local  effects  of  atoms  or  agents  external  to 
the  system  under  consideration.  The  result  would  be  the 
same,  which  will  be  shown  in  the  next  section. 

3  Equivalent  continuum  for  atomic  system 

It  is  important  to  know  the  relationships  between  the 
microscopic  quantities  of  atoms,  and  the  macroscopic 
quantities  of  continua,  for  nanoscale  characterizations 
of  material  behavior.  Molecular  dynamics  and  contin¬ 
uum  mechanics  are  on  the  opposite  ends  of  the  tempo¬ 
ral  and  spatial  scale  spectrum,  and  consist  of  highly  de¬ 
veloped  and  reliable  modeling  methods.  Continuum  me¬ 
chanics  methods  predict  the  macroscopic  mechanical  be¬ 
havior  of  materials  idealized  as  continuous  media,  based 
on  known  constitutive  relationships  of  the  bulk  material, 
while  molecular  dynamic  models  predict  molecular  prop¬ 
erties  based  on  known  quantum  interactions.  Each  has 
its  own  advantages  and  limitations.  Continuum  analy¬ 
ses  are  appropriate  only  for  a  large  enough  system.  Al¬ 
ternative  to  continuum  analysis,  the  atomistic  modeling 
and  simulation  calculates  individual  atoms  explicitly,  and 
follows  them  during  their  dynamic  evolution.  However, 
both  continuum  mechanics  and  molecular  dynamics  obey 
the  same  fundamental  laws,  including  Newton’s  laws  of 
motion  and  conservation  of  mass.  These  fundamental 
laws  provide  a  bridge  to  link  continuum  mechanics  and 
molecular  dynamics.  If  a  continuum  is  equivalent  to  a 
MD  system,  in  addition  that  it  contains  the  same  amount 
of  mass  as  the  particle  system,  the  Newton’s  laws  of  mo¬ 
tion  of  the  continuum  system  must  be  derived  from  the 
Newton’s  laws  of  motion  of  its  corresponding  MD  sys¬ 
tem,  vice  versa,  i.e.  they  are  equivalent.  The  equivalent 
continuum  development  offers  a  high  degree  of  fidelity 
to  the  discrete  description. 

An  equivalent  continuum  is  constructed  by  using  the 
principle  of  the  virtual  work,  and  in  conjunction  with 
finite  element  interpolations  in  Zhou  (2003),  Zhou  and 
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McDowell  (2002);  However,  their  formulations  are  very 
complicated.  Their  development  is  computationally  in¬ 
tensive  due  to  the  construction  of  the  finite  elements. 
The  determined  fields  are  piecewise  continuous,  even 
for  homogenous  deformafion.  Moreover,  fhe  defined 
confinuum  deformafion  fields  lack  fhe  consisfency  wifh 
fhe  confinuum  differenfial  requiremenf  abouf  fhe  sfrain- 
displacemenf  relations.  In  fhis  section,  an  equivalenf  con¬ 
finuum  is  defined  for  molecular  dynamics  (MD)  parficle 
systems,  based  on  fhe  definition  of  atomistic  sfress  (14) 
and  in  conjuncfion  wifh  fhe  SPH  fechnique.  This  process 
is  simple  and  easy  fo  implemenf,  and  fhe  fields  are  wifh 
high-order  confinuify. 

For  fhe  MD  system,  fhe  Newfon’s  laws  of  mofion  for 
each  afom  i,  can  be  wriffen  as 

f,-  =  ntitii  (26) 

The  force  on  afom  i  due  fo  atoms  or  agenfs  fhaf  are  ex- 
fernal  fo  fhe  sysfem  under  consideration  is  denofed  as  f f, 
fhe  fofal  force  on  afom  i  is 


sfricfly  required  by  fhe  balance  of  momenfum.  And  fhe 
sfress  is  still  expressed  as  in  eq.  (14).  The  density  of  fhe 
confinuum  mass  can  be  expressed  as 

p{r)  =  '^miw{r-  r,- ,  h)  (30) 

i 

Infegrafing  eq.  (30),  and  by  means  of  eq.  (7),  we  can 
confirm  fhe  conservafion  of  fhe  mass,  i.e.  f  p  (r)  dr  = 

Lm- 

i 

Subsfifufingeq.  (26)  info  eq.  (28),  fhe  following  equafion 
can  be  derived 


divG  (r)  -p  b  (r)  =  ^  (r  -  r,-  ,h)  (31) 

i 

On  fhe  ofher  hand,  fhe  Newfon’s  laws  of  mofion  for  fhe 
equivalenf  confinuum  are 


=  =  +  (27) 

If  is  nofed  fhaf  ff  also  includes  fhe  non-local  inferacfions. 

Lef  b  denote  fhe  densify  of  fhe  confinuum  body  force, 
and  lef  p  represenf  fhe  densify  of  fhe  confinuum  mass. 
In  fhis  analysis,  all  fhe  quanfifies  are  evaluated  on  fhe 
currenf  configurafion.  Similar  fo  fhe  analysis  in  secfion  2, 
fhe  resulfanf  forces  af  poinf  r  in  fhe  equivalenf  confinuum 
sysfem  are:  divO  -\-  b  fhen  we  have 


diva  -h  b  =  ^  fjW  (r  —  r,- ,  h) 

i 

=  Y^^iw{r-ri,h)+Y^tlw{r-ri,h)  (28) 

i  i 

Thus,  fhe  densify  of  fhe  confinuum  body  force  can  be 
obfained  as 

b(r)  =^ffw(r-r,-,/i)  (29) 

i 

The  associafions  of  infernal  forces  to  fhe  infernal  sfress 
only,  and  fhe  external  force  fo  fhe  body  force  only,  are 


divG  (r)  -h  b  (r)  =  p  (r)  ii  (r)  (32) 

Then,  fhe  accelerafion  field  ii  of  fhe  equivalenf  confin¬ 
uum  can  be  obfained  as 


u(r) 


P(r) 


Y,miiiiw{r-Yi,h) 

i 

Y,miw{Y-Yi,h) 


(33) 


Thus,  fhe  equivalenf  confinuum  is  consfrucfed  from  fhe 
discrefe  MD  sysfem,  which  preserves  fhe  momenfum, 
and  conserves  fhe  mass.  Moreover,  from  fhe  Newfon’s 
laws  of  mofion  for  fhe  equivalenf  confinuum,  eq.  (32), 
fhe  Newfon’s  laws  of  mofion  for  each  afom  i,  eq.  (26), 
can  also  be  derived. 

A  reinferprefafion  of  fhe  discrefe  afomisfic  force  and  de¬ 
formafion  is  reflecfed  by  fhe  confinuum  field  defined 
here,  which  mainfains  fhe  physical  effecls  of  fhe  afom¬ 
isfic  sysfem.  This  developmenf  provides  a  sysfemafic  ap¬ 
proach  fo  fhe  confinuum  analysis  of  fhe  discrefe  atomic 
system.  It  can  also  be  applied  to  multiscale  modeling  of 
material  behavior  which  combines  both  MD  and  contin¬ 
uum  descriptions  in  the  development  of  constitutive  rela¬ 
tions  at  different  scales. 
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4  Numerical  examples 

At  first,  we  apply  the  stress  formulation  (14)  to  the  ease 
of  a  homogeneously  deformed  euhic,  crystalline  solid. 
Similar  to  Cormier,  Rickman,  and  Delph  (2001),  we  con¬ 
sidered  a  collection  of  2048  atoms,  initially  on  the  sites 
of  a  face  centered  cubic  (fee)  lattice  and  confined  fo  a 
periodic  cubic  simulation  cell  at  temperature  T=0.  Em¬ 
ployed  is  a  modified  (truncafed)  Lennard-Jones  potential 
[Broughton  and  Gilmer  (1983)], 


(|)(r)  = 

48 

^  C2I 

(?)^'+C3(?) 

0,  r  >  2.5a 

+  Ci, 


r  <  23a 

{Q^  +  C5,23a<r<2.5a 


(34) 


with 


Cl  =  0.016132s,  C2  =  3.1366  x  lO^s,  C3  =  -68.069s, 
C4  =  -0.083312s,  C5  =  0.74689s 

where  s  and  a  are  the  energy  and  length  parameters,  re¬ 
spectively  (not  to  be  confused  with  the  stress  and  strain). 
The  perfect  fee  crystal  has  a  lattice  parameter  of  ao  = 
1 .550512a  and  the  corresponding  energy  per  atom  7.45s. 
The  deformation  can  be  imposed  by  simply  changing  the 
lattice  parameter.  The  elastic  constants  can  be  deduced 
from  the  quadratic  dependence  of  energy  on  strain,  by  us¬ 
ing  the  Cauchy-Born  hypothesis.  We  consider  the  simple 
case  of  uniform  applied  deformations,  with  correspond¬ 
ing  strain  tensor  components  £  1 1  =  £22  =  £33  =  0.002,  the 
remaining  components  are  0.  In  this  case,  the  BDT  stress 
(or  the  stress  from  Cauchy-Born  hypothesis)  is  equal  to 
the  bulk  stress.  In  the  calculations,  the  kernel  function 
w(x,/i)  is  truncated,  by  a  truncated  radius  r„,  beyond 
which  it  falls  off  rapidly  to  zero  for  appropriate  h,  as 


w{x,h) 


^exp(-2;),  W<x., 

0,  |x|  > 


(35) 


Thus,  the  kernel  function  becomes  compact-supported. 
The  studies  of  SPH  show  that  h  =  0.4r„  or  so  give  very 


good  results.  Our  numerical  tests  also  confirm  this  state¬ 
ment.  Fig.2  shows  the  effects  of  the  ratio  h/r^  on  the 
stress  value,  the  stress  values  of  the  formulation  (14)  are 
normalized  by  the  bulk  stress,  which  is  equal  to  the  BDT 
stress  (or  the  stress  from  Cauchy-Born  hypothesis)  here. 
It  can  be  seen  that  a  larger  r„  is  needed  for  h  =  0.2r,,„ 
and  the  error  is  a  little  bigger  for  h  =  0.5r,,,.  Hence,  in 
this  paper,  we  take  h  =  0.4r„  for  all  the  calculations.  For 
the  purpose  of  comparison,  we  also  compute  the  Futsko 
stress.  For  Futsko  stress,  the  radius  of  the  spherical  aver¬ 
aging  volume  is  taken  to  be  r„. 

Fig.  3  shows  the  magnitude  of  the  stress  an  at  an  obser¬ 
vation  point  versus  the  radius  r„,  where  the  stresses  are 
normalized  by  the  bulk  stress,  which  is  equal  to  the  BDT 
stress.  The  results  of  the  present  formulation  are  almost 
overlapped  with  the  bulk  stress  value,  while  the  Futsko 
stress  value  oscillates  around  the  bulk  stress  value.  The 
Futsko  stress  value  converges  to  the  bulk  stress  value 
for  sufficiently  large  radii.  However,  the  larger  radius 
is  computational  costly.  Hence,  in  the  following  calcu¬ 
lations,  we  choose  the  radius  r„  =  1.5ao,  at  which  the 
Futsko  stress  value  agrees  with  the  bulk  stress  value  vary 
well  in  Fig.  3.  Fig.  4  depicts  the  normalized  stress  an 
at  different  observation  points  along  the  closed-packed 
[110]  direction.  This  figure  also  shows  the  results  of  the 
present  formulation  agree  with  the  bulk  stress  value  very 
well,  and  the  Futsko  stress  value  oscillates  around  the 
bulk  stress  value.  From  these  figures,  we  can  find  that 
the  present  stress  formulation  (14)  is  very  robust  and  ac¬ 
curate,  while  the  accuracy  of  Futsko  stress  depends  on 
the  radius  of  the  spherical  averaging  volume  and  the  po¬ 
sition  of  the  observation  point. 

Now,  we  apply  the  stress  formulation  (14)  to  the  case 
of  inhomogeneous  deformation.  A  “big”  atom  replaces 
the  atom  at  the  origin  of  the  previous  fee  crystalline 
solid.  The  inhomogeneous  elastic  fields  will  arise  due 
to  the  presence  of  the  “big”  atom.  For  the  “big”  atom, 
the  energy  and  length  parameters  £^  and  a^  are  assumed 
to  be  =  1.28  and  a^  =  1.2a,  respectively.  We  em¬ 
ployed  the  modified  Newfon-Raphson  method  to  solve 
equations:  fj(r)  =  0,  to  determine  the  equilibrium  con¬ 
figuration  (i.e.  the  minimum  energy  configuration)  for 
this  defected  structure.  This  problem  is  similar  to  the 
inclusion  problem  in  a  continuum.  As  is  well  known, 
the  continuum  elastic  field  of  an  inclusion  at  the  origin 
falls  off  with  distance  r  from  the  origin  as  1  /r^,  and 
the  corresponding  elastic  stress  field  falls  off  with  dis- 
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Figure  2  :  The  effect  of  the  ratio  h/vw  on  stress  value  for  uniform  deformation 
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Figure  3  :  The  effect  of  the  radius  on  stress  value  for  uniform  deformation 
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Figure  4  :  The  stress  values  at  different  position  along  [110]  direction 


tance  r  from  the  origin  as  1  [Li,  Shen,  Han  and  Atluri 
(2003)].  Fig.  5  depicts  the  radial  component  of  the  dis¬ 
crete  atomic  displacement  field  in  the  close -packed  [110] 
direction  versus  (a/r)  .  We  can  find  fhat  the  atomic 
displacement  demonstrates  the  expected  1  behavior 
when  (a/r)^  <  0.0924,  i.e.  ria  >  1.5  •  \/2aoja  =  3.288 
(i.e.,  beyond  1.5  times  the  lattice  parameters  from  the  ori¬ 
gin).  This  is  because  the  cut-off  radius  of  the  Lennard- 
Jones  potential  for  the  “big”  atom  is  rcut  =  2.5a^  =  3a, 
and  3.288a  is  the  nearest  atomic  site  to  rcut,  the  boundary 
of  the  inclusion  should  be  around  this  value. 

Figs.  6,  7  and  8,  respectively,  show  the  variation  of 
the  normalized  stress  components  an,  a^  and  a33  in 
the  [110]  direction  versus  (a/r)^.  In  these  figures,  fhe 
continuum  solutions  are  plotted  only  for  r/a  >  3.288 
(i.e.  (a/r)  <  0.0028)  due  to  the  reason  that  we  just 
discussed  in  the  previous  paragraph.  The  continuum  so¬ 
lution  is  obtained  by  an  approximate  method.  The  dis¬ 
placement  gradient  is  approximated  form  Fig.  5  at  first, 
then  using  the  elastic  constants  of  the  homogenous  per¬ 
fect  fee  crystalline  solid  [Cormier,  Rickman,  and  Delph 
(2001)]  and  the  elastic  constitutive  relationship  (Hook’s 
Law),  the  continuum  elastic  stress  can  be  determined. 
For  the  purpose  of  comparison,  we  also  plot  here  the 
corresponding  values  of  the  Lutsko  and  BDT  stresses. 
For  the  BDT  stress,  we  only  calculate  the  values  at  the 


atomic  sites.  Both  of  the  Lutsko  and  BDT  stress  val¬ 
ues  are  far  away  from  the  continuum  solution.  It  can 
be  seen  that  the  stress  values  of  the  present  formulation 
(14)  agree  with  the  continuum  results  very  well  beyond 
2  times  the  lattice  parameters  from  the  origin  (the  “big 
atom):  (a/r)^  <  0.0017  (i.e.,  r/a  >2-\/2ao  j a  =  4.385), 

which  fall  off  with  distance  r  from  the  origin  as  1  .  In 

range  of  1.5-2  times  the  lattice  parameters  (i.e.  0.0017  < 
(a/r)  <  0.0028),  the  stress  values  of  the  present  formu¬ 
lation  (14)  deviate  a  little  from  the  (a/r)^  behavior.  The 
deviations  are  due  to  the  deviation  of  the  elastic  constants 
from  those  of  the  perfect  fee  crystalline  in  this  range  [ac¬ 
tually,  in  this  range,  the  displacement  shown  in  Fig.  5  al¬ 
ready  deviates  from  the  (a/r)^  behavior].  In  the  range  of 
0-1.5  times  the  lattice  parameters,  comparison  with  con¬ 
tinuum  theory  is  impossible,  since  the  elastic  constants 
cannot  be  well  defined.  However,  the  trend  of  the  stress 
value  of  the  present  formulation  (14)  in  this  range  is  con¬ 
sistent  with  that  of  the  displacements  shown  in  Fig.  5. 
The  results  of  the  Lutsko  stress  show  bad  shapes,  per¬ 
haps  a  larger  averaging  volume  is  required  to  improve  its 
performance,  even  for  homogeneous  deformations.  The 
requirement  of  a  very  large  averaging  volume  inherently 
decreases  its  use  for  computational  applications.  Since 
the  BDT  stress  is  strictly  valid  only  for  homogeneous  de¬ 
formations,  it  is  not  surprising  that  it  should  not  perform 
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Figure  5  :  Radial  component  of  the  displacement  field  in  [110]  direction 
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Figure  6  :  ai  i  values  for  inclusion  in  [1 10]  direction 
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Figure  7  :  Ou  values  for  inclusion  in  [1 10]  direction 


Figure  8  :  033  values  for  inclusion  in  [1 10]  direction 
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well  in  this  case. 

5  Conclusions 

An  atomistic  level  stress  tensor  is  proposed  with  physical 
clarity,  based  on  the  SPH  method.  This  stress  tensor  rig¬ 
orously  satisfies  the  conservation  of  linear  momentum, 
and  is  appropriate  for  both  homogeneous  and  inhomoge¬ 
neous  deformations.  It  is  in  a  nonvolume-average  form, 
and  thus  does  not  involve  ad  hoc  specification  of  a  rel¬ 
evant  volume,  whose  extent  is  not  always  obvious:  in 
atomic  ensembles  with  irregular  atom  arrangement,  the 
identification  of  this  volume  can  be  ambiguous.  In  con¬ 
trast  to  this  developed  atomistic  level  stress  tensor,  other 
widely  used  stress  tensors  in  atomistic  analysis  are  in  a 
volume-average  form,  and  do  not  satisfy  the  conservation 
of  linear  momentum.  The  formulation  is  easy  to  imple¬ 
ment,  and  is  validated  for  both  the  homogeneous  defor¬ 
mation,  as  well  as  defected  crystalline  solids.  The  nu¬ 
merical  results  show  that  the  present  formulation  is  very 
robust  and  accurate,  and  is  superior  to  BDT  and  Lutsko 
stress  formulations.  Our  numerical  results  also  confirm 
fhaf  fhe  BDT  sfress  fensor  is  only  appropriafe  for  fhe  ho¬ 
mogeneously  deformed  sysfem.  The  averaging  volume 
and  fhe  locafion  affecf  fhe  Lufsko  sfress  very  much.  A 
large  averaging  volume  is  required  fo  gel  a  slable  value  of 
fhe  Lufsko  sfress,  even  for  homogeneous  deformalions. 

An  equivalenl  conlinuum  is  also  defined  for  molecular 
dynamics  system,  based  on  fhe  developed  definilion  of 
alomislic  sfress  and  in  conjuncfion  wilh  fhe  SPH  tech¬ 
nique.  The  process  is  simple  and  easy  lo  implemenl,  and 
fhe  fields  are  wilh  high-order  conlinuily.  This  equivalenl 
conlinuum  is  a  reinlerprefalion  of  fhe  discrete  atomistic 
force  and  deformation  fields  of  fhe  MD  sysfem.  This  de- 
velopmenl  provides  a  syslemalic  approach  lo  fhe  conlin¬ 
uum  analysis  of  fhe  discrete  atomic  sysfem.  If  can  also 
be  applied  lo  mulliscale  modeling  of  material  behavior 
which  combines  bolh  fhe  MD  and  conlinuum  descrip¬ 
tions  in  fhe  developmenl  of  conslifufive  relations  al  dif- 
ferenl  scales. 

The  alomislic  sfress  fensor  derived  in  Ibis  paper  will  play 
an  imporlanl  role  in  fhe  multiscale  simulalion  [Srivas- 
lava,  Alluri  (2002a,  b);  Garikipali  (2002);  Ghoniem,  Cho 
(2002)]  and  in  molecular  dynamics.  The  idea  cannof  be 
limited  lo  mechanical  properlies,  for  if  can  be  easily  ap¬ 
plied  lo  multiscale  modeling,  direclly  linking  fhe  elec- 
Ironic  slrucfure  level  lo  fhe  continuum  level.  A  multiscale 
simulation  based  on  Ibis  sfress  formulalion  is  presented 


in  anolher  companion  paper.  If  is  also  noled  lhal  fhe  use 
of  fhe  SPH  approximation  is  nol  cenlral  to  fhe  idea  of 
conlinuum-slress  presented  here.  Allernale  approxima¬ 
tion  will  be  discussed  elsewhere. 
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Computational  Nano-mechanics  and  Multi-scale  Simulation 

Shengping  Shen^  and  S.  N.  Atluri^ 


Abstract:  This  article  provides  a  review  of  the  com¬ 

putational  nanomechanics,  from  the  ab  initio  methods 
to  classical  molecular  dynamics  simulations,  and  multi¬ 
temporal  and  spatial  scale  simulations.  The  recent 
improvements  and  developments  are  hriefly  discussed. 
Their  applications  in  nanomechanics  and  nanotuhes  are 
also  summarized. 

1  Introduction 

Due  to  their  potentially  remarkable  mechanical  proper¬ 
ties,  nano- structured  materials  have  stimulated  a  lot  of  in¬ 
terest  in  the  materials  research  community  in  the  last  few 
years.  The  design  and  fabrication  of  these  materials  are 
performed  on  the  nanometer  scale,  with  the  ultimate  goal 
of  obtaining  highly  desirable  macroscopic  properties.  In 
particular,  materials  such  as  nanotuhes,  nanoparticle- 
reinforced  polymers  and  metals,  and  nano-layered  ma¬ 
terials  have  shown  considerable  promise.  With  the  ad¬ 
vances  in  materials  synthesis  and  device  processing  ca¬ 
pabilities,  the  importance  of  developing  and  understand¬ 
ing  nanoscale  engineering  devices  has  dramatically  in¬ 
creased  over  the  past  decade.  Nanotechnology  deals  with 
materials,  devices,  and  their  applications  at  the  nano¬ 
scale,  where  many  diverse  enabling  disciplines  and  as¬ 
sociated  technologies  start  to  merge,  because  these  are 
derived  from  the  rather  similar  properties  of  the  atomic 
or  molecular  level  building  blocks.  The  subject  of  nano¬ 
science/technology  is  defined  as  the  science  and  tech¬ 
nology  of  the  direct  or  indirect  manipulation  of  atoms 
and  molecules  into  functional  structures,  with  applica¬ 
tions  that  were  never  envisioned  before  [Srivastava  and 
Atluri  (2002)].  Nano-mechanics  deals  with  mechanics 
problems  associated  with  modeling,  design,  fabrication 
and  application  of  three-dimensional  structures  and  sys¬ 
tems  with  nanometer-scale  dimensions.  Nanoscale  sys¬ 
tems  have  a  number  of  interesting  features  which  distin- 
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guish  them  from  micro-  and  marco-scale  systems. 

An  underlying  issue  in  modeling  the  macroscopic  me¬ 
chanical  behavior  of  nano-materials,  based  on  molecu¬ 
lar  structure,  is  the  large  difference  in  temporal  and  spa¬ 
tial  scales.  Computational  molecular  dynamics  and  con¬ 
tinuum  mechanics  are  on  the  opposite  ends  of  the  tem¬ 
poral  and  spatial  scale  spectrum,  and  consist  of  highly 
developed  and  reliable  modeling  methods.  Computa¬ 
tional  continuum  mechanics  methods  predict  the  macro¬ 
scopic  mechanical  behavior  of  materials  idealized  as  con¬ 
tinuous  media,  based  on  known  constitutive  relation¬ 
ships  of  the  bulk  material,  while  computational  molec¬ 
ular  dynamic  models  predict  molecular  properties  based 
on  known  quantum  interactions.  However,  a  correspond¬ 
ing  model  does  not  exist  in  the  intermediate  time  and 
length  scale  range,  where  the  disparate  length  seals  as¬ 
sociated  with  molecular  and  continuum  phenomena,  and 
disparate  time-scales  of  the  molecular  and  continuum 
phenomena,  may  be  present  simultaneously.  If  a  hierar¬ 
chical  approach  is  used  to  model  the  macroscopic  behav¬ 
ior  of  nano-materials,  then  a  methodology  is  needed  to 
link  the  molecular  structure  and  macroscopic  properties. 

However,  systems  with  multiple  length  scales  are  ubiq¬ 
uitous  in  science,  for  example,  the  sub-micron  Micro- 
Electro-Mechanical  Systems  (MEMS),  or  even  Nano- 
Electro-Mechanical  Systems  (NEMS),  where  the  behav¬ 
ior  is  determined  by  the  interplay  between  the  mi  cron  - 
scale  continuum  mechanics  and  the  nanoscale  atomistic 
processes.  The  continuum  mechanics  is  governed  largely 
by  the  geometry  of  the  device,  while  the  atomistic  pro¬ 
cesses  are  important  only  in  its  smallest  features.  Con¬ 
tinuum  analyses  are  appropriate  only  for  a  large  enough 
system.  The  nano-scale  is  the  length  scale  of  individ¬ 
ual  atoms,  i.e.  1-10  nm.  At  such  small  length  scales, 
continuum  models  are  not  flexible  enough  to  accommo¬ 
date  the  individual  atomic  scale  processes.  Alternative 
to  continuum  analysis,  the  atomistic  modeling  and  sim¬ 
ulation  calculates,  individual  atoms  explicitly,  and  fol¬ 
lows  them  during  their  dynamic  evolution.  Even  though 
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this  atomistic  method  can  trace  all  the  details  of  atomic- 
scale  processes  explicitly,  it  still  has  time  and  length 
scale  limitations  from  both  small  and  large  directions. 
When  the  length-scale  cannot  be  accessed  either  by  con¬ 
tinuum  methods,  since  it  is  too  small  for  averaging,  or  by 
the  atomistic  methods  (molecular  dynamics  or  quantum 
mechanics),  since  it  is  too  large  for  simulations  on  the 
current  computers,  these  two  approaches  become  inade¬ 
quate,  which  has  presented  significant  challenges  to  the 
scientific  communify. 

The  amounf  of  compufer  resources  needed  fo  invesfigafe 
a  given  volume  of  mailer  dramatically  increases  as  one 
goes  from  fhe  lop  down  lo  Ihe  bolfom,  i.e.  from  Ihe 
confinuum,  Ihrough  fhe  mesoscopic,  Ihe  alomislic  and 
lo  fhe  quanlum  mefhods.  Quanlum  mechanics  solves 
Schrodinger’s  equation  for  fhe  eleclrons  in  fhe  sysfem. 
Alomislic  melhods  generally  model  atoms  as  spheres 
which  may  be  linked  logelher  to  form  molecules.  By 
assuming  poinl  charges  on  Ihe  nuclei  of  Ihe  atoms,  elec- 
Iroslalic  interactions  are  included.  Mesoscopic  melhods 
are  based  on  local  groups  of  atoms,  which  generally  rep- 
resenl  many  atoms  wilh  a  considerable  infernal  flexibil- 
ily.  Such  groups  can  also  be  linked  logelher  to  repre- 
senl  molecules.  There  exisl  a  number  of  continuum  ap¬ 
proaches,  such  as  Ihe  finite  elemenl  melhod,  Ihe  bound¬ 
ary  elemenl  melhod  and  Ihe  meshless  melhod  etc.  The 
lenglh  scales  of  Ihe  lypical  material  system  in  multi-scale 
slruclures  are  shown  in  Fig.  1 .  Multiscale  modeling  is 
a  unifying  paradigm  to  enable  Ihe  integration  of  Ihe  ba¬ 
sic  science  and  Ihe  engineering  system.  If  allows  for  a 
rigorous  correlation  of  differenl  science  and  engineering 
models,  represenlalions,  languages  and  melrics. 

Carbon  nanolubes  have  attracted  considerable  attention 
since  Ihey  were  discovered  by  lijima  (1991).  The  exlraor- 
dinary  properties  of  carbon  nanolubes  have  motivated  re¬ 
searchers  worldwide  to  sludy  Ihe  fundamenlals  of  Ihis 
novel  material  as  well  as  to  explore  Iheir  applications  in 
differenl  fields  [Ajayan  and  Zhou  (2001)].  Application 
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Figure  1  :  The  lenglh  scales  of  Ihe  material  system 


of  carbon  nanolubes  in  nanoeleclronics,  nanocomposile 
materials,  and  NEMS  is  a  lypical  multi-scale  problem, 
which  also  impels  Ihe  sludy  on  Ihe  multi-scale  model  lhal 
direclly  links  Ihe  continuum  Iheories  to  atomistic  simu¬ 
lations. 

This  paper  will  review  Ihe  currenl  slalus  of  Ihe  progresses 
and  development  in  compulalional  nanotechnology  and 
multiscale  simulation.  The  paper  is  organized  as  fol¬ 
lows.  Section  2  summarizes  Ihe  simulation  melhods  from 
quanlum  level  to  atom  level;  and  Ihe  long  range  interac¬ 
tions  are  also  included.  Section  3  focuses  on  Ihe  multi¬ 
scale  melhods.  Section  4  discusses  Ihe  simulation  melh¬ 
ods  for  nanolubes.  Finally,  conclusions  are  made  in  Sec¬ 
tion  5. 

2  Computational  Techniques  for  Nanoscale  Simula¬ 
tions 

Since  the  spatial  and  temporal  scales  of  nanoscale  sys¬ 
tems  and  phenomena  have  shrunk  to  the  level  where 
they  can  be  directly  addressed  with  high-fidelity  com¬ 
puter  simulations  and  theoretical  modeling,  computa¬ 
tional  nanotechnology  [Srivastava  and  Atluri  (2002a,  b); 
Srivastava,  Menon,  and  Cho  (2001)]  has  become  criti¬ 
cally  important  in  nanodevice  development  [Ajayan  and 
Zhu  (2001)].  ab  initio  methods  are  being  used  exten¬ 
sively,  which  can  determine  the  electronic  and  atomic 
structures  of  different  materials  just  from  its  atomic  co¬ 
ordinates.  However,  the  applications  of  ab  initio  meth¬ 
ods  are  limited  to  very  small-scale  systems  with  only  a 
few  hundred  atoms.  Alternatively,  tight-binding  molec¬ 
ular  dynamics  (TBMD)  and  classical  molecular  dynam¬ 
ics  (MD)  offer  powerful  ways  to  treat  even  large-scale 
systems.  Tight-binding  molecular  dynamics  (TBMD)  is 
a  semi-empirical  technique,  which  is  a  blend  of  certain 
features  from  both  MD  and  ab  initio  methods.  Molec¬ 
ular  dynamics  (MD)  refers  most  commonly  to  the  situ¬ 
ation  where  the  motion  of  atoms  or  molecules  is  treated 
in  approximated  finite  difference  equations  of  Newtonian 
mechanics.  In  fact,  ab  initio  and  TBMD  are  the  quan¬ 
tum  mechanics  (QM)  schemes.  In  this  section,  we  sum¬ 
marize  the  main  simulation  approaches  in  computational 
nanotechnology. 

2.1  Ab  initio  methods 

Quantum  mechanics  is  a  means  to  understand  and  pre¬ 
dict  the  interactions  between  atoms  and  molecules,  and 
to  model  the  chemical  reactions  at  that  scale.  It  uses 
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models  based  on  the  eleetronie  strueture.  The  solution  of 
the  Sehrodinger’s  equation  provides  the  eleetronie  wave 
funetions.  Other  properties  are  then  obtained  from  these 
funetions.  The  ab  initio  or  first-prineiples  method  solves 
the  eomplex  quantum  many-body  Sehrodinger  equation 
with  numerieal  algorithms  [Payne,  Teter,  Allan,  Arias, 
and  Joannopoulos  (1992)].  This  method  is  to  regard 
many-atom  systems  as  many-body  systems  eomposed  of 
eleetrons  and  nuelei,  and  to  treat  everything  on  the  ba¬ 
sis  of  first-prineiples  of  quantum  meehanies,  without  in- 
trodueing  any  empirieal  parameters  [Ohno,  Esfarjani  and 
Kawazoe  (1999)].  The  ab  initio  method  provides  more 
aeeurate  deseriptions  of  quantum  meehanieal  behavior  of 
materials.  However,  eurrently  the  system  sizes  are  lim¬ 
ited  to  only  about  a  few  hundred  atoms.  In  the  general  ap- 
proaeh  of  quantum  meehanies,  atoms  are  represented  as 
a  eolleetion  of  quantum  meehanieal  partieles,  nuelei  and 
eleetrons;  the  state  of  a  partiele  is  defined  by  a  wave  fune- 
fion  \|/,  based  on  fhe  well-known  wave-parfiele  dualify. 
The  Sehrodinger  equafion  is  [Born,  and  Huang  (1954)] 

=EtotW{ruRi)  (1) 

wifh  fhe  full  quanfum  many-body  Hamiltonian  operafor 


where  \|/  is  fhe  energy  eigenfunelion  eorresponding  fo  fhe 
energy  eigenvalue  Etot,  whieh  represenfs  fhe  fofal  energy 
of  fhe  sysfem,  Rj  and  r,  are  fhe  nuelei  and  eleefron  eoor- 
dinafes,  respeefively,  Rjj  =  |/?/  — Z?/]  and  =  |r,  — rj|. 
P/  and  Pi  are  fhe  nuelei  and  eleefron  momenfa,  respee¬ 
fively.  nil  and  nig  are  nuelei  and  eleefron  mass,  respee¬ 
fively.  e  is  fhe  eleefrie  eharge  of  an  eleefron,  and  Zje  is 
fhe  eleefrie  eharge  of  fhe  nuelei  of  afom  /.  The  Hamil- 
fonian  operafor  in  equafion  (2)  is  eomposed  of  five  parfs. 
The  firsf  and  fhird  ferms  in  equafion  (2)  give  fhe  kinetic 
energy  of  the  nucleus  and  electron,  respectively;  the  sec¬ 
ond  term  gives  the  nucleus-nucleus  Coulomb  interaction, 
the  fourth  term  gives  the  electron-electron  Coulomb  in¬ 
teraction,  and  the  last  terms  gives  the  nucleus-electron 
Coulomb  interaction. 


After  solving  for  the  energy  Etot,  the  interatomic  poten¬ 
tial  of  the  system  can  be  obtained.  Then,  the  interactions 
F/,  between  atoms  can  be  derived  from 


F/  = 


dV 


(3) 


where  V  is  the  atomic  interaction  potential.  Since  the 
kinetic  energy  of  the  nucleus  is  independent  of  its  posi¬ 
tion,  V  can  be  replaced  by  Etot  in  equation  (3).  Hence, 
as  long  as  Etot  is  determined,  the  interactions  F/  can  be 
obtained  according  to  equation  (3).  The  dynamic  motion 
for  the  atomic  positions  is  still  governed  by  Newtonian 
or  Hamiltonian  mechanics,  i.e. 

dV 

m/R/  =  F/  =  (4) 

Equations  (4)  are  approximated  as  finite-difference  equa¬ 
tions  with  discrete  time  step  At.  Due  to  the  small 
scale  involved,  explicit  integration  algorithms  such  as  the 
standard  Gear’s  fifth-order  predictor-corrector  or  Verlet’s 
leapfrog  methods  [Verlet  (1967),  Berendsen,  van  Gun- 
steren  (1986)],  which  will  be  described  in  detail  in  sec¬ 
tion  2.3,  are  commonly  used  to  ensure  high  order  accu¬ 
racy. 

In  using  the  ab  initio  method,  effective  and  applicable  as¬ 
sumptions  are  necessary.  The  most  commonly  used  ap¬ 
proximation  is  the  Born-Oppenheimer  adiabatic  approx¬ 
imation  [Ohno,  Esfarjani,  and  Kawazoe  (1999)],  which 
assumes  that  the  electrons  are  always  in  a  steady  state, 
derived  from  their  averaged  motion,  since  their  positions 
change  rapidly  compared  to  the  nuclear  motion.  Hence, 
the  motion  of  the  electrons  can  be  considered  separately 
from  the  motion  of  the  nuclei,  as  if  the  nuclei  were  sta¬ 
tionary.  Using  this  approximation,  one  can  reduce  the 
full  quantum  many-body  problem  to  a  quantum  many- 
electron  problem: 


Hei  {Ri)  \|/  (r;)  =  Eei\\f  (n)  (5) 

where  Egi  is  the  ground  state  energy  of  a  many-electron 
system  and  can  be  regarded  as  the  atomic  interaction  po¬ 
tential,  and 

It  is  very  difficult  to  solve  the  eigen  equation  (5)  exactly, 
and  approximate  methods  have  been  developed.  The 
most  commonly  used  approaches  are  the  Hartree-Fock 
approximation  [Fock  (1930),  Hartree  (1928)]  and  the 
density  functional  theory  [Hohenberg  and  Kohn,  1964]. 

A  detailed  description  and  survey  of  the  Hartree-Fock 
approximation  can  be  found  in  Clementi  (2000)  and 
Ohno,  Esfarjani  and  Kawazoe  (1999).  Here,  we  omit 
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the  details.  The  Hartree-Foek  approximation  is  usually 
used  to  describe  electron-electron  interaction  effects.  In 
the  Hartree-Fock  approximation,  the  ground  state  of  the 
Hamiltonian  H  is  obtained  by  means  of  the  variational 
principle  with  a  normalized  set  of  wave  functions.  Actu¬ 
ally,  the  methodology  seeks  the  solution  by  minimizing 
the  expected  value  of  H  with  a  trial  function,  similar  to 
the  Ritz  method.  Many  ab  initio  simulations  used  the 
Hatree-Fock  approximation,  which  translates  a  ployelec- 
tronic  problem  into  a  single  electronic  problem.  Then, 
the  Hartree-Fock  equation  can  be  written  as 

(r)  =  ZOifi  (r)  (7) 

which  is  derived  from  the  variational  principle  [Ohno, 
Esfarjani  and  Kawazoe  (1999)],  where  Hhf  is  the 
Hartree-Fock  operator,  which  consists  of  the  one- 
electron  Hamiltonian,  the  Hartree  operator  (or  Coulomb 
term),  and  the  Fock  operator  (or  exchange  term).  \|/,  is 
the  molecular  orbit,  and  s,  is  the  orbital  energy  of  the 
electron  in  this  orbital.  The  molecular  orbit  is  assumed 
to  be  the  linear  combination  of  atomic  orbits  (LAO),  as 

(8) 

a 

where  (])«  is  the  ath  atomic  orbital  and  is  the  coeffi¬ 
cient.  Adopting  the  closed  shell  model,  the  Hartree-Fock 
equation  can  be  conveniently  written  as  a  matrix  form 

FC  =  SCE  (9) 

The  above  equation  is  called  Roothaan-Hall  equation. 
The  Fock  matrix  F  can  be  written  as  [Leach  (1996)] 


(aP  |YK)and  (ayl^K)  are  two-electron  integrals  that  may 
involve  up  to  four  different  basis  functions  ((|) (|)p,(|)y,(|)K), 
which  may  in  turn  be  located  at  four  different  centers. 
Vap  is  the  influence  of  external  fields,  S  is  the  overlap 
integrals  matrix  with 

■^ap  =  j  (12) 


C  is  the  coefficient  matrix,  and  E  is  the  orbital  energy 
diagonal  matrix.  The  Hartree-Lock  approximation  does 
not  include  correlation  effects.  It  is  more  tractable  for  a 
system  of  a  small  number  of  atoms  and  becomes  more 
complex  for  crystals.  A  better  approximation,  the  local- 
density  approximation  (LDA),  gives  ground-state  prop¬ 
erties  almost  perfectly  and  more  efficiently.  As  an  alter¬ 
native  to  the  Hartree-Lock  approximation,  the  LDA  re¬ 
places  the  electron-electron  interactions  by  some  effec¬ 
tive  potential  acting  on  the  electrons.  The  LDA  is  an 
approximating  method,  and  cannot  be  applied  to  excited 
states  and  highly  correlated  systems. 

The  density  functional  theory  [Hohenberg  and  Kohn, 
1964]  has  a  rigorous  mathematical  foundation,  provided 
by  two  important  works  [Hohenberg  and  Kohn  (1964), 
Kohn  and  Sham  (1965)].  Hohenberg  and  Kohn  (1964) 
have  developed  a  theorem:  the  ground  state  energy  (Eg/) 
of  a  many-electron  system  is  a  function  of  total  electron 
density,  p(r),  rather  than  the  full  electron  wave  function, 
*F(r,),  Ee/(*F(r,))=  Ee/(p(r)).  The  Hamiltonian  operator 
Hand  Schrddinger  equation  are  given  by 


H{Ri)  = 


+  I 


ij  ^ij 


//(R/)\|/(r;)  =Ee/\|/(ri) 


y  Z/g^  y  ZjZje^ 


(13) 


(14) 


^ap  =  J  dv^a 

y—lK—i 


1  M  'y 

V’-  -  £  A 

2  ViA 

(aplYK)-^(aYlpK) 


+  ^ap 


(10) 


where  the  first  term  is  the  core  energy,  the  second  term  is 
energy  arising  from  the  Coulomb  and  exchange  interac¬ 
tion.  It  is  noted  that  in  this  equation,  the  atomic  units  are 
used.  P  is  the  charge  density  matrix  and  can  be  written 
as 


The  density  functional  theory  (DLT)  is  derived  from  the 
fact  that  the  ground  state  total  electronic  energy  is  a  func¬ 
tional  of  the  total  electron  density.  However,  it  is  very 
difficult  to  formulate  Ee/(p(r)).  Kohn  and  Sham  (1965) 
have  shown  that  the  DLT  can  be  formulated  as  a  single¬ 
electron  problem  with  self-consistent  effective  potential 
including  all  the  exchange-correlation  effects  of  elec¬ 
tronic  interactions.  Then  the  Kohn-Sham  equation  can 
be  written  as 

\|/;  (r)  =  (r) ,  /  =  1 ,  •  •  •  ,  Afof  (15) 


N/2 


Ppc  —  2  ^ 


CyCx 


(11) 


which  is  the  single-electron  Schrddinger  equation.  Here, 
Hi  is  the  effective  one-electron  Hamiltonian,  and  can  be 


Computational  Nano-mechanics  and  Multi-scale  Simulation 


written  as 

Hi  =  ^+VH{r)+VNE{r)+Vxc{p{r))  (16) 

AITlg 

pW  = 

In  equation  (16),  the  first  term  represents  the  eleetron 
kinetie  energy,  the  seeond  term  represents  the  eleetro- 
statie  potential,  the  third  term  represents  the  nueleus- 
eleetron  interaetion  potential,  and  the  last  term  denotes 
the  exehange-eorrelation  potential  and  is  a  funetion  of 
the  eleetron  density.  While  the  first  three  terms  ean  be 
obtained  explieitly,  the  last  one  must  be  approximated. 
The  loeal  density  approximation  (LDA)  has  been  intro- 
dueed  to  approximate  the  unknown  effeetive  exehange- 
eorrelation  potential  by  Kohn  and  Sham  (1965).  The 
LDA  assumes  that  the  exehange-eorrelation  funetion  eor- 
responds  to  the  homogeneous  eleetron  gas.  This  as¬ 
sumption  is  only  valid  loeally,  when  the  inhomogene¬ 
ity  due  to  the  presenee  of  the  nuelei  is  small.  Onee 
\|/,  and  s,  are  solved  from  equation  (15),  the  total  en¬ 
ergy  ean  be  obtained.  The  eigenvalues  eorrespond  to  the 
quantum-meehanieally  possible  eleetronie  energy  states 
of  the  system,  and  the  eigenfunetions  eontain  informa¬ 
tion  about  the  eleetronie  density  distribution  in  the  eom- 
puted  spaee.  The  DFT-LDA  method  has  been  very  sue- 
eessful  in  predieting  the  properties  of  materials  without 
using  any  experimental  inputs  other  than  the  identity  (i.e. 
atomie  numbers)  of  eonstituent  atoms  [Car  and  Parrinello 
(1985)].  The  major  advantage  of  using  LDA  is  that  the 
error  in  the  eleetron  energy  is  seeond-order  between  any 
given  eleetron  density  and  ground  state  density. 

For  praetieal  applieations,  a  single  eleetron  wavefune- 
tion  with  a  plane  wave  and  pesudopotential  have  been 
implemented  in  the  DFT-LDA  method  [Payne,  Teter,  Al¬ 
lan,  Arias,  and  Joannopoulos  (1992)].  These  systematie 
approximations  reduee  the  eleetronie  strueture  problem 
to  a  self-eonsistent  matrix  diagonalization  problem.  The 
solution  proeedure  requires  an  iterative  diagonalization 
proeess,  whieh  in  general  involves  0{N^)  order  of  eom- 
putation  and  limits  the  DFT-LDA  method  to  simple  sys¬ 
tems,  and  the  system  sizes  eurrently  are  limited  to  only 
about  a  few  hundred  atoms. 

The  limitation  of  the  DFT-LDA  method  mainly  eomes 
from  two  aspeets:  one  is  the  use  of  plane  waves  as  a  ba¬ 
sis  to  expand  the  eleetron  wave  funetions;  the  other  is  the 
inelusion  of  degrees  of  freedom  from  the  eleetron  wave 
funetions  in  the  moleeular  dynamies.  The  former  limits 
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the  number  of  atoms  used  in  the  simulation  due  to  the 
large  number  of  basis  funetions  required  in  the  ealeula- 
tion,  and  the  latter  leads  to  that  the  simulation  time  step 
has  to  be  ehosen  mueh  smaller  than  that  in  simulations 
with  elassieal  potential  (about  ten  times  smaller). 

To  reduee  the  order  of  eomputation,  over  the  last  three 
deeades,  a  lot  of  researehers  attempted  to  develop  rapid 
and  effeetive  methods  fro  solving  the  Kohn-Sham  equa¬ 
tion  [Li,  Nunes  and  Vanderbilt  (1993),  Daw  (1993), 
Mauri  and  Galli  (1994),  Kresse  and  Furthmuller  (1996)]. 
Major  improvements  have  been  made  using  the  Car- 
Parrinello  MD  (CPMD)  method  [Car  and  Parrinello 
(1985)],  eluster  variation  method  [Kawazoe  (2001)],  and 
eonjugate  gradient  (CG)  minimization  methods  [Payne, 
Teter,  Allan,  Arias,  and  Joannopoulos  (1992)].  CPMD 
has  signifieantly  improved  the  eomputational  effieieney 
by  redueing  the  order  from  0{N^)  to  0{N^).  As  shown 
by  Payne,  Teter,  Allan,  Arias,  and  Joannopoulos  (1992), 
the  CG  method  has  further  improved  the  effieieney  by  an 
additional  faetor  2-3. 

The  ab  initio  method  makes  it  possible  to  model  a  few 
hundred  atoms  without  any  experimental  inputs,  and  pro¬ 
vides  a  powerful  tool  to  investigate  nanomaterials  with 
predietive  power.  Ab  initio  method  possesses  high  ae- 
euraey  and  transferability,  due  to  there  being  no  experi¬ 
mental  inputs.  However,  the  high  order  of  eomputation 
limits  the  applieability  of  the  ab  initio  method.  There¬ 
fore,  other  methods,  sueh  as  the  tight-binding  method  or 
the  elassieal  moleeular  dynamies,  are  very  important  in 
order  to  overeome  the  eomplexities  of  some  materials. 
In  these  methods,  the  potential  parameters  are  extraeted 
from  the  experiment  or  ab  initio  ealeulations.  However, 
these  methods  are  only  valid  in  the  region  where  they 
are  fitted.  Nevertheless,  they  are  useful  to  study  eomplex 
materials  on  the  basis  of  these  approximations. 

A  standard  Af?  initio  routine  is  illustrated  in  Fig.  2. 

2.2  Tight-binding  methods 

In  the  intermediate  regime  of  a  few  hundred-  to  thousand- 
atom  systems,  where  elassieal  moleeular  dynamies 
method  is  not  aeeurate  enough,  nor  the  ab  initio  eom- 
putations  are  feasible,  tight-binding  [Slater  and  Koster 
(1954),  Harrison  (1980)],  or  semi-empirieal  quantum 
meehanies  based  methods,  provide  an  important  link  be¬ 
tween  the  ab  initio  quantum  meehanies  based  approaehes 
deseribed  above,  and  the  elassieal  atomistie  foree  field 
based  methods,  that  will  be  deseribed  below. 
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The  tight  binding  method  ean  handle  a  mueh  larger  sys¬ 
tem  than  the  ab  initio  method,  and  has  the  informa¬ 
tion  about  the  eleetronie  strueture  of  the  system,  while 
maintaining  a  better  aeeuraey  than  the  MD  simulation. 
In  its  nature,  the  tight-binding  method  is  very  similar 
to  Hartree-Foek  methods,  but  the  eomputations  of  the 
Hamiltonian  and  overlap  matrix  elements  are  based  on 
semi-empirieal  formulae.  In  this  method,  the  atoms  are 
treated  as  elassieal  partieles  that  interaet  in  part  through 
an  effeetive  potential  exerted  by  the  eleetrons  that  are 
treated  quantum  meehanieally.  Hypothetieal  basis  or¬ 
bitals  with  the  angular  symmetries  of  single  atom  eigen¬ 
states  are  eentered  around  eaeh  atom.  In  the  tight  binding 
method,  the  interatomie  forees  are  evaluated  in  a  straight¬ 
forward  way,  based  on  the  Hellmann-Feynman  theorem 
and  the  rest  of  the  proeedure  is  almost  identieal  to  the 
MD  simulation,  that  is  the  reason  why  the  tight  binding 
method  is  also  referred  to  as  tight  binding  MD  method 
(TBMD). 

The  tight-binding  method  [Harrison  (1980)]  further  sim¬ 
plifies  the  quantum  many  eleetron  problem  by  assuming 
that  the  erystal  potential  is  strong,  sueh  that  when  an  ion 
eaptures  an  eleetron  during  its  motion  through  the  lattiee, 
the  eleetron  remains  at  that  site  for  a  long  time  before 


Figure  2  :  An  illustration  of  ab  initio  routine 


leaking,  or  tunneling,  to  the  next  ion  site.  During  the  eap- 
ture  interval,  the  eleetron  orbits  primarily  around  a  single 
ion  uninflueneed  by  other  atoms,  so  that  its  state  funetion 
is  essentially  that  of  an  atomie  orbital.  Usually,  the  elee¬ 
tron  is  tightly  bound  to  its  own  atom.  Henee,  the  total 
energy  (or  the  interatomie  potential)  ean  be  expressed  as 
the  sum  of  the  eigenvalues  of  a  set  of  oeeupied  non-self- 
eonsistent  one  eleetron  moleeular  eigenfunetions,  in  ad¬ 
dition  to  eertain  analytieal  funetions  [Foulkes  and  Hay- 
doek(1989)]: 

FrB=  £e„  +  £u'-^^(R„)  (18) 

n=\  I<J 

The  sum  is  over  all  oeeupied  states  Nocc  up  to  the  Fermi 
level.  The  first  term  on  the  right  side  is  the  sum  of  the 
energies  of  oeeupied  orbits  (i.e.,  band-strueture  energy), 
whieh  ean  be  solved  from  the  Sehrodinger  equation  (5). 

is  the  repulsive  inter-atomie  potential,  and  the  dou¬ 
ble  eounting  of  the  Coulomb  and  exehange-eorrelation 
terms  inherent  in  the  eigenvalue  sum  (the  first  term)  are 
eliminated  by  the  sum  of  the  repulsive  interatomie  po¬ 
tential  (the  seeond  term).  Many  papers  [Wang  and 
Ho  (1993, 1996),  Lewis  and  Mousseau  (1998)]  deseribed 
how  to  obtain  these  two  terms.  Due  to  that  F  is  de¬ 
rived  form  the  experiment,  the  TBMD  method  is  a  semi- 
empirieal  method.  The  eigenvalues  eorresponding 
to  the  one-eleetron  states  of  a  first  prineiples  Hartree- 
Foek  or  density  funetional  theory  are  obtained  from  a 
nonorthogonal  one-eleetron  Hamiltonian 

H\|/„  =  s„S\|/„  (19) 


=  (20) 

la 

where  S  is  the  overlap  matrix.  It  is  noted  that,  in  equation 
(20),  a  linear  eombination  of  atomie  orbitals  (referred  to 
LACO),  whieh  is  modulated  by  a  Bloeh  wave-funetion 
phase  faetor  for  a  periodie  lattiee,  is  adopted  in  the  wave 
funetion:  the  one-eleetron  wave  funetion  \|/„  is  expanded 
as  a  linear  eombination  of  atomie  basis  funetions  (jt/a,  as 
diseussed  in  Hartree-Foek  approximations.  This  ensures 
that  an  eleetron  in  a  tight-binding  level  will  be  found, 
with  equal  probability,  in  any  eell  of  the  erystal,  sinee  its 
wave  funetion  ehanges  only  by  the  phase  faetor,  as  one 
eleetron  moves  from  one  eell  to  another.  Here,  n  denotes 
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the  orbital  number,  and  a  denotes  the  basis  funetions  (in 
the  minimal  basis  of  silicon,  these  represent  s,  px,  Py, 
and  p^  atomic  orbits).  The  details  of  the  basis  func¬ 
tions  do  not  enter  into  the  energy  calculation,  but  only 
the  interactions  between  basis  elements  (|)/a  that  from  the 
overlap  and  Hamiltonian  matrices.  The  matrix  elements 
within  the  overlap  S  and  Hamiltonian  H  matrices  are  ob¬ 
tained  by  fitting  the  equivalent  integrals  within  an  exten¬ 
sive  database  of  the  first-principles  calculations  to  a  par¬ 
ticular  parametric  form 

5'ap(r/7)  =  (‘l>/a|<l)7p)  .21 1 

^ap(r/7)  =  (^/a|//|^/p)  ^  ^ 

The  function  is  also  obtained  by  fitting  to  a  database 
involving  the  experimental  indirect  band  gap.  The  pa¬ 
rameters  for  this  fit  are  given  by  Bernstein  and  Kaxiras 
(1997).  Although  the  exact  forms  of  the  basis  are  not 
known,  the  Hamiltonian  and  overlap  matrix  can  be  pa¬ 
rameterized,  and  the  total  energy  and  electronic  eigen¬ 
values  can  be  easily  extracted  from  the  Hamiltonian  ma¬ 
trix,  which  also  contains  the  effects  of  angular  forces 
in  a  natural  way.  There  are  two  approaches  to  per¬ 
form  parameterization  process,  one  is  fitting  to  results 
from  the  ab  initio  methods  [Xu,  Wang,  Chan  and  Ho 
( 1992),  Mehl  and  Papaconstantopoulos  (1996)],  the  other 
is  computing  the  matrix  exactly  based  on  the  localized 
basis  [Liu  (1995),  Porezag,  Frauenheim,  Kohler,  Seifert, 
and  Kaschner  (1995),  Taneda,  Esfarjani,  Li,  Kawazoe 
(1998)]. 

The  process  of  solving  for  the  coefficient  c’^g,  is  a  gen¬ 
eralized  eigenvalue  problem.  For  a  given  set  of  atomic 
coordinates,  the  coefficients  are  found  by  diagonaliza- 
tion.  One-electron  states  are  occupied  up  to  Femi  level. 
The  interatomic  forces  are  evaluated  in  a  straightforward 
way,  based  on  the  Hellmann-Feynman  theorem,  and  the 
system’s  dynamic  evolution  is  governed  by  Hamilton’s 
classical  equation  of  motion  from  Newton’s  second  law: 

m,R,  =  F/  =  -^  (22) 

After  obtaining  the  force,  atomic  coordinates  can  be  ad¬ 
vanced  through  time,  using  the  same  algorithm  as  that 
used  for  the  ab  initio  method  or  the  classical  MD,  i.e., 
the  standard  Gear’s  fifth-order  predictor-corrector  or  Ver- 
let’s  leapfrog  methods,  which  will  be  described  in  detail 
in  section  2.3. 


The  TBMD  is  one  of  the  fastest  numerical  quantum 
methods  containing  electronic  structure  information,  and 
its  application  is  extensive.  Lewis  and  Mousseau  (1998) 
used  it  to  study  defects  and  disorder  in  covalently  bonded 
materials.  Wang  and  Ho  (1993)  employed  it  to  investi¬ 
gate  the  structure,  dynamics  and  electronic  properties  of 
diamond-like  amorphous  carbon.  Colombo  (1998)  pro¬ 
vided  a  source  code  for  TBMD  simulations. 

Since  the  brute  force  diagonalization  is  0{N^),  which 
parallelizes  poorly,  in  general,  TBMD  is  an  0{N^)  al¬ 
gorithm.  To  reduce  the  order  of  computation  (i.e.,  im¬ 
prove  the  scale  of  computation),  Khan  and  Broughton 
(1989)  implemented  a  fictitious  Lagrangian  to  reducing 
the  order  from  0{N^)  to  0{N^).  There  is  much  discus¬ 
sion  in  the  literature  about  0{N)  schemes  for  electronic 
structure  [Li,  Nunes,  and  Vanderbilt  (1993),  Daw  (1993), 
Canning,  Galli,  Mauri,  De  Vita,  and  Car  (1996),  Ordejon 
(1998)].  However,  such  methods  often  have  problems 
with  situations  in  which  states  wander  across  the  Fermi 
level.  Another  way  to  improve  the  scale  of  the  TBMD 
is  the  parallel  simulation  [Kalia,  Campbell,  Chatterjee, 
Nakano,  Vashishta,  Ogata  (2000)].  The  parallelization  of 
the  TBMD  code  involves  parallelizing  the  direct  diago¬ 
nalization  (of  the  electronic  Hamiltonian  matrix)  part  as 
well  as  the  MD  part.  Parallelizing  a  sparse  symmetric 
matrix  with  many  eigenvalues  and  eigenvectors  is  a  com¬ 
plex  bottleneck  in  the  simulation  of  large  intermediate- 
range  system  and  requires  new  algorithms.  A  survey 
of  the  parallel  simulation  can  be  found  in  Heffelfinger 
(2000). 

Although  TBMD  can  consider  the  quantum  structure  of 
electron,  its  accuracy  is  less  than  that  of  ab  initio.  Hence, 
some  researchers  developed  the  first-principles  molecu¬ 
lar  dynamics  by  combining  the  advantages  of  TBMD  and 
DFT-LDA  (ab  initio  method)  [Demkov,  Ortega,  Sankey, 
and  Grumbach  (1995),  Ortega  (1998),  Garcia- Vidal, 
Merino,  Peerez,  Rincon,  Ortega,  and  Flores  (1994),  Pear¬ 
son,  Smargiassi,  and  Madden  (1993),  Smargiassi,  and 
Madden  (1994)].  This  method  showed  a  very  good  accu¬ 
racy  for  the  problems  of  defect  [Smargiassi  (1994)],  and 
lattice  dynamics  [Pavone,  Karch,  Schutt,  Windl,  Strauch, 
Giannozzi,  and  Baroni  (1993),  Adler,  Honke,  Pavone, 
and  Schroder  (1998)]. 

A  major  problem  with  the  TBMD  method  is  the  way  that 
the  parameterization  of  the  Hamiltonian  and  the  over¬ 
lap  matrices,  and  the  function  limits  its  applicabil¬ 
ity.  Harrison  (1989)  has  attempted  to  provide  a  mini- 
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mal  tight-binding  theory  with  a  set  of  universal  param¬ 
eters  that  eould  deseribe  qualitatively  a  wide  range  of 
materials  and  properties.  However,  this  approaeh  turns 
out  to  be  neither  transferable  nor  aeeurate.  Although  fo¬ 
eusing  on  tetrahedral  solids,  he  emphasized  the  neees- 
sity  of  ineluding  the  nonorthogonality  of  the  loeal  envi¬ 
ronment  in  multi-eoordinated  struetures.  This  important 
faetor  has  generally  been  overlooked  by  those  seeking  a 
transferable  seheme.  After  that,  Menon  and  Subbaswami 
(1997)  proposed  a  nonorthogonal  tight-binding  seheme 
with  minimal  number  of  adjustable  parameters,  result¬ 
ing  in  a  transferable  scheme  applicable  to  clusters  as  well 
as  bulk  systems.  Although  nonorthogonal  tight-binding 
molecular  dynamics  schemes  are  more  accurate,  they  are 
not  easily  converted  to  order  0{N),  and  can  typically 
handle  only  systems  with  up  to  a  few  thousand  atoms 
[Menon  and  Subbaswami  (1997)]. 

A  standard  TBMD  routine  is  illustrated  in  Fig.  3. 


Figure  3  :  An  illustration  of  the  TBMD  routine 


2. 3  Classical  Molecular  Dynamics 

Up  to  now,  we  know  that  atomistic  and  electronic-scale 
simulations  can  be  performed  by  means  of  ab  initio  or 
semi-empirical  methods  such  as  tight-binding.  However, 


these  methods  are  still  restricted  in  their  capability  with 
respect  to  both  the  number  of  atoms  and  the  simulation 
timescale.  Classical  molecular  dynamics  is  an  important 
substitute  to  study  longer-timescale  phenomena  of  sys¬ 
tems  composed  of  larger  numbers  of  particles,  which  is 
much  simpler  but  still  an  atomic  scale  method.  Molecular 
dynamics  is  a  means  to  study  matter  at  the  atomic  level 
and  to  predict  the  static  and  dynamic  properties  from  the 
underlying  interactions  between  the  molecules.  To  go 
from  quantum  mechanics  to  molecular  dynamics  requires 
averaging  over  the  electrons  to  obtain  spring  constants, 
discrete  charges  and  van  der  Waals  parameters.  It  is  pos¬ 
sible  to  construct  realistic  classical  potentials  based  on 
ab  initio  calculations,  experimental  results  or  an  empir¬ 
ical  model.  A  possible  way  is  to  fit  the  classical  poten¬ 
tials  to  contour  maps  of  the  total  energy,  which  may  be 
obtained  with  an  ab  initio  method  by  changing  the  posi¬ 
tion  of  one  atom  while  fixing  fhe  coordinafes  of  all  ofher 
atoms.  Wifh  fhe  increase  in  compufing  power,  fhe  con¬ 
nection  befween  classical  MD  and  ab  initio  calculations 
are  being  made  in  a  clear  and  rigorous  fashion.  Classical 
molecular  dynamics  is  an  empirical  mefhod.  Hence,  if 
is  easy  to  implemenf  in  larger  sysfems  (million  fo  billion 
atoms).  However,  for  differenf  sysfems,  differenf  empir¬ 
ical  paramefers  may  be  needed,  which  limifs  ifs  fransfer- 
abilify. 

The  mefhod  of  classical  molecular  dynamics  was  firsf 
proposed  by  Alder  and  Wainwrighf  (1957).  Alder  and 
Wainwrighf  applied  fhe  mefhod  fo  fhe  simplesf  sysfem- 
hard  spheres  by  firsf  assuming  an  inferafomic  pofenfial, 
and  found  a  liquid-solid  phase  fransifion  in  fhis  hard- 
sphere  sysfem.  Lafer,  fhe  mefhods  were  also  applied 
fo  various  sysfems  wifh  soff  potentials  [Rahman  (1963)] 
such  as  fhe  Lennard-Jones  pofenfial.  Classical  MD  de¬ 
scribes  system’s  afomic-scale  dynamics,  where  atoms 
and  molecules  move,  while  interacting  with  many  of 
the  atoms  and  molecules  in  the  vicinity.  The  system’s 
dynamic  evolution  is  governed  by  Hamilton’s  classical 
equation  of  motion  from  Newton’s  second  law: 

dV 

m/R/ =  F/ =  —  (no  sum  on/)  (23) 

oR/ 

which  is  derived  from  the  classical  Hamiltonian  of  the 
system. 
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where  R/  is  the  position  of  atom  I,  and  V  is  the  empirieal 
potential  for  the  system.  Eaeh  atom  moves  and  aets  sim¬ 
ply  as  a  particle  that  is  moving  in  many-hody  force  field 
F/  of  other  similar  particles,  which  can  also  he  obtained 
from  more  accurate  quantum  simulation  as  described  in 
Sections  2.1  and  2.2.  The  atomic  and  molecular  inter¬ 
actions  describing  the  dynamics  are  given  by  classical 
many-hody  force-field  functions.  The  atomic  interaction 
energy  function  T(R/)  can  be  written  in  terms  of  pair  and 
many-hody  interactions,  depending  on  the  relative  dis¬ 
tances  among  different  atoms  [Daw  and  Baskes  (1983, 
1984)]. 

An  alternate  but  equivalent  approach  is  to  solve  the 
Hamiltonian  system  of  ordinary  differential  equations 


dPi  _  dH 
dt  dqi 
dqi  dH 
dt  dPj 


(25) 

(26) 


where  {qj,  Pj)  are  the  set  of  canonically  conjugate  coordi¬ 
nates  and  momenta,  respectively.  Symplectic  integrators 
[Gray,  Noid,  and  Sumpter  (1994)]  have  been  developed 
to  solve  the  above  Hamitonian  equations  of  motion. 

In  MD  simulations,  the  effects  of  finite  system  size  and 
surfaces  are  always  a  severe  problem.  Periodic  boundary 
conditions  are  usually  employed  to  reduce  these  effects. 
All  the  particles  are  put  inside  a  unit  cell,  and  if  the  par¬ 
ticle  goes  outside  the  cell  boundary,  it  is  brought  back  in 
from  the  opposite  side  of  the  cell.  More  descriptions  of 
the  general  techniques  used  in  molecular  dynamics  can 
be  found  in  Allen  and  Tildesley  (1989),  Rapaport  (1995), 
and  Leach  (1996). 

Classical  molecular  dynamics  have  been  ap¬ 
plied  extensively.  Some  computer  codes  can 
be  available  on  the  websites,  such  as  CCP5  on 
http://wservl.dl.ac.uk/CCP/CCP5,  Amber/Sander 
on  http://www.amber.ucsf.edu/amber/amber.html 

(or  http://amber.scipps.edu),  NAMD  on 
http://www.ks.uiuc.edu/Research/namd,  and  LAMMPS 
on  http://www.cs.sandia.gov/sjplimp/lammps.html. 

2. 3. 1  Short  range  interactions 

As  the  simplest  interatomic  potential  in  MD  simulations, 
pair  potentials  are  employed  to  qualitatively  model  di¬ 
verse  properties  of  materials,  such  as  Buckingam  poten¬ 
tial  [Wunderlich  and  Awaji  (2001)],  Morse  potential  [Ko- 


manduri,  Chandrasekaran,  and  Raff  (1998)],  and  glue  po¬ 
tential  [Duan,  Sun  and  Gong  (2001)].  A  very  widely  used 
inverse  power  model,  the  12-6  Lennard-Jones  (LJ)  po¬ 
tential,  was  introduced  by  Lennard-Jones  (1924a,  b)  for 
non-bond  atomic  interactions,  as 


Vu  =  4e 


-) 

RijJ 


12 


Rij) 


(27) 


where  s  denotes  the  bind  energy  (the  minimum  of 
Lennard-Jones  potential),  and  a  the  equilibrium  distance 
between  two  unbonded  atoms  or  monomers,  Rij  denotes 
the  inter-atomic  distance  between  atoms  I  and  J.  The 
Lennard-Jones  force  (attraction  or  repulsion)  between 
two  atoms  can  be  written  as: 


Fij 


dVu 

dRij 


(28) 


Girifalco  and  Lad  (1956),  and  Girifalco  (1992)  employed 
the  Lennard-Jones  potential  for  the  carbon-carbon  sys¬ 
tem.  Two  sets  of  parameters  have  been  used,  one  for  a 
graphite  system  [Girifalco  and  Lad  (1956)]  and  the  sec¬ 
ond  for  an  fee  crystal  composed  of  Cgo  molecules  [Giri¬ 
falco  (1992)].  The  Lennard-Jones  (LJ)  potential  is  a  non¬ 
bond  order  potential,  which  accounts  for  the  steric  and 
van  der  Waals  non-bonded  interaction. 

To  model  more  realistic  materials,  such  as  metals  and 
semiconductors  with  complex  many-hody  interactions, 
the  pair  potentials  must  be  modified.  Up  fo  now,  many 
approaches  emerged,  to  improve  the  pair  potentials. 
However,  all  of  them  fall  into  three  categories,  which  are 
introduced  below  respectively. 

The  first  one  is  to  develop  potentials  by  following 
the  Born-Openheimer  expansion  (many-hody  potentials), 
i.e.,  besides  the  pair  potential,  many-hody  potentials 
should  be  added,  such  as  Pearson  [Pearson,  Takai,  Ha- 
licioglu  and  Tiller  (1984)],  and  Stillinger- Weber  (SW) 
[Stillinger,  and  Weber  (1985)]  potentials.  The  inter¬ 
atomic  potential  V  as  an  infinite  sum  over  pair,  triplet, 
etc.,  can  be  expressed  by  the  Born-Openheimer  expan¬ 
sion  as: 

U  (Ri , R2, 7?3 L L  (Rij)  + 

4  I  ••  I  •  •  •)  (29) 

24  J  I 
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v(3)  ...andvW  are  the  interaetion  potentials  of  the 
two-,  three-  and  n-body  interaetions,  respeetively;and/?/7 
is  the  distanee  between  atoms  I  and  J.  It  is  noted  that  the 
n-body  potential  deereases  rapidly  with  the  inerease  of  n. 
Therefore,  in  praetiee,  the  Born-Openheimer  potential  is 
truneated  at  n=3.  For  eovalently-bonded  materials,  Pear¬ 
son  takes  the  two-body  eomponent  to  be  the  Lennard- 
Jones  potential,  while  triplet  interaetions  are  represented 
by  an  Axilrod-Teller-type  three-body  potential  [Pearson, 
Takai,  Halieioglu  and  Tiller  (1984)].  The  SW  poten¬ 
tial,  whieh  involves  both  two-body  and  three -body  inter- 
atomie  terms,  is  another  example  of  the  type  of  potential 
that  is  used  to  effeetively  deal  with  the  direetional  nature 
of  bonding  in  eovalent  materials.  The  SW  potential  ean 
be  written  as 

{Ru) 

I 

I 

The  exaet  form  of  these  interaetions  and  are 
given  in  Stillinger,  and  Weber  (1985).  The  potentials  are 
assumed  to  have  a  eutoff  radius,  i.e.,  any  atom  interaets 
directly  only  with  those  atoms  within  a  distance/?  from 
it. 

There  are  many  different  many-body  empirical  po¬ 
tentials  developed  during  last  decades,  such  as  AM¬ 
BER  [Cornell,  et  ah,  (1995)],  CFF95  [Peng  et  al. 
(1997)],  CHARMM  [Mackerell,  et  al.  (1995)],  Dreid- 
ing  [Mayo,  Olafson,  and  Goddard  (1990)],  MMFF  [Hal- 
gren  (1996)],  MM2  [Allinger  (1977),  and  Allinger,  Yuh, 
Fii  (1989)],  MM3  [Cui,  Fi,  and  Allinger  (1993)],  MM4 
[Nevins,  Fii,  and  Allinger  (1996)],  OPFS  [Jorgensen, 
et  al.  (1996)],  SHARP  [Bearpark,  Robb,  Bernard!,  and 
Olivucci  (1994)],  UFF  [Rappe,  et  al.  (1992)],  and  VAF- 
BON  [Cleveland,  and  Fandis  (1996)].  In  these  mod¬ 
els,  the  total  system  potential  energy  V  can  be  expressed 
as  a  sum  of  several  individual  energy  terms  [Burkert 
and  Allinger  (1982),  Feach  (1996),  Rappe  and  Casewit 
(1997)]: 

V  =  Up  +  U(i  +  Ua,  +  U,  +  U,dw  +  Ues  (31) 

where  Up,  Ge,!/®,  and  U-c  are  energies  associated  with 
bond  stretching  (two-body),  angle  variation  (three -body), 
inversion  and  torsion  (four-body),  respectively;  U^dw  and 
Ues  are  associated  with  van  der  Waals  and  electrostatic 


interactions,  respectively.  Additional  energy  terms  asso¬ 
ciated  with  electromechanical  or  optomechanical  interac¬ 
tions  can  be  included  in  the  same  way.  Different  models 
may  include  different  terms.  One  can  ignore  or  focus  on 
some  selective  terms  of  the  total  potential  energy  accord¬ 
ing  to  the  physics  of  a  specific  problem.  MM2-MM4, 
SHAPE,  VAFBON  and  UFF  models  have  been  applied 
in  the  analysis  of  a  variety  of  organic  and  inorganic  sys¬ 
tems.  The  Dreiding  model  has  been  used  to  analyze  the 
structure  of  fullerene  and  carbon  nano-tube  [Guo,  Kara- 
sawa,  and  Goddard  (1991),  Tuzun,  Noid,  Sumpter  and 
Merklet  (1996)]. 

The  second  one  is  to  attempt  to  model  the  local  environ¬ 
ment  using  electron  density  distributions,  which  results 
in  an  addition  energy,  such  as  the  embedded  atom  method 
(EAM)  [Daw  and  Baskes  (1983,  1984)],  and  variable 
charge  molecular  dynamics  (VCMD)  [Streitz  and  Mint- 
mire  (1994)].  VCMD  is  suitable  to  solving  the  boundary 
problems  [Campbell,  Kalia,  Nakano,  Vashishta,  Ogata, 
and  Rodgers  (1999)].  However,  it  is  more  complicated 
than  EAM.  Based  on  the  quasi-atom  approach  [Scott,  and 
Zaremba  (1980)],  Daw  and  Baskes  (1983)  developed  the 
EAM  potential  for  metals.  In  this  approach,  the  energy 
of  an  atom  in  the  crystal  is  divided  into  two  parts,  which 
can  be  written  as 

E  {Rij)  =  £  jiv  (P/)  +  ^  i;  cp„  (/?„)  I  (32) 

where  the  second  term  on  the  right  side,  <^ij{Rij),  is  a 
two-body  core-core  interaction  energy  (pair  potential), 
and  the  first  term  is  an  additional  energy  needed  to  embed 
the  atom  into  the  electron  system  in  the  lattice,  p  /  is  the 
local  electron  density.  The  embedding  energy  is  usually 
fit  to  the  form 

/7=A/F«p/Inp/  (33) 

where  p^is  obtained  by  functional  fits  to  the  electronic 
configuration  surrounding  atom  I,  Ef  is  its  sublimation 
energy,  and  A/  is  a  constant  for  atom  I.  Baskes  (1992) 
proposed  a  modified  embedded  afom  mefhod  by  faking 
fhe  non-sphere-symmefry  of  fhe  elecfronic  sfrucfure  info 
accounf.  Based  on  variations  of  fhe  EAM  and  SW  po- 
fenfials,  a  wide  variefy  of  many-body  pofenfials  has  been 
proposed  and  used  in  classical  molecular  dynamics  sim- 
ulafions.  These  pofenfials  are  expecfed  fo  work  well 
wifhin  fhe  range  of  physical  paramefers  in  which  fhey 
were  consfrucfed. 
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EAM  is  applicable  to  interface  and  surface  problems. 
Tan  and  Yang  (1994)  used  the  modified  EAM  to  per¬ 
form  the  atomistic  simulation  of  interface  fracture,  and 
explained  the  origin  of  the  crack-tip  singularity.  Baskes 
and  his  coworkers  [Baskes,  Angelo  and  Bison  (1994), 
Gall,  Horstemeyer,  Van  Schilfgaarde  and  Baskes  (2000)] 
applied  the  modified  EAM  fo  sfudy  fhe  fensile  debond¬ 
ing  and  fracfure  of  an  aluminum-silicon  inlerface,  and 
analyzed  fhe  effecl  of  fhe  micro-defecl  on  fhe  inlerface. 
Eallis,  Daw  and  Eong  (1995)  invesligaled  fhe  slruclure 
of  small  Pi  clusters  on  Pl(lll)  by  using  EAM.  Zhou, 
Eomdahl,  Voter  and  Holian  (1998)  sludied  fhe  fhree- 
dimensional  fracfure  via  large-scale  molecular  dynam¬ 
ics  by  appealing  lo  EAM.  Ei,  Gao,  Qiao,  Zhou  and  Chu 
(2001)  simulaled  fhe  microcrack  healing  in  copper  by 
means  of  EAM.  Eiu  and  Adams  (1992),  and  Eongo,  Rey 
and  Gallego  (1999)  used  differenl  EAM  lo  simulate  fhe 
slruclure  of  Ni  clusters  on  Ni  surface,  respeclively,  and 
Ihe  resulls  depended  on  Ihe  parameters  of  embedding  en¬ 
ergy. 

The  Ihird  one  is  lo  inlroduce  Ihe  local  eleclronic  environ- 
menl  direclly  into  pair  polenlials,  such  as  Ihe  Tersoff  po- 
lenlial  [Tersoff  (1986)].  The  Tersoff  polenlial  was  origi¬ 
nally  from  Abell  (1985),  and  Ihen  applied  as  a  praclical 
polenlial  energy  formalism  for  modeling  covalenl  mate¬ 
rials  by  Tersoff  (1986,  1989).  Tersoff  polenlial  is  a  sum 
of  Ihe  energy  on  each  bond.  The  energy  of  each  bond 
consisls  of  a  repulsive  and  allraclive  pari.  A  bond  order 
funclion  is  embedded  in  Ihe  formulalion.  The  bond  order 
depends  on  Ihe  local  atomic  environmenl  such  as  angu¬ 
lar  dependency  due  to  Ihe  bond  angels.  Brenner  (1990) 
modihed  Ihe  Tersoff  polenlial  by  inlroducing  addilional 
terms  into  Ihe  bond  order  funclion,  which  is  mainly  to 
correcl  Ihe  overbinding  of  radicals.  Wang,  Tomanek  and 
Berlsch  (1991)  inlroduced  local  density  approximalions 
(EDA)  into  a  Morse-lype  polenlial  for  carbon  systems, 
which  derived  a  more  reasonable  binding  energy  lhan 
lhal  from  Ihe  Eennard-Jones  polenlials  [Qian,  Eiu,  and 
Ruoff  (2001)]. 

A  major  dislinguishing  fealure  of  Ihe  Tersoff-Brenner  po- 
lenlial  is  lhal  shorl-range  bonded  inleraclions  are  reac- 
live,  so  lhal  a  chemical  bond  can  form  and  break  dur¬ 
ing  simulalion.  The  Tersoff-Brenner  polenlials  [Brenner, 
Sherendova,  Areshkin  (1998)]  are  used  to  model  carbon 
based  systems  using  Ihe  type  II  paramelerizalion,  and 
have  been  used  in  a  wide  variety  of  scenarios.  This  polen- 
lial  has  been  successfully  applied  in  Ihe  analysis  of  for- 
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malion  of  fullerenes  and  Iheir  properlies  [Brenner,  Harri¬ 
son,  White,  and  Colton  (1991),  Roberlson,  Brenner,  and 
Minlmire  (1992),  Roberlson,  Brenner,  and  White  (1992, 
1995)],  surface  pallerning  [Sinnoll,  Colton,  White,  and 
Brenner  (1994)],  indenlalion  and  friclion  al  nanoscale 
[Harrison,  White,  Colton,  and  Brenner  (1992,  1993a,  b, 
1995),  Harrison,  Colton,  White,  and  Brenner  (1993)], 
calculaling  properlies  of  carbon  nanoslruclures  [Brenner, 
Shenderova,  Areshkin,  Schall,  and  Erankland  (2002)], 
and  energelics  of  nanolubes  [Roberlson,  Brenner,  and 
Minlmire  (1992)]. 

Up  to  now,  to  aulhors’  knowledge,  Ihere  is  no  universal 
classical  MD  polenlial,  which  works  for  all  Ihe  materials 
and  in  all  Ihe  scenarios.  EAM  type  polenlials  are  suited 
for  melals,  while  Slillinger- Weber  (SW)  and/or  Tersoff- 
Brenner  polenlials  are  suited  for  semiconductors. 
Hereinbefore,  we  only  consider  Ihe  shorl  range  inlerac- 
lions.  In  general,  if  Ihe  polenlial  drops  down  to  zero 
faster  lhan  R  where  R  is  Ihe  dislance  belween  Iwo 
atoms  and  d  Ihe  dimension  of  Ihe  problem,  il  is  called 
shorl  ranged.  In  shol  range  inleraclions,  a  cutoff  radius 
is  inlroduced,  only  neighbored  atoms  up  to  Ihe  cutoff  ra¬ 
dius  are  laken  into  accounl  for  Ihe  calculalion  of  inler- 
aclions,  beyond  Ihe  cutoff  radius  mulual  inleraclions  be¬ 
lween  atoms  are  neglected.  In  order  to  compensate  for 
Ihe  neglecl  of  explicil  calculalions,  long  range  correc- 
lions  may  be  inlroduced.  Energy  modifying  terms  in  a 
periodic  molecular  cell  to  accounl  for  long  range  inlerac- 
lions  were  sludied  in  Madelung  (1918),  Ewald  (1921), 
Deleeuw,  Peram,  and  Smilh  (1980)  and  Heyes  (1981) 
wilh  addilional  references  Iherein. 

2.3.2  Long  range  interactions 

In  Ihe  case  of  shorl  range  polenlials,  il  is  easy  to  calculate 
Ihe  polenlial  or  force  if  one  culs  il  off  al  a  cerlain  range 
and  uses  a  neighbor  lisl,  lhal  is  called  a  parlicle-parlicle 
melhod.  The  amounl  of  calculalion  of  Ihis  melhod  is  of 
0{N)  for  an  V-parlicle  system.  However,  in  Ihe  case  of 
long  range  polenlials,  like  Ihe  Coulomb  polenlial,  inler- 
aclions  belween  all  parlicles  in  Ihe  system  musl  be  laken 
into  accounl,  if  Irealed  wilhoul  any  approximalion.  This 
leads  to  an  0{N^)  problem,  which  increases  considerably 
Ihe  execulion  lime  of  a  program  for  larger  systems. 

The  Ewald  sum  melhod  [Ewald  (1921)]  is  used  to  de¬ 
crease  Ihe  amounl  of  calculalion  in  Coulomb  systems  by 
acceleraling  Ihe  force  calculalion.  The  Ewald  melhod  is 
limited  to  fully  or  parlially  periodic  systems,  bul  has  been 
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widely  applied  in  studies  of  condensed  matter,  where  it  is 
important  to  eliminate  surface  effects  arising  in  a  small, 
isolated  system.  However,  the  computational  task  in  this 
method  is  still  heavy  in  large  system. 

There  are  many  algorithms  to  deal  with  this  problem  by 
accelerating  the  force  calculation,  which  can  be  clas¬ 
sified  into  two  categories:  particle-mesh  methods,  and 
hierarchical  or  multipole  methods  [Gibbon,  and  Sut- 
mann  (2002)].  Particle-mesh  models  are  more  widely 
used  in  the  field  of  cosmology  than  in  MD.  There  are 
two  principal  types  of  particle-mesh  simulation  mod¬ 
els:  the  particle-mesh  (PM)  model,  and  the  particle- 
particle-particle-mesh  (P^M)  model  [Birdsall,  and  Lang- 
don  (1985);  Hockney  and  Eastwood  (1981)].  The 
particle-particle  (PP)  model  uses  the  action  at  a  distance 
formulation  of  the  force  law,  the  PM  model  regards  the 
force  as  a  field  quanfify  -  approximafing  if  on  a  mesh  - 
and  fhe  P^M  model  is  a  hybrid  of  fhe  PP  model  and  PM 
models.  The  PP  mefhod  can  be  used  for  small  sysfems 
wifh  long  range  forces  or  for  large  sysfems  wifh  shorf 
range  forces.  In  fhe  previous  subsecfion  fhe  PP  mefhod 
is  employed  fo  calculafe  fhe  short  range  forces.  The  PM 
mefhod,  on  fhe  ofher  hand  is  compufafionally  fasf,  buf 
can  only  handle  smoofhly  varying  forces,  and  fhe  resulf 
is  generally  less  accurate.  The  P^M  mefhod  combines  fhe 
advanfages  of  fhe  PP  and  PM  mefhods  and  enables  large 
correlate  systems  wifh  long  range  force  fo  be  simulafed. 
Recenfly,  a  PP-MLPG/BIE  mefhod  is  developed  fo  sim- 
ulafe  fhe  long  range  force  by  Afluri  (2004),  which  will 
be  more  accurafe  and  faster  fhan  fhe  P^M  mefhod.  In 
PP-MEPG/BIE  mefhod,  fhe  MEPG/BIE  (Meshless  Eo- 
cal  Pefrov-Galerkin  BIE)  mefhod  replaces  fhe  particle 
mesh  mefhod  in  P^M  mefhod.  The  MEPG/BIE  mefhod 
was  proposed  by  Afluri,  Han  and  Shen  (2003)  by  us¬ 
ing  fhe  concepf  of  fhe  general  meshless  local  Pefrov- 
Galerkin  (MEPG)  approach  developed  in  Afluri  el  al 
(1998,  2002a,b),  and  has  been  successfully  applied  in 
3D  fraclure  analysis  and  fhe  crack  growfh  [Han,  Afluri 
(2003a,  b)].  Then  one  will  have  fhe  besf  of  fhe  worlds  of¬ 
fered  by  pure  MD  and  MEPG/BIE  respecfively :  high  res¬ 
olution  of  individual  encounters,  combined  wifh  a  rapid 
meshless  evaluafion  of  fhe  long  range  forces. 

In  fhis  case,  fhe  lolal  pofenfial  (Coulomb’s  pofenfial)  of 
fhe  system  is 
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where  N  is  fhe  lolal  number  of  fhe  parlicles,  s  is  fhe  per- 
milfivify  of  free  space,  and  qj  is  fhe  charge  of  fhe  par- 
licle  j.  The  force  of  particle  j  on  particle  i  is  give  by 
Coulomb’s  law  as 
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The  inler-parlicle  force  is  initially  splil  info  Iwo  conlri- 
bufions: 

f!=  I  (36) 

j^i 

j  E  af 


The  firsl  sum  represenls  fhe  direcl  forces  of  fhe  parlicle  j 
on  parlicle  i  wilhin  fhe  short  range  domain  Q.  f,  as  shown 
in  Eig.  4,  fhe  shaded  box  represenls  fhe  shorf  range  do¬ 
main  Q-f,  fhe  firsl  sum  is  over  all  fhe  black  particles.  The 
firsl  lerm  is  obfained  by  fhe  PP  mefhod.  The  second  term 
represenls  fhe  long  range  forces  which  are  obfained  from 
fhe  MEPG/BIE  mefhod  in  fhe  global  domain. 
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•  A  generic  particle  / 

•  Neighboring  particles 
o  Far-away  particles 


Figure  4  :  Eorce  splitting  scheme 


The  long  range  inferaclion  is  assumed  fo  be  temporally 
and  spatially  smoolh  enough,  so  fhal  fhe  long  range  con- 
Iribufion  fo  fhe  inferaclion  energy  is  found  by  solving 
fhe  Poisson’s  equalion  for  long  range  pofenfial  [Hockney, 
Easlwood  (1981)]  by  employing  fhe  MEPG/BIE  mefhod 
[Afluri  (2004)] .  The  derived  boundary  inlegral  equalions 
for  fhe  long  range  pofenfial  and  fhe  gradienf  of  fhe  po- 
lenlial  are  weakly  singular.  The  PP-MEPG/BIE  mefhod 
will  be  fasler  and  cheaper  fhan  fhe  P^M  mefhod,  allhough 
bolh  of  Ihem  are  of  0{N)  compufalional  complexify. 

Afler  obfaining  fhe  force  on  fhe  particle  i,  we  should 
solve  fhe  equation  of  mofion.  The  mulfiple  lime  scales 
mefhod  [Tuckerman  ef  al.  (1991)]  in  conjugation  wifh 
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Verlet’s  leapfrog  method  is  a  natural  choice  to  integrate 
the  equation  of  motion  m,r,  =  f,,  because  the  force  is  al¬ 
ready  subdivided  into  short  and  long  range  components, 

=  +  (37) 

where  varies  fast  and  f  varies  slow.  In  this  multiple 
time  step  method,  the  short  range  forces  are  calculated 
every  time  step  dt  by  means  of  PP  method,  while  the 
long  range  forces  are  renewed  every  n  time  steps  by  using 
MLPG/BIE  method.  However,  it  should  be  pointed  out 
that  this  multiple  time  scales  method  only  focus  on  the 
calculation  of  the  interaction  of  the  particles,  the  equa¬ 
tion  of  motion  m,r,  =  f,is  still  integrated  every  time  step 
5l. 

Multipole  methods  [Pfalzner,  and  Gibbon  (1996)]  are 
based  on  the  observation  that  distant  charges  (or  masses) 
may  be  grouped  together  and  substituted  by  a  single  mul¬ 
tipole  expansion,  that  lead  to  a  considerable  saving  in 
the  number  of  interactions  necessary  to  sum  the  poten¬ 
tial  or  force.  Two  approaches  proposed  in  mide-1980 
belong  to  this  category:  hierarchical  tree  code  method 
[Appel  (1985);  Barnes  and  Hut  (1986)],  and  fast  mul¬ 
tipole  method  (FMM)  [Greengard  and  Rohklin  (1987)]. 
The  hierarchical  tree  code  method  is  O(AlogA) -schemes 
based  on  hierarchical  grouping  of  distant  particles.  The 
fast  multipole  method  (FMM)  is  0(A)-schemes  with 
rounding-error  accuracy.  They  serve  a  good  basis  for 
the  accelerating  calculation  of  many-body  systems  gov¬ 
ern  by  long-range  potentials.  A  detailed  discussion  about 
Multipole  methods  can  be  found  in  [Gibbon,  and  Sut- 
mann  (2002)]. 

Instead  of  accelerating  the  force  calculation,  the  sym- 
plectic  method  [Channell  and  Scovel  (1990);  Candy  and 
Rozmus  (1991);  and  Wisdom  and  Holman  (1991)]  can 
also  be  employed  to  improve  the  accuracy  and  reduce  the 
required  computational  time,  which  integrates  the  Hamil¬ 
tonian  rigorously  and  allow  one  to  make  the  basic  time 
step  larger. 

2.3.3  Time  integrators 

In  order  to  obtain  a  trajectory  through  phase  space  for 
these  atoms,  an  integrator  is  required  for  Newton’s  laws 
of  motion.  Numerical  integration  of  the  equations  of 
motion  is  performed  either  by  explicit  or  implicit  meth¬ 
ods,  such  as  the  Verlet  [Verlet  (1967)],  leapfrog  [Hock¬ 
ney  (1970)],  and  velocity  Verlet  [Swope,  et  al.  (1982)] 
methods.  Because  of  the  lack  of  numerical  stability,  the 


simple  Euler  scheme  is  not  appropriate  for  MD  simula¬ 
tions.  In  Verlet  method,  the  error  will  accumulate  with 
the  time  steps  and  may  lead  to  a  serious  error  in  the  fi¬ 
nal  results.  The  leapfrog  method  was  proposed  to  avoid 
this  accumulation  of  errors.  The  leapfrog  method  is  more 
tractable  than  the  Verlet  method  when  one  introduces  ve¬ 
locity  scaling  in  a  system  with  periodic  boundary  condi¬ 
tions.  However,  the  leapfrog  method  cannot  handle  the 
velocity  properly,  the  velocity  Verlet  method  is  usually 
adopted.  The  explicit  velocity  Verlet  method  is  very  pop¬ 
ular  in  MD  simulations  due  to  the  fact  that  it  is  stable, 
memory-efficient,  and  easily  augmented  to  handle  multi¬ 
ple  timescale  MD.  The  following  algorithm  is  iterated: 

R/ ^t-|- =  R/(t) -|- 2^F/(t)  (38) 


R/  (t  +  At)  —  R/  (t)  -|-  At R/  ^t  H — 

(39) 

F/(t  +  At)  - 

(40) 

R/ (t -|- At)  —  R/ F/ (t -|- At)  (41) 

At  each  iteration,  each  of  the  four  steps  is  performed  se¬ 
quentially  for  every  atom  I  in  the  system.  After  exit¬ 
ing  the  last  step,  the  simulation  time  is  incremented  by 
At.  Another  popular  implicit  integration  method  for  MD 
is  the  predictor-corrector  scheme,  specially  the  Gear  al¬ 
gorithm  [Gear  (1971)],  which  can  integrate  the  tempo¬ 
ral  evolution  equation  for  longer  times  with  more  accu¬ 
racy.  For  detailed  description  for  the  technique  of  the 
molecular  dynamics  simulation,  the  readers  are  referred 
to  Rapaport  (1995).  Tucker  and  his  colleagues  [Tucker, 
et  al.  (1991),  and  Tucker,  and  Berne  (1992)]  developed 
the  multi-time-step  method  to  improve  the  accuracy  and 
reduce  the  required  computational  time. 

The  above  descriptions  are  used  for  a  microcanonical 
simulation  (NVE  ensemble),  where  the  total  energy  is  a 
conserved  quantity.  If  the  temperature  or  the  pressure 
should  keep  constant  (the  NVT  or  NTP  ensembles),  it 
is  not  enough  to  only  integrate  Newton’s  equations  of 
motion,  the  effect  of  a  thermostat  interacting  with  the 
system  should  be  considered.  In  canonical  simulations 
(NVT  ensemble),  to  maintain  the  fixed  temperature,  one 
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should  use  the  equipartition  theorem  and  equate  the  ki¬ 
netic  energy  to  jNksT,  where  N  is  the  total  number  of 
the  atoms  in  this  system,  ks  is  the  Boltzman  constant, 
and  T  is  the  temperature.  A  number  of  more  sophisti¬ 
cated  thermostats  have  also  been  developed,  such  as  the 
Langevin’s  algorithm  or  Nose-Hoover  thermostat  [Nose 
(1984)]. 

The  standard  molecular  dynamics  routine  is  illustrated  in 
Fig.  5. 

The  previous  treatments,  ab  initio  molecular  dynamics, 
tight  binding,  and  classical  molecular  dynamics  are  all 
deterministic.  The  state  of  the  system  is  determined  com¬ 
pletely  by  the  initial  condition.  These  approaches  are 
useful  in  understanding  stable  structures,  vibrations,  and 
growth  at  the  atomistic  level.  Another  method  for  treat¬ 
ing  complex  systems  is  the  Monte  Carlo  method,  which 
investigates  problems  by  sampling  from  random  distribu¬ 
tions,  and  uses  concepts  of  probability  theory.  It  assumes 
very  idealized  or  simplified  interaction  parameters  and 
can  treat  larger  number  of  atoms.  Physical  and  chemical 
properties  of  large  systems  are  obtained  by  statistically 
averaging  over  randomly  moved  particles.  Hence,  it  is  a 
stochastic  method.  These  techniques  are  now  routinely 
applied  in  almost  every  field,  from  biology  fo  nuclear 
physics  fo  social  sfudies.  The  defailed  discussion  abouf 
fhis  mefhod  is  omiffed  here,  inferesfed  readers  are  refer 


Figure  5  :  An  illusfrafion  of  classical  MD  roufine 


fo  Ohno,  Esfarjani  and  Kawazoe  (1999).  Some  of  ifs  ap- 
plicafions  can  be  found  in  Baffaile  ef  al.  (1997),  Borfz  ef 
al.  (1975),  Huang  el  al.  (1998),  Gilmer  el  al.  (2000)  and 
Singh  el  al.  (1997). 

3  Multi-scale  Simulation 

Recently,  an  intense  effort  has  been  devoted  to  the  model¬ 
ing  and  simulations  of  physical  phenomena  occurring  on 
a  vast  range  of  length  scales.  This  endeavor  has  prompted 
the  development  of  multiscale  modeling  and  simulation 
strategies.  Although  constant  increases  in  available  com¬ 
putational  power  and  improvement  in  numerical  algo¬ 
rithms,  even  classical  molecular  dynamics  methods  with 
very  simple  potentials  are  still  limited  to  simulating  on 
the  order  of  10^-10^  atoms  for  a  few  nanoseconds.  How¬ 
ever,  real  materials  are  composed  of  ~10^^  atoms  and 
molecules,  and  sometimes  it  becomes  necessary  to  per¬ 
form  far-larger- scale  simulations.  For  phenomena  on  a 
much  larger  space  scale  and  longer  time  scale,  one  possi¬ 
ble  strategy  is  the  multi-scale  methods.  The  simulation  of 
large  systems  must  be  left  to  continuum  methods.  Con¬ 
tinuum  mechanics  is  used  to  predict  the  phenomena  de¬ 
scribed  by  uniform  collective  behavior  of  atoms,  while 
nano-mechanics  is  used  to  predict  the  phenomena  de¬ 
scribed  by  dramatic  changes  in  the  state  of  few  atoms. 
Multiscale  modeling  and  simulations  are  being  used  in 
diverse  fields,  such  as  materials  science,  nano/micro¬ 
electronics,  environmental  remediation,  and  biotechnol¬ 
ogy.  The  overall  goal  of  multiscale  modeling  is  to  predict 
the  response  of  complex  systems  across  all  relevant  spa¬ 
tial  and  temporal  scales.  It  is  of  interest  to  build  models 
that  can  seamlessly  simulate  multi-scale  systems.  Sev¬ 
eral  methods  have  been  developed  for  the  multiscale  sim¬ 
ulations.  A  recent  review  paper  on  the  multiscale  model¬ 
ing  in  nano-  and  micro-mechanics  of  materials  is  written 
by  Ghoniem  and  Cho  (2002). 

The  traditional  approaches  to  couple  spatial  and  tempo¬ 
ral  scales  are  the  hierarchical  approaches  in  which  a  hi¬ 
erarchy  of  approaches  and  mathematical/computational 
models  with  different  physical  levels  of  description  is 
pieced  together,  and  the  output  of  the  smaller-scale  mod¬ 
els  is  used  as  input  for  the  larger-scale  models.  Sinclair 
(1971)  modeled  a  bee  dislocation  core  by  equilibrating 
forces  between  atoms  and  continua  with  the  continuum 
region  modeled  with  analytical  techniques.  Clementi 
( 1988)  combined  quantum  mechanics,  molecular  dynam¬ 
ics,  and  fluid  dynamics  to  predict  the  tidal  circulations.  In 
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a  series  of  caleulations,  each  calculation  was  used  as  in¬ 
put  to  next  up  the  length  and  time  hierarchy.  Kohlhoff, 
Gumbsch  and  Fishmeister  (1991)  proposed  a  method  in¬ 
corporating  a  non-local  elasticity  theory  for  a  transition 
region  connecting  the  lattice  and  continuum  regions.  Tan 
and  Yang  (1994)  used  the  molecular  dynamics  (EAM) 
and  finite  element  method  to  simulate  interface  fracture. 
Gumbsch  (1996)  used  the  molecular  dynamics  and  fi¬ 
nite  element  method  to  simulate  brittle  crack  propaga¬ 
tion.  Noguchi  and  Furuya  (1997)  matched  displacements 
between  atomistic  molecular  dynamics  and  a  microme¬ 
chanics  model  to  simulate  elastic-plastic  crack  propaga¬ 
tion.  Sham  and  Tichy  (1997)  simulated  thin  film  lubrica- 
fion  by  means  of  molecular  dynamics  and  finile  elemenf 
mefhod.  However,  many  gaps  sfill  exisf  in  fhese  models. 
Some  of  fhese  mefhods  were  reviewed  by  Cleri,  ef  al. 
(1998).  So  far,  no  rational  way  exisfs  fo  relate  fhe  phe¬ 
nomena  al  fhe  very  small  lengfh  scales  wifh  fhe  macro¬ 
scopic  behavior. 

An  equivalenf-confinuum  modeling  approach  was  pro¬ 
posed  lo  model  sfrucfure -properly  relationships  of  nano- 
slruclured  materials  by  [Odegard,  Gales,  Nicholson,  and 
Wise  (2002)].  This  mefhod  replaced  discrele  molecular 
slruclures  wifh  equivalenf-confinuum  represenfalive  vol¬ 
ume  models  by  equaling  fhe  molecular  polenlial  energy 
of  nano-slruclured  malerials  wifh  fhe  mechanical  slrain 
energy  of  fhe  represenfalive  volume  elemenf  (equivalenl- 
energy).  This  mefhod  has  been  applied  lo  delermine 
fhe  effective  geomelry  and  effeclive  bending  rigidily  of 
a  graphene  sheel  [Odegard,  Gates,  Nicholson,  and  Wise 
(2002)].  The  developmenl  of  an  equivalenl-lruss  model 
may  be  used  as  inlermediale  step  in  eslablishing  fhe 
equivalenf-confinuum  model.  Each  alom  in  fhe  molec¬ 
ular  model  is  represenled  by  a  pin-joinl,  and  each  Iruss 
elemenf  represenls  an  atomic  bonded  or  non-bonded  in- 
feraclion.  The  moduli  of  fhe  Iruss  elemenls  are  based 
on  fhe  molecular  mechanics  force  conslanls.  If  one 
slops  af  Ihis  equivalenl-lruss  model  insfead  eslablishing 
fhe  equivalenf-confinuum  model,  fhe  so-called  molecular 
slruclural  mechanics  is  developed  [Wang,  el  al.  (2002); 
Ei,  and  Chou  (2003)].  This  mefhod  focuses  mainly  on 
simulating  atom  mechanics  using  linear  continuum  ab- 
slraclions  (Irusses  and  bars).  If  preserves,  and  in  some 
cases  increases,  fhe  number  of  degrees  of  freedom  com¬ 
pared  lo  fhe  full  atomistic  syslem.  The  expense  is  paid  in 
order  lo  make  fhe  problem  quasi-slalic  and  linear  before 
fhe  applicalion  of  a  numerical  solution  procedure.  So, 
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in  fhe  end,  fhe  alomic  posilions  are  easier  lo  oblain  lhan 
from  full  molecular  dynamics.  Wang,  el  al.  (2002) 
derived  fhe  conlinuum  mechanical  properfies  of  poly¬ 
mer  nefworks  using  Ihis  molecular  slruclural  mechan¬ 
ics.  The  equivalenl-conlinuum  modeling  is  based  on  Ihe 
equivalenl-energy,  il  can  nol  determine  Ihe  geomelry  and 
material  properties  uniquely  al  Ihe  same  time  since  all 
Ihe  quantities  are  mixed  in  Ihe  energy,  only  one  of  Ihem 
can  be  determined  given  anolher  one  is  predetermined 
from  Ihe  lileralures  or  assumed.  Every  independenl  ma¬ 
terial  conslanl  is  determined  by  a  differenl  corresponding 
boundary  condition.  This  melhod  is  nol  self-consislenl, 
nor  appropriate  to  large  deformation. 

Wilh  Ihe  advenl  of  parallel  computers,  anolher  approach 
to  Ihe  coupling  of  lengfh  scales,  Ihe  handshaking  ap¬ 
proach,  appears.  In  Ihis  approach,  Ihe  problem  is  divided 
into  ils  nalural  componenls,  each  of  which  may  be  ad¬ 
dressed  by  one  or  more  processors.  Then,  Ihe  “handshak¬ 
ing”  belween  Ihe  differenl  regions  plays  a  imporlanl  role 
in  Ihis  melhod.  The  “handshaking”  is  nol  jusl  an  algo- 
rilhmic  issue  bul  also  one  lhal  requires  physical  insighl 
[Broughton,  Abraham,  Bernstein,  and  Kaxiras  (1999)]. 
The  EE/MD/TB  model  has  recenlly  been  propounded  by 
Abraham  and  coworkers  [Broughton,  Abraham,  Bern¬ 
stein,  and  Kaxiras  (1999),  Abraham  (2000)].  An  exam¬ 
ple  of  Ihis  handshaking  approach  for  dynamic  fraclure 
analysis  is  shown  in  Eig.  6.  In  Ihis  model,  Ihe  prob¬ 
lem  is  divided  into  Ihree  regions:  continuum  mechanics, 
Ihe  implemenlalion  of  which  is  via  finite  elemenls  (EE); 
atomistic  slalislical  mechanics,  implemented  by  molecu¬ 
lar  mechanics;  and  mean-field  quanlum  mechanics  rep¬ 
resented  by  semiempirical  lighl  bind  (TB)  (or  ab  initio 
melhod).  Each  simulation  is  performed  on  a  differenl 
region  of  Ihe  domain,  wilh  a  coupling  imposed  in  “hand¬ 
shake”  regions  where  Ihe  differenl  simulations  overlap. 
The  melhod  is  designed  for  implemenlalion  on  super¬ 
computers  via  parallel  algorilhms,  allowing  Ihe  solution 
of  large  problems.  A  Hamiltonian,  Hf^?,  is  defined  for 
Ihe  entire  system,  which  can  be  conceplually  wrillen  as 
[Broughton,  Abraham,  Bernstein,  and  Kaxiras  (1999)] 

^lol  =  %E  ({*i>  ^  PE) 

+  ^EE/MD  ^  EE  /MD) 

+^MD({R>R}eMD) 

+  ^MD/TB({R>R}eMD/TB) 

+%B({R>R}eTB) 


(42) 
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The  degrees  of  freedom  are  atomic  positions,  R,  and  their 
velocity,  R,  for  the  TB  and  MD  regions;  and  displace¬ 
ments,  u,  and  their  time  rates  of  change,  u,  for  the  FE 
regions.  This  equation  states  that  there  are  three  separate 
Hamiltonians  for  each  subsystem  as  well  as  Hamiltoni¬ 
ans  that  dictate  the  dynamics  of  variables  in  the  hand¬ 
shake  regions.  The  subscripts  “FE/MD”  and  “MD/TB” 
denote  such  handshake  regions. 

Abraham,  Broughton,  Bernstein,  and  Kaxiras  (1999)  and 
Abraham,  Bernstein,  Broughton,  and  Hess  (2000)  used 
this  method  to  simulate  the  propagation  of  a  crack  in  a 
brittle  material,  where  the  TB  method  is  used  to  simulate 
bond  breaking  at  the  crack  tip,  MD  is  used  near  the  crack 
surface,  and  the  surrounding  medium  is  treated  with  FE. 
Rafii-Tabar,  Hua,  and  Cross  (1998)  proposed  a  related 
method  by  a  stochastic  coupling  of  a  molecular-dynamics 
region  to  a  finite  element  region.  The  system  is  propa¬ 
gated  in  time  using  a  stochastic  differential  equation  so 
as  to  produce  something  resembling  Eangevin  dynam¬ 
ics.  Simimova,  Zhigilei,  and  Garrison  (1999)  studied  the 
propagation  of  a  laser-induced  pressure  wave  in  a  solid 
by  combining  the  molecular  dynamics  and  finite  element 
method.  This  method  has  been  extensively  applied  in  the 
field  of  laser  of  ablation  by  Zhigilei  and  his  colleagues. 
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Figure  6  :  The  multiscale  modeling  approaches  that  at¬ 
tempt  to  link  several  computational  approaches  in  a  com¬ 
bined  model  for  dynamic  fracture  analysis.  In  this  model, 
electronic  structure  model  (quantum  mechanics)  is  com¬ 
bined  with  a  molecular  dynamics  model,  which  in  turn  is 
embedded  into  a  continuum  model  (discretized)  by  finite 
elements  [Noor  (2002)]. 
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with  a  molecular  dynamics  model,  which  in  turn  is  em¬ 
bedded  into  a  continuum  model  (discretized)  by  finite  el¬ 
ements  [Noor  (2002)]. 

In  the  handshaking  approach,  the  standard  technique  is  to 
a  priori  identify  the  atomistic  and  continuum  regions  and 
tie  them  together  with  some  interface  boundary  condi¬ 
tions.  The  challenge  for  mesh  generation  is  that  the  mesh 
should  smoothly  transition  between  the  true  atomic  lat¬ 
tice  in  the  MD  region  and  the  closely-packed  FE  meshes. 
Too  abrupt  a  crossover  leads  to  unphysical  behavior,  such 
as  elastic  wave  reflections  at  the  interface  [Rudd  and 
Broughton  (1998,  2000)].  In  addition  to  the  disadvan¬ 
tage  of  introducing  artificial  numerical  interfaces  into  the 
problem,  a  further  drawback  of  these  models  is  their  in¬ 
ability  to  adapt  to  changes  in  loading  an  evolving  state 
of  deformation.  To  connect  seamlessly  to  molecular  dy¬ 
namics  in  the  atomic  limit.  Coarse  Grained  Molecular 
Dynamics  (CGMD)  has  been  developed  as  a  substitute 
for  finite  elements  Rudd  and  Broughton  (1998,  2000)], 
which  derived  the  equation  of  motion  directly  from  finite 
temperature  MD  through  a  statistical  coarse  graining  pro¬ 
cedure.  Although  CGMD  reduced  unphysical  scattering 
of  waves  traveling  from  the  atomistic  region  into  the  CG 
region  as  compare  to  FE,  the  short-wavelength  wave  still 
reflected  from  the  CG  region.  Moreover,  the  computa¬ 
tional  cost  of  the  CG  procedure  is  far  beyond  that  of  FE. 

The  quasicontinuum  method  was  originally  introduced 
by  Tadmor,  Ortiz,  and  Phillips  (1996).  The  theory  of  the 
quasicontinuum  furnishes  a  computational  scheme  for 
linking  the  atomistic  and  continuum  realms,  and  regards 
that  all  the  system  is  in  the  atomistic  realm.  The  basic 
idea  is  that  every  point  in  a  continuum  corresponds  to  a 
region  on  the  atomic  scale,  which  is  homogeneously  dis¬ 
torted  according  to  the  deformation  gradient  at  the  point. 
The  finite  strain  theory  is  employed  in  the  continuum 
realms.  The  details  about  the  finite  strain  analysis  can 
be  found  in  Atluri  (1979,  1980).  A  hypothesis  to  con¬ 
nect  the  continuum  displacement  field  and  the  motions 
of  atoms  must  be  employed.  The  Cauchy-Born  hypothe¬ 
sis  is  the  basis  for  developing  the  quasicontinuum  elastic 
potentials,  from  the  atomistic  description  of  the  system. 
The  Cauchy-Born  hypotheses  for  crystals  are  equivalent 
for  homogeneous  deformations  [Born  and  Huang  (1954), 
Ericksen  (1984)]. 

For  simple  Bravais  lattice  that  has  the  centrosymmetric 
atomic  structure,  the  Cauchy-Born  rule  [Born  and  Huang 
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(1954),  Ericksen  (1984)]  gives 

r/7  =  FR/7  (43) 

where  F  is  the  deformation  gradient,  and  Kjj  and  rjj  rep¬ 
resent  the  distances  between  two  atoms  I  and  J  in  the  ref¬ 
erence  configuration  and  current  configuration,  respec¬ 
tively.  However,  it  does  not  for  complex  Bravais  lattice 
which  can  be  given  be  means  of  a  number  of  interpene¬ 
trating  simple  Bravais  lattices  (sub-lattices)  and  does  not 
possess  centrosymmetry,  such  as  the  hexagonal  lattice.  In 
this  case,  the  Cauchy-Born  rule  gives  [Zanzotto  (1996), 
Martin  (1975),  Cousins  (1978),  Born  and  Huang  (1954)] 

r/7  =  FR/7  -I-  qk  (44) 

where  the  internal  variable  q^  are  shift  vectors,  with  k 
ranging  from  0  to  some  integer  N  (There  are  N-t-1  sub¬ 
lattices  in  the  complex  Bravais  lattice.  If  atoms  I,  J  are 
in  the  same  sub-lattices,  (;a:=0).  qk  and  F  are  independent 
variables.  At  the  static  equilibrium  state,  the  vectors  qk 
are  to  be  determined  by  the  minimization  of  the  energy 
function,  so  as  to  reach  an  equilibrium  configuration  in 
the  deformed  crystal.  This  means  that  the  equilibrium 
values  of  qk  can  be  written  as  functions  of  F.  If  focusing 
on  dynamical  problems,  one  will  avoid  making  any  spe¬ 
cific  hypofhesis  on  fhe  behavior  of  qk,  whaf  one  need  is 
/gp  =  Rjj  from  eifher  (43)  or  (44). 

Once  fhe  geomefry  of  fhe  deformed  laffice  vecfors  is 
linked  fo  fhe  continuum  deformalion,  a  consfifufive 
model  based  on  afomisfic  descripfion  can  be  consfrucfed 
by  equating  fhe  continuum  sfrain  energy  densify  fo  fhe 
pofenfial  energy  of  fhe  afomic  system  for  a  represenfa- 
five  cell,  divided  by  ifs  volume.  A  continuum  finile  ele- 
menf  formulalion  is  used  fo  characterize  fhe  mechanical 
response  of  a  given  system.  The  difference  from  sfan- 
dard  finile  elemenl  melhodologies  is  lhal  fhe  conslilulive 
response  of  fhe  syslem  is  oblained  from  an  atomistic  cal- 
culalion  ralher  lhan  an  empirical  phenomenological  rule. 
This  lype  of  approach  is  due  to  Kroner  (1967).  In  Ihis 
melhod,  a  sel  of  aloms  making  up  a  Bravais  laffice  has 
selecfed  from  a  subsel.  A  Iriangulalion  of  Ihis  subsel  al¬ 
lows  fhe  inlroduclion  of  finite  elemenl-like  shape  func- 
lions  af  lattice  poinls,  allowing  fhe  inlerpolafion  of  quan- 
fifies  af  infermediale  poinls  in  fhe  lattice.  The  finite  mesh 
permeales  fhe  enfire  syslem,  righl  down  fo  afomic  dimen¬ 
sions.  In  fhe  inhomogeneous  deformalion  region  (such  as 
near  defecls),  fhe  atoms  are  expressed  explicifly,  while  in 


fhe  homogeneous  deformalion  region,  fhe  aloms  are  ex¬ 
pressed  implicilly  by  fhe  represenlalive  atoms.  An  un¬ 
derlying  afomisfic  Hamiltonian  is  used  to  determine  the 
energy  density  of  the  system;  a  separate  atomistic  cal¬ 
culation  is  required  for  each  cell  in  their  finite  element 
mesh.  The  energy  of  the  atoms  in  inhomogeneous  defor¬ 
mation  region  is  calculated  by  building  the  appropriate 
complement  of  neighbors  as  in  the  classical  MD  method. 
In  the  homogeneous  deformation  regions,  the  energy  is 
calculated  using  a  single  representative  atom  in  the  cen¬ 
ter  of  a  uniformly  deformed  crystal  in  which  the  defor¬ 
mation  gradient  is  F.  This  crystal  is  always  made  suffi¬ 
ciently  large  that  there  are  no  boundary  effects  there.  The 
problem  of  the  minimization  of  energy  to  find  equilib¬ 
rium  configuralions  can  be  written  in  terms  of  a  reduced 
sel  of  variables. 

The  melhod  is  made  practical  by  approximating  summa¬ 
tions  over  all  aloms,  as  using  summation  rules  analogous 
to  numerical  quadrature.  The  rules  rely  on  the  smooth¬ 
ness  of  the  quantities  over  the  size  of  the  triangulation  to 
ensure  accuracy.  The  adaptivity  rules  allow  the  reselec¬ 
tion  of  representative  lattice  points  in  order  to  tailor  the 
computational  mesh  to  the  structure  of  the  deformation 
field.  The  crileria  for  adaplivily  are  designed  fo  allow  full 
atomic  resolulion  in  regions  of  large  local  sfrain,  such  as 
near  a  defecl. 

Differenl  varianls  of  fhe  quasiconlinuum  Iheory  have 
been  developed  in  a  series  of  publicalions  where  numer¬ 
ous  examples  of  applicalion  have  also  been  presented, 
such  as  fhe  simulafion  of  dislocations,  grain  boundary  in¬ 
teractions,  nanoindenlalion,  fraclure,  and  fhe  response  of 
ferroeleclric  malerials  fo  eleclrical  and  mechanical  load¬ 
ing.  Recenfly,  Shenoy  (2003)  exfended  fhe  melhod  fo 
dynamics  af  zero  lemperalure,  and  a  mulliple-lime-slep 
melhod  was  also  developed  for  fhe  lime  inlegraling. 

There  are  several  limilalions  in  fhe  quasiconlinuum 
melhod.  In  parlicular,  cracks  and  defecls  are  nol  allowed 
to  form,  and  since  fhe  simulafion  is  carried  oul  af  zero 
lemperalure,  Ihermally-aclivaled  processes  are  nol  in¬ 
cluded  [Smilh,  Tadmor,  Bernslein,  and  Kaxiras  (2001)]. 
Moreover,  inlerface  energies  belween  differenl  phases 
are  nol  laken  info  accounl.  Due  to  lhal  fhe  procedure 
focused  on  approximating  fhe  energy  bul  nol  fhe  forces, 
some  non-physical  forces  are  induced  [Shenoy,  Miller, 
Tadmor,  Rodney,  Phillips,  and  Orliz  (1999)].  Acfually, 
anolher  reason  for  Ihese  non-physical  forces  is  fhe  facl 
lhal  fhe  finile  elemenl  inlerpolafion  is  a  local  inlerpola- 
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tion,  which  disobeys  the  non-local  physics  property  of 
the  atoms.  In  addition,  in  these  approaches,  the  nodes 
must  coincide  with  atoms  at  the  interface,  therefore,  the 
resolution  of  the  discretized  continuum  nodal  space  down 
to  the  atom  scale,  that  restrict  the  size  of  the  continuum 
and  leads  to  smaller  overall  dimension  problem.  Chung 
and  Namburu  (2003)  circumvented  the  interface  entirely 
through  homogenization  theory.  A  lattice  statics  based 
tangent-stiffness  finite  element  method  is  developed  for 
the  interface/transition  region  by  Chung,  Namburu,  and 
Henz  (2004).  Wagner  and  Liu  (2003)  presented  a  multi¬ 
scale  method  for  coupling  molecular  dynamics  and  con¬ 
tinuum  mechanics  at  finite  temperature  by  using  “bridg¬ 
ing  scale”  decomposition  and  quasicontinuum  method, 
where  the  entire  system  is  treated  as  a  coarse  scale  one, 
first;  and  then  the  entire  system  is  treated  as  a  fine  scale 
one,  lafer  sequentially.  Mulfiple  lime  sleps  are  employed 
for  wave  propagation  in  fhe  coarse  scale  and  fine  scale.  A 
recenf  review  of  fhe  quasiconfinuum  mefhod  discussing 
ifs  fheory  and  applications  can  be  found  in  Miller  and 
Tadmor  (2002). 

Recenf,  by  virfue  of  fhe  dynamic  principle  of  virfual 
work,  an  equivalenl  confinuum  is  defined  for  dynami¬ 
cally  deforming  alomisfic  sysfem  by  Zhou  and  his  col¬ 
league  [Zhou  and  McDowell  (2002);  Zhou  (2003)]. 
Work-conjugafe  continuum  sfress  and  deformalion  fields, 
mass  disfribufion,  and  all  ofher  work-  and  momenfum- 
preserving  kinetic  quanfifies  are  specified  for  fhe  equiva¬ 
lenl  confinuum.  The  resulfed  equivalenl  confinuum  fields 
represenl  a  confinuum  reinlerprelalion  of  fhe  resull  of 
a  discrele  MD  calculafion,  and  have  exaclly  fhe  same 
number  of  independenf  degrees  of  freedom  as  fhe  dis- 
crefe  alomisfic  system.  Hence,  Ihis  equivalenl  confinuum 
fields  is  compulalionally  inlensive  lo  oblain.  This  equiv¬ 
alenl  continuum  may  offer  a  Iheorelical  basis  for  linking 
MD  lo  continuum  in  multiscale  simulafion,  jusl  likes  fhe 
role  of  fhe  Cauchy-Born  hypolheses  in  fhe  quasiconlin- 
uum  mefhod. 

Ofher  sludies  describing  melhods  for  mulli-scale  sim- 
ulalions  of  fhe  alomisfic  and  fhe  quanlum  regimes  or 
confinuum  and  fhe  alomisfic  regimes  can  be  found  in 
Hoover,  De  Grool,  and  Hoover  (1992),  Capaz,  Cho 
and  Joannopoulos  (1995),  and  Vanduijnen  and  Devries 
(1996).  Friesecke  and  James  (2000)  proposed  a  scheme 
of  bridging  belween  continuum  and  alomic  slruclure,  fo¬ 
cusing  on  nano-slruclures  in  which  fhe  size  of  one  dimen¬ 
sion  is  much  larger  lhan  fhe  ofher.  Zhang,  Klein,  Huang, 


Gao,  and  Wu  (2002)  developed  virlual-inlernal-bond 
(VIB)  model  lo  apply  continuum  mechanics  lo  mulli- 
scale  maferial  problems,  which  incorporaled  a  cohesive- 
lype  law  info  conslilulive  equalions.  VIB  model  provides 
an  effeclive  mefhod  lo  invesfigale  crack  nucleafion  and 
propagafion  in  engineering  maferials.  Garikipali  (2002) 
embedded  micromechanical  models  in  fhe  macrome¬ 
chanical  formulalion  by  means  of  a  varialional  mulliscale 
mefhod.  The  resulling  macromechanical  formulation  is 
formed  solely  in  terms  of  fhe  coarse  scale  displacemenls, 
bul  is  influenced  by  fhe  fine  scale,  which  is  governed 
by  micromechanical  models;  Ihereby  if  has  a  mulliscale 
characler.  Insepov  el  al.  (1997,  2000)  used  a  mulliscale 
mefhod  lo  sludy  fhe  effecls  of  impacl  by  alomic  cluslers 
on  cryslal  surfaces.  In  Ibis  mefhod,  an  ensemble  averag¬ 
ing  technique  is  employed  lo  pass  Ihermal  and  deforma¬ 
tion  from  fhe  alomisfic  region  lo  fhe  FE  region. 

As  we  know,  in  fhe  mulliscale  simulafion,  fhe  alomisfic 
mefhod  is  employed  where  fhe  displacemenl  field  varies 
on  an  alomic  scale,  and  fhe  continuum  approach  is  em¬ 
ployed  elsewhere.  For  fhe  seamless  mulliscale  simula¬ 
tion,  if  is  imporlanl  lo  ensure  lhal  fhe  elaslic  waves  gen- 
eraled  in  fhe  alomisfic  region  can  propagate  info  fhe  con¬ 
tinuum  region.  The  confinuum  region  cannol  supporl 
modes  of  shorl  wavelenglh,  which  is  less  lhan  fhe  spacing 
of  fhe  nodes.  One  source  of  finile  size  effecls  is  fhe  shorl 
waves  which  are  reflected  back  unphysically  from  an  ar¬ 
tificial  inlerface  or  boundary,  which  may  also  produce 
uneven  healing  across  fhe  inlerface.  In  order  lo  minimize 
such  reflections,  some  inlerfacial  conditions  are  proposed 
[Cai  el  al.  (2000),  E  and  Huang  (2001),  Wagner  and  Eiu 
(2003)].  Cai  el  al.  (2000),  Wagner  and  Eiu  (2003)  de¬ 
rived  fhe  interface  condilions  as  a  generalized  Eangevin 
equalions.  However,  fhe  time  hislory  inlegral  is  diffi- 
cull  lo  compute,  especially  for  moving  MD  region.  E 
and  Huang  (2001)  minimized  boundary  reflection  in  an 
MD  simulation  wilh  a  reduced  weighted  sum  of  hislory 
terms.  We  developed  a  melhod  for  Ihe  seamlessly  cou¬ 
pling  of  continuum  and  MD  simulation  al  finite  lemper- 
alure  [Shen,  and  Alluri  (2004)],  where  alternate  inlerfa- 
cial  conditions  belween  atomistic  and  continuum  regions 
were  proposed  by  considering  Ihe  fluclualion  of  atoms  in 
Ihe  continuum  region.  Their  effectiveness  in  ensuring  Ihe 
accurate  passage  of  information  belween  atomistic  and 
continuum  regions  was  discussed. 

Consider  a  mulliscale  system,  including  an  atomistic  re¬ 
gion,  which  may  conlain  inhomogeneilies,  and  an  equiv- 
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alent  continuum  mechanics  (ECM)  domain,  which  is 
defect-free.  In  the  (ECM)  region,  the  deformation  is  ho¬ 
mogeneous,  and  thus  can  be  approximated  by  an  equiv¬ 
alent  continuum  mechanics  model  as  in  quasicontinuum 
method,  where  the  individual  atomic  displacements  are 
not  being  solved  using  molecular  dynamics.  The  mate¬ 
rial  in  ECM  is  discritized  into  a  set  of  nodes,  which  are 
not  necessarily  coincident  with  the  atoms.  The  positions 
of  the  atoms  in  this  region  can  be  interpolated  from  those 
of  the  nodes.  Effectively,  the  ECM  model  involves  an 
averaging  over  the  atomic  degrees  of  the  freedom  that 
are  missing  from  the  node.  The  meshless  local  Petrov- 
Galerkin  (MEPG)  method  is  employed  to  solve  for  the 
displacements  of  the  nodes  in  the  ECM  region.  This  is 
illustrated  of  in  Eig.  7.  In  the  ECM  region,  the  nodes 
can  be  taken  to  be  arbitrary,  and  not  necessarily  be  coin¬ 
cident  with  the  atoms.  In  MD  region,  the  nodes  are  taken 
to  be  the  atoms  themselves.  In  the  ECM  region,  the  solid 
points  represent  the  atoms,  while  the  open  points  repre¬ 
sent  the  nodes  of  the  MEPG  method.  MEPG5  is  imple¬ 
mented  in  “ECM”  region  and  MEPG2  is  implemented  in 
MD  region. 


ECM  Region  mD  Region 


Figure  7  :  Illustration  of  ECM/MD  multiscale  simula¬ 
tion. 


The  MEPG  method,  a  truly  meshless  method  devel¬ 
oped  by  Atluri  and  his  colleagues,  is  a  simple  and  less- 
costly  alternative  to  the  EEM  and  BEM  [Atluri  and  Zhu 
(1998),  Atluri  and  Shen  (2002a,  b)].  Remarkable  suc¬ 
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cesses  of  the  MEPG  method  have  been  reported  in  solv¬ 
ing  the  convection-diffusion  problems  [Ein  and  Atluri 
(2000)];  beam  problems  [Raju,  Phillips  (2003)];  frac¬ 
ture  mechanics  [Kim  &  Atluri  (2000),  Ching  &  Batra 
(2001)];  strain  gradient  materials  [Tang,  Shen  and  Atluri, 
(2003)] ;  three  dimensional  elasticity  problems  [Ei,  Shen, 
Han  and  Atluri  (2003)];  elstodynamic  problems  [Batra, 
Ching  (2002);  Sellountos,  and  Polyzos  (2003)];  elas- 
todynamic  problems  in  continuously  nonhomogeneous 
solids  [Sladek,  Sladek,  Zhang  (2003)];  thermoelastic¬ 
ity  [Sladek,  Sladek,  Atluri  (2001)];  Navier-Stokes  flows 
[Ein  and  Atluri  (2001)];  and  plate  bending  problems  [Gu 
&  Eiu  (2001),  Eong  and  Atluri  (2002),  Qian,  Batra,  and 
Chen  (2003a,  b)].  A  comparison  study  of  the  efficiency 
and  accuracy  of  a  variety  of  meshless  trial  and  test  func¬ 
tions  is  presented  in  Atluri  and  Shen  (2002a,  b),  based 
on  the  general  concept  of  the  meshless  local  Petrov- 
Galerkin  (MEPG)  method.  The  recent  review  of  the 
MEPG  method,  regarding  its  theory  and  applications  can 
be  found  in  Atluri  (2004),  and  Atluri  and  Shen  (2003). 

As  mentioned  before,  the  displacement  u,  of  an  atom  in 
ECM  region  implies  an  average  value  of  the  atomic  dis¬ 
placement,  it  can  not  catch  the  thermal  fluctuations.  To 
describe  it  more  accurately,  we  assume  that  the  “real” 
displacement  q,  of  the  atom  in  the  ECM  region  can  be 
expressed  as: 

q;  =  u,+5u;  (45) 

where  5u,  denote  the  atomic  thermal  fluctuations,  and  it 
is  assumed  that  5u,  <  <  u,  in  ECM  region.  This  decom¬ 
position  has  the  multiscale  feature  offered  by  pure  MD 
and  the  continuum  respectively:  short-wavelength  fluc¬ 
tuation  of  individual  atom  and  long-wavelength  wave  of 
the  continuum.  By  means  of  this  decomposition,  the  ef¬ 
fects  of  the  thermal  fluctuations  on  the  MD  region  lead 
to  the  interface  conditions.  An  optimal  method  was  pro¬ 
posed  [Shen  and  Atluri  (2004)]  in  both  reducing  the  re¬ 
flection  of  phonons  and  in  lowering  computational  cost, 
especially  when  the  atomistic  region  moves  with  time. 
A  multiple  time  step  method  was  employed  for  the  time 
integration  in  both  MD  and  ECM  region:  the  MD  simu¬ 
lation  is  advanced  by  k  steps  of  size  At  a,  when  the  ECM 
simulation  is  advanced  for  a  step  of  sizeAt^  =  The 
stability  of  multiple  time  step  method  was  studied  in  Be- 
lytschko  et  al.  (1979).  Numerical  experiments  stated  that 
this  method  was  very  accurate  and  efficient.  More  details 
about  this  multiscale  method  are  given  in  Shen  and  Atluri 
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(2004),  and  Atluri  (2004). 

For  more  examples  about  the  multi-seale  simulations  and 
their  applieation,  see  the  proeeedings  of  the  Training 
Workshop  on  Multiseale  Modeling,  Simulation  and  Visu¬ 
alization  and  Their  Potential  for  Future  Aerospaee  Sys¬ 
tems  [Noor  (2002)].  In  addition,  two  speeial  issues  of 
CMES:  Computer  Modeling  in  Engineering  &  Sciences 
(2002a,  b)  have  been  devoted  to  this  topie.  Srivastava, 
Menon  and  Cho  (2001)  briefly  reviewed  eomputational 
teehniques  and  provided  a  few  examples  derived  from 
eomputer  simulations  of  earbon  nanotube-based  molee- 
ular  nanoteehnology.  Chang  and  Guo  (2002)  also  re¬ 
viewed  the  reeent  advanees  in  moleeular  dynamies  and 
Monte  Carlo  simulations. 

Although  substantial  progress  has  been  made  in  reeent 
years,  multi-seale  modeling  method  is  still  in  its  infaney, 
and  it  still  requires  intensive  efforts.  As  pointed  by  many 
researehers,  the  main  issues  in  the  development  of  seam¬ 
less  multi-seale  modeling  methodology  are  still  the  lim¬ 
itations  on  the  length  and  time  seale,  and  the  numerieal 
aeeuraey  and  effieieney.  Henee,  a  more  aeeurate  and  effi- 
eient  multi-seale  modeling  methodology  is  still  desirable, 
and  attraets  many  researehers. 

4  Numerical  Simulations  in  Carbon  Nanotube 

Sinee  the  debut  of  earbon  nanotube  (CNT)  in  1991 
[lijima  (1991)],  it  has  stimulated  aetivities  in  the  inves¬ 
tigation  of  the  physieal  and  meehanieal  properties  and 
their  potential  teehnologieal  applieation.  CNT  ean  be 
produeed  by  an  array  of  teehniques,  sueh  as  laser  abla¬ 
tion,  are  diseharge  and  ehemieal  vapor  deposition.  They 
possess  exeeptional  properties,  sueh  as  high  stiffness  and 
strength,  the  ability  to  sustain  large  elastie  strain,  and 
high  thermal  and  eleetrie  eonduetivity. 

A  single-walled  earbon  nanotube  (SWNT)  ean  be  viewed 
as  a  result  of  rolling  a  graphene  sheet,  by  speeifying  the 
direetion  of  rolling  and  the  eireumferenee  of  the  eross- 
seetion.  A  multi-walled  earbon  nanotube  (MWNT)  is 
eomposed  of  eoneentrie  graphitie  eylinders  with  elosed 
eaps  at  both  ends  and  the  graphitie  layer  spaeing  is  about 
0.34  nm.  In  the  graphene  sheet,  earbon  atoms  are  ar¬ 
ranged  in  a  hexagonal  array,  and  eaeh  has  three  nearest 
neighbors.  The  atomie  strueture  of  nanotube  is  deseribed 
in  terms  of  the  tube  ehirality,  or  helieity,  whieh  is  defined 
by  the  ehiral  veetor  Cu  and  the  ehiral  angle  0,  as  shown  in 
Fig.  8.  After  eutting  the  graphite  sheet  along  the  dotted 


lines  and  rolling  to  form  a  nanotube,  the  two  end  nodes 
of  the  ehiral  veetor  eoineide.  The  ehiral  veetor,  i.e.  the 
roll-up  veetor  ean  be  expressed  as  a  linear  eombination 
of  base  veetors  ai  and  a2  of  the  hexagon: 

Ch  =  nai+ma2  (46) 

where  the  integers  {n,  m),  whieh  uniquely  define  the  type 
of  the  nanotube,  are  the  number  of  steps  along  the  zigzag 
earbon  bonds  of  the  hexagonal  lattiee.  Three  major  eate- 
gories  of  nanotube  are  defined  based  on  the  ehiral  angle 
9.  The  ehiral  angles  are  0°  and  30°  for  the  two  limiting 
eases  whieh  are  referred  to  as  zigzag  and  armehair,  re- 
speetively.  The  ehiral  angle  is  between  0°  and  30°for  ehi¬ 
ral.  The  zigzag  nanotube  is  denoted  by  {n,  0)  and  the  arm¬ 
ehair  nano  tube  (n,n).  The  roll-up  veetor  of  the  nano  tube 
also  defines  the  diameter  of  the  nanotube.  The  physieal 
properties  of  CNTs  are  sensitive  to  their  diameter,  length 
and  ehirality  [Dresselhaus,  et  al.  (1997);  Popov,  et  al. 
(2000);  Hernandez,  et  al.  (1998)].  A  survey  about  the 
meehanies  of  earbon  nanotubes  ean  be  found  in  Qian, 
Wagner,  Liu,  Yu  and  Ruoff  (2002).  Here,  we  only  review 
the  latest  aehievements  in  this  field. 


Figure  8  :  Sehematie  diagram  of  a  hexagonal  graphene 
sheet  [Thostenson,  et  al.  (2001)]. 


Ah  initio,  TBMD  and  elassieal  MD  methods  were  em¬ 
ployed  to  perform  the  analysis  of  CNT.  They  are  the  “bot¬ 
tom  up”  methods.  By  means  of  MD,  lijima,  et  al.  (1996) 
studied  the  struetural  flexibility  of  CNTs,  and  Yakob- 
son,  et  al.  (1997)  simulated  the  high  strain  fraeture  in 
CNTs.  Hernandez,  et  al.  (1998)  investigated  the  elas¬ 
tie  properties  of  nanotubes  using  TBMD.  Sanehez-Portal 
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(1999)  studied  the  elastie  and  vibrational  properties  of 
CNTs  resorting  to  density  funetional  theory  (ah  initio). 
Belytsehko  et  al.  (2002)  simulated  the  nanotube  fraeture 
using  MD  methods,  and  showed  moderate  dependenee 
of  fraeture  strength  on  ehirality.  Dumitriea  et  al.  (2003) 
proposed  a  brittle  bond-breaking  CNT  failure  meehanism 
by  using  the  density  funetional  theory  (DFT).  Troya, 
et  al.  (2003)  presented  quantum  meehanieal  studies  of 
CNT  fraeture  using  two  different  semiempirieal  meth¬ 
ods.  The  different  fraeture  meehanisms  from  quantum 
meehanies  and  empirieal  potentials  were  explored.  Guo 
and  Guo  (2003)  investigated  the  eoupled  meehanieal  and 
eleetrostatie  properties  of  single  walled  open  CNTs  un¬ 
der  applied  eleetrie  field  and  tensile  loading  by  means  of 
quantum  meehanies  and  quantum-MD  teehniques.  Quite 
different  failure  meehanisms  in  eleetrie  or  meehanieal 
loading  were  predieted.  Guo  and  Guo  (2003)  simulated 
an  exeeptional  large  axial  eleetrostrietive  deformation  in 
CNTs  using  Hartree-Foek  and  density  funetional  theory. 
The  volumetrie  and  gravimetrie  work  eapaeities  are  pre¬ 
dieted  to  be  three  and  six  orders  higher  than  those  of  the 
best  known  ferroeleetrie,  eleetrostrietive,  magnetostrie- 
tive  materials  and  elastomers,  respeetively. 

Multiwalled  earbon  nanotubes  (MWNTs)  have  been  pro¬ 
posed  as  eandidates  for  nanoseale  moleeular  bearings, 
spring,  and  oseillators.  Zhao,  et  al.  (2003)  used  MD  to 
study  the  energy  dissipation  meehanism  for  isolated  sys¬ 
tems  of  two  eoaxial  earbon  nanotubes,  whieh  may  serve 
as  a  nearly  frietionless  nano-oseillator.  Guo,  et  al.  (2003) 
also  performed  MD  simulations  of  a  double  walled  CNT 
oseillator  to  show  that  the  rate  of  energy  dissipation  de¬ 
pends  on  the  eommensuration  and  relative  morphology 
of  the  bitube.  Zhang,  et  al.  (2003)  studied  double-walled 
CNTs-based  bearings  using  MD  simulations.  Their  re¬ 
sults  showed  that  dynamie  effeets  dominate  the  frietion 
in  these  DWCNT  bearings  and  the  interlayer  frietion  is 
very  small.  In  their  simulations,  the  intralayer  interae- 
tion  is  deseribed  by  a  Brenner  potential,  and  the  inter¬ 
layer  interaetion  is  represented  by  the  registry-dependent 
graphitie  potential  developed  by  Kolmogorov  and  Crespi 
(2000).  Qian  et  al.  (2003)  studied  the  nature  of  load 
transfer  in  a  single  walled  earbon  nanotube  bundle  us¬ 
ing  a  Lennard-Jones  potential  for  the  inter-tube  inter- 
aetions.  Their  results  revealed  that  the  radial  deforma¬ 
tion  strongly  depended  on  the  twist  angle,  whieh  eonse- 
quently  ehanges  the  nature  of  the  eontaet  and  eontributes 
a  new  interlayer  tribology.  Zhang,  et  al.  (2003)  inves¬ 
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tigated  the  meehanieal  properties  of  SWNTs  filled  wifh 
small  fullerenes  (C20,  C36  and  C60)  using  MD  simu- 
lafion.  The  inferaefion  befween  earbon  atoms  was  de¬ 
seribed  by  a  eombinafion  of  Brenner  pofenfial  wifh  a 
fwo-body  pair  pofenfial.  Their  meehanieal  properfies  de¬ 
pended  on  fhe  filling-densily  and  fhe  radius  of  fhe  lube. 
Sueh  peapod  types  of  slruelures  may  use  in  funelional 
nanoseale  deviees  sueh  as  nano-pislons,  nano-bearings, 
nano-wriling  implemenls,  or  as  a  nano-eapsule  slorage 
system.  Wei  and  Srivaslava  (2003)  sludied  fhe  Iransporl 
of  long  polymer  moleeules  Ihrough  CNT  ehannels  using 
fhe  MD  simulalions.  A  polymer  moleeule  is  adsorbed 
into  a  NT  due  to  van  der  Waales  inferaefions,  whieh  is 
modeled  as  Lennard-Jones  polenlials.  Tersoff-Brenner 
polenfials  were  used  for  earbon-earbon  and  hydrogen- 
earbon  inferaefions. 

As  diseussed  in  previous  seelions,  Ihese  alomislie  mod¬ 
eling  leehniques  are  limited  lo  systems  eonlaining  a 
small  number  of  moleeules  or  aloms  and  are  usually 
eonfined  fo  sludies  of  relatively  shorl-lived  phenomena, 
from  pieoseeonds  lo  nanoseeonds.  Nanolubes  domi- 
naled  by  alomislie  effeels  exhibil  eonlinuum-like  be¬ 
havior.  Conlinuum-like  melhods  lhal  have  been  devel¬ 
oped  for  nanoseale  deviees  rely  on  parameferizalions  of 
more  delailed  ealeulalions,  e.g.  from  moleeular  dynam- 
ies  and/or  ah  inilio,  lo  be  fed  info  existing  eonlinuum 
models  sueh  as  shell  [Yakobson,  Brabee,  and  Bernhole 
(1996)]  and  beam  [Wong,  Sheehan,  and  Lieber  (1997)] 
Iheories.  Yakobson,  Brabee,  and  Bernhole  (1996)  slud¬ 
ied  Ihe  nanolube  inslabilily  problem  by  means  of  Ihe 
shell  Iheory.  Panlano  and  his  eolleagues  (2003)  used  a 
eonlinuum/finile  elemenl  approaeh  to  model  Ihe  slrue- 
lure  and  Ihe  deformation  of  SWCNTs  and  MWCNTs. 
In  Iheir  works,  individual  lubes  are  modeled  using  shell 
elemenls,  Ihe  effeels  of  van  der  Waals  forees  are  simu¬ 
lated  wilh  speeial  interaetion  elemenls.  Vodenileharova 
and  Zhang  (2003)  investigated  Ihe  effeelive  wall  Ihiek- 
ness  of  a  single-wall  earbon  nanolube  using  Ihe  eonlin- 
uum  ring  Iheory.  Savinskii  and  Pelrovskii  (2002)  ealeu- 
laled  Ihe  vibration  speelrum  of  a  nanolube  in  Ihe  long- 
wavelenglh  limil  as  a  funelion  of  Ihe  radius  and  Ihiek- 
ness  of  Ihe  nanolube,  whieh  was  represented  as  an  elastie 
eylindrieal  shell  of  a  finite  Ihiekness.  Harik  (2002)  an¬ 
alyzed  Ihe  applieabilily  of  eonlinuum-beam  models  and 
eonlinuum  shell  Iheories  to  Ihe  global  meehanieal  behav¬ 
ior  of  SWNTs,  and  eoneluded  lhal  Ihe  direel  use  of  Ihe 
beam  Iheory  should  be  limited  to  SWNTs  wilh  very  small 


80  Copyright  @  2004  Tech  Science  Press 


CMC,  vol.l,  no.l,  pp. 59-90,  2004 


diameters.  Sudak  (2003)  presented  a  multiple  column 
model  for  the  linearized  column  buckling  of  multi-walled 
carbon  nanotubes  using  the  theory  of  nonlocal  contin¬ 
uum  mechanics.  Gao  and  Li  (2003)  developed  another 
continuum-based  model  for  computing  strain  energies 
and  Young’s  modulus  of  SWCNT,  which  is  viewed  as 
a  continuum  hollow  cylinder  by  rolling  up  a  flat  graphite 
sheet  that  is  treated  as  an  isotropic  continuum  plate.  In 
their  model,  kinematics  of  finite  deformations  was  em¬ 
ployed  with  the  Hencky  strain  and  the  Cauchy  stress.  All 
these  kinds  of  continuum  models  can  be  used  to  analyze 
the  static  or  dynamic  mechanical  properties  of  nanotubes. 
However,  these  models  neglect  the  detailed  characteris¬ 
tics  of  nanotube  chirality,  and  are  unable  to  account  for 
forces  acting  on  the  individual  atoms.  Moreover,  devel¬ 
opments  such  as  these  are  difficult  to  extend  to  general 
computational  methods  due  to  the  strict  assumptions  as¬ 
sociated  with  shell  and  beam  theories. 

The  equivalent-continuum  modeling  approach  [Odegard, 
Gates,  Nicholson,  and  Wise  (2002)]  and  molecular  struc¬ 
tural  mechanics  method  [Li,  and  Chou  (2003)],  as  intro¬ 
duced  in  section  3,  were  also  used  to  treat  nanotubes. 
Odegard,  et  al.  (2003)  developed  constitutive  models  for 
nanotube-reinforced  polymer  composite  system,  where 
the  nanotube,  the  local  polymer  near  the  nanotube,  and 
the  nanotube/polymer  interface  were  modeled  as  an  ef¬ 
fective  continuum  fiber  using  the  equivalent-continuum 
modeling  approach.  Li  and  Chou  (2003)  used  the  molec¬ 
ular  structural  mechanics  method  to  model  the  deforma¬ 
tion  of  single-walled  CNTs,  the  elastic  properties  was  ob¬ 
tained.  Then,  they  extended  this  method  to  simulate  the 
elastic  behavior  of  multi-walled  CNTs  under  tension  and 
torsion.  The  van  der  Waals  interactions  are  accounted  by 
introducing  a  nonlinear  truss  rod  model.  They  also  ana¬ 
lyzed  the  interfacial  load  transfer  in  the  carbon  nanotube 
reinforced  polymer  composite  by  combining  this  method 
and  continuum  FEM,  where  the  CNT  is  modeled  by  the 
molecular  structural  mechanics  method,  and  the  matrix 
is  modeled  by  FEM.  CNTs  are  regarded  as  ideal  rein¬ 
forcing  materials  for  high-performance  nanocomposites 
[Maryyama,  and  Alam  (2002)],  a  review  of  nanotube- 
based  composites  can  be  found  in  Thostenson,  et  al. 
(2001). 

Crystal  elasticity  theories  based  on  the  Cauchy-Born 
rule,  as  discussed  in  quasicontinuum  method  in  section  3, 
have  also  been  applied  to  CNTs.  A  continuum  theory  for 
modeling  carbon  nanotubes  was  proposed  by  directly  in¬ 


corporating  interatomic  potentials  into  a  continuum-level 
constitutive  relation  on  the  basis  of  the  Cauchy-Born  rule 
in  Zhang,  Huang,  Gao,  et  al.  (2002),  same  as  the  qua¬ 
sicontinuum  method.  The  SWCNT  is  assumed  to  be  a 
cylindrical  with  vanishing  thickness.  The  theory  was  first 
used  to  study  the  elastic  modulus  of  a  SWNT  [Zhang, 
Huang,  Geubelle,  et  al.  (2002)],  and  then  applied  to  the 
study  of  fracture  nucleation  in  SWNTs  [Zhang,  Huang, 
Gao,  et  al.  (2002)].  It  was  also  employed  to  investigate 
the  effect  of  nanotube  radius  on  the  constitutive  model 
of  SWCNTs  [Jaing,  et  al.  (2003)],  and  the  influence  of 
mechanical  deformation  on  the  electrical  properties  of 
SWCNTs  via  the  k-space  tight-binding  method  [Eiu,  et 
al.  (2004)].  This  method  is  limited  to  uniformly  defor¬ 
mation,  and  the  cross-section  of  the  SWCNT  must  re¬ 
main  circular  during  the  deformation  (since  this  method 
required  that  the  sequence  of  deforming  a  CNT  and  “un¬ 
roll”  the  deformed  CNT  to  a  plane  can  be  exchanged). 
Therefore,  this  method  can  be  applied  to  tension  and  tor¬ 
sion,  but  not  bend.  Qian,  Eiu  and  Ruoff  (2001)  proposed 
a  combined  continuum/MD  models  for  the  analysis  of  in¬ 
teraction  between  C60  and  nanotube,  where  the  nanotube 
is  modeled  as  a  cylindrical  shell  with  finite  thickness  us¬ 
ing  the  Cauchy-Born  rule  as  in  quasicontinuum  method, 
and  the  C60  is  modeled  directly  by  MD.  The  direct  ap¬ 
plication  of  the  Cauchy-Born  rule  to  CNT  will  result  in 
inconsistency,  since  a  CNT  is  not  space-filling,  but  com¬ 
posed  of  a  curved  single-atom-thickness  atomic  layer. 
Arroyo  and  Belytschko  (2002)  corrected  this  inconsis¬ 
tency  by  introducing  the  exponential  map  from  differen¬ 
tial  geometry.  Using  the  modified  Cauchy-Born  rule,  a 
quasicontinuum  method  was  developed  for  single  layer 
crystalline  films,  and  the  CNT  is  modeled  as  a  continuum 
membrane  with  no  thickness.  Good  results  for  the  bend¬ 
ing  of  nano  tubes  were  presented  [Arroyo  and  Belytschko 
(2002)].  However,  it  is  not  an  easy  task  to  evaluate  the 
exponential  map  for  a  complicated  configuration. 

5  Conclusion 

The  recent  developments  and  applications  of  the  multi¬ 
scale  modeling  in  nanomechanics  and  nanotubes  are  re¬ 
viewed  in  this  paper.  Although  many  promising  methods 
are  proposed,  a  number  of  challenges  still  remain,  such 
as  the  limitations  on  the  length  and  time  scale,  the  numer¬ 
ical  accuracy  and  efficiency,  the  self-consistency  (or  non¬ 
reflection/seamless)  of  multiscale  models.  The  numerical 
accuracy  depends  on  the  accuracy  of  interactomic  poten- 
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tials,  and  the  self-consistency  depends  on  the  interfacial 
condition  between  MD/continuum  or  QM/MD. 

The  Cauchy-Born  rule  and  energy-equivalent  assump¬ 
tion  play  important  roles  in  reasonably  bridging  the  con¬ 
tinuum  level  to  atomistic  level.  But  the  homogeneous- 
deformation  assumption  limits  the  application  of  the 
Cauchy-Born  rule.  The  Cauchy-Born  rule  is  only  appro¬ 
priate  for  bond  interaction.  For  non-bond  interaction,  an 
accuracy,  efficiency  and  reasonable  continuum  model  is 
still  lacking.  The  energy-equivalent  assumption  involves 
too  many  assumptions  and  mixed  many  quantities;  these 
are  the  main  reasons  why  there  is  a  wide  varieties  in  the 
values  of  Young’s  modulus/wall-thickness  pair  for  SWC- 
NTs  in  the  literatures.  Rather  than  Cauchy-Born  rule  and 
energy-equivalent  assumption,  possibly,  a  new  general¬ 
ized  multiscale  method  should  be  directly  based  on  the 
force  (conservation  of  local  linear  momentum)  and  aver¬ 
aging  techniques  (constitutive  equations  represent  some 
averaged  behavior  of  collective  atoms).  For  deriving  the 
electric  properties  of  the  nanomaterials,  the  simulation 
must  be  taken  down  to  quantum  mechanics.  An  effective 
electromechanical  multiscale  model  may  be  helpful. 

Nanomechanics  is  a  developing  field  which  is  rich  of  nu¬ 
merical,  compufafional,  physical  and  malhemafical  chal¬ 
lenges.  A  novel  and  seamless  mulli-scale  modeling 
mefhodology  will  play  a  key  role  in  fhe  simulafion  and 
design  mefhodology  for  nanofechnology. 
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Abstract:  A  multiscale  simulation  technique  based 

on  the  MLPG  methods,  and  finite  deformation  mechan¬ 
ics,  is  developed,  implemented,  and  tested.  Several  al¬ 
ternate  time-dependent  interfacial  conditions,  between 
the  atomistic  and  continuum  regions,  are  systematically 
studied,  for  the  seamless  multiscale  simulation,  by  de¬ 
composing  the  displacement  of  atoms  in  the  equivalent- 
continuum  region  into  long  and  short  wave-length  com¬ 
ponents.  All  of  these  methods  for  enforcing  the  inter¬ 
face  conditions  can  ensure  the  passage  of  information 
accurately  between  the  atomistic  and  continuum  regions, 
while  they  lead  to  different  performances  at  short  wave¬ 
lengths.  The  presently  proposed  Solution  Method  2  re¬ 
duces  the  phonon  reflections  at  the  interface,  without 
increasing  the  computational  burden.  Multiple  length 
scale,  multiple  time  step,  and  meshless  local  Petrov- 
Galerkin  (MLPG)  methods  are  used  in  the  numerical  ex¬ 
amples. 

1  Introduction 

With  the  advances  in  materials  synthesis  and  device  pro¬ 
cessing  capabilities,  the  importance  of  developing  and 
understanding  nanoscale  engineering  devices  has  dra¬ 
matically  increased  over  the  past  decade.  Computational 
Nanotechnology  [  Srivastava  and  Atluri  (2002a,b)]  has 
become  an  indispensable  tool  not  only  in  predicting,  but 
also  in  engineering  the  properties  of  multi-functional 
nano-structured  materials.  The  elasto-dynamics  is  gov¬ 
erned  largely  by  the  geometry  of  the  device,  while  the 
atomistic  processes  are  important  in  its  smallest  features. 
Continuum  approaches  begin  to  fail  as  the  system  size 
approaches  the  atomic  scale,  and  atomistic  methods  be¬ 
gin  to  reach  their  inherent  time  and  length-scale  limita¬ 
tions.  The  nano-scale  is  the  length  scale  of  individual 
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atoms,  i.e.  1-lOnm.  At  such  length  scales,  continuum 
models  are  not  flexible  enough  to  accommodate  the  in¬ 
dividual  atomic  scale  processes.  An  alternative  to  con¬ 
tinuum  analysis  is  the  atomistic  modeling  and  simula¬ 
tion  (MD),  in  which  individual  atoms  are  explicitly  fol¬ 
lowed  during  their  dynamic  evolution.  Even  though  this 
MD  can  trace  all  details  of  atomic-scale  processes,  it  has 
its  own  set  of  limitations.  When  the  length-scale  can¬ 
not  be  accessed  by  either  continuum  methods  because 
it  is  too  small  for  averaging,  or  the  atomistic  methods 
[MD  or  quantum  mechanics  (QM)]  because  it  is  too  large 
for  simulations  on  the  present  day  computers,  these  two 
approaches  become  inadequate,  and  that  has  presented 
significant  challenges  to  the  scientific  community.  The 
length  scales  of  the  typical  material  system  in  multi-scale 
structures  are  shown  in  Fig.  1 . 

10’  Iff’  lff‘  lO’’  Im 


nano  i  micro  I  meso  I  macro 


QM  MD  Continuum  Mechanics 

Figure  1  :  The  length  scales  of  the  material  system 

This  paper  is  devoted  to  computational  nanotechnol¬ 
ogy  and  multiscale  simulations,  in  both  length  and  time 
scales,  as  illustrated  in  Fig.  2,  below  [which  is  more 
fully  discussed  in  Shen  and  Atluri  (2004)  and  Atluri 
(2004)].  Molecular  Dynamics  (MD)  Domains,  Equiv¬ 
alent  Continuum  Models  (ECM),  and  Actual  Contin¬ 
uum  Domains  (ACD),  will  be  linked  through  the  device 
of  the  Meshless  Focal  Petrov-Galerkin  (MFPG)  Method 
[Atluri  and  Zhu(1998),  and  Atluri  and  Shen  (2002a,b)], 
which  is  a  cost-effective  alternative  to  the  traditional 
finite-element  &  boundary-element  methods,  and  which 
offers  the  possibility  of  carrying  out  uniformly  valid  sim¬ 
ulations  of  material  properties  for  multi-scale  systems  at 
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both  larger  length  scales  and  longer  times  than  the  direct 
atomistic  calculations,  and  permits  a  reduction  of  the  full 
set  of  atomic  degrees  of  freedom. 

Seamless  MD  to  CM 


standard  Newtonian  MD  Scheme: 

1 .  Determine  interatomic  potential  and  forces  <=□  PP-MLPG/BIE 

(for  long  range  interaction,  0{n^)) 

2.  Integrate  the  equations  of  motion  -m^u^  +  t^=o  <==”  ECM 
(atom  by  atom) 


PP-MLPG/BIE  Potentials 


Actual 

Actual 

Continuum 

ECM 

MD 

ECM 

Continuum 

MLPG/BIE 

MLPG5 

MLPG2 

MLPG5 

MLPG/BIE 

Figure  2  :  Seamless  Multiscale  Modeling 


The  role  of  computational  nanotechnology  [Srivas- 
tava  and  Atluri  (2002a, b);  Srivastava,  Menon,  and  Cho 
(2001)],  has  become  critically  important  in  the  nanode¬ 
vice  development  [Ajayan  and  Zhu(2001)].  There  are 
two  major  categories  of  molecular  simulation  methods 
for  nanotechnology:  classical  molecular  dynamics  (MD) 
and  ab  initio  methods.  MD  treats  the  motion  of  atoms 
or  molecules  in  approximated  finite  difference  equations 
of  Newtonian  mechanics.  In  general,  ab  initio  methods 
give  more  accurate  results  than  MD,  but  they  are  also 
much  more  computationally  intensive.  A  hybrid  method, 
tight-binding  molecular  dynamics  (TBMD),  is  a  blend  of 
certain  features  from  both  MD  and  ab  initio  methods.  In 
fact,  ab  initio  and  TBMD  are  the  quantum  mechanics 
(QM)  schemes.  Despite  constant  increases  in  available 
computational  power  and  improvement  in  numerical  al¬ 
gorithms,  even  classical  MD  computations  are  still  lim¬ 
ited  to  simulating  on  the  order  of  10^-10^  atoms  for  a 
few  nanoseconds.  The  simulation  of  large  systems  must 
be  left  to  continuum  methods.  Several  methods  are  de¬ 
veloped  for  the  multiscale  simulation. 

The  quasicontinuum  method,  introduced  by  Tadmor  et  al. 
(1996),  and  Chung,  Namburu,  and  Henz  (2004),  gives  a 
theory  for  bridging  the  atomistic  and  continuum  scales  in 
quasistatic  problems.  In  this  method,  a  set  of  atoms  mak¬ 
ing  up  a  Bravais  lattice  is  selected  from  a  subset.  A  tri¬ 


angulation  of  this  subset  allows  the  introduction  of  finite 
element-like  shape  functions  at  lattice  points,  allowing 
the  interpolation  of  quantities  at  intermediate  points  in 
the  lattice.  Thus,  the  problem  of  the  minimization  of  en¬ 
ergy  to  find  equilibrium  configurafions  can  be  written  in 
ferms  of  a  reduced  sef  of  variables.  The  mefhod  is  made 
practical  by  approximafing  summations  over  all  atoms, 
as  using  summation  rules  analogous  to  numerical  quadra¬ 
ture.  The  rules  rely  on  the  smoothness  of  the  quantities 
over  the  size  of  the  triangulation  to  ensure  accuracy.  The 
final  aspecf  of  fhe  mefhod  is  fherefore  fhe  prescripfion 
of  adapfivify  rules,  allowing  fhe  reselecfion  of  represen- 
fafive  lattice  poinfs  in  order  fo  failor  fhe  compufafional 
mesh  fo  fhe  sfrucfure  of  fhe  deformafion  field.  The  crite¬ 
ria  for  adapfivify  are  designed  fo  allow  full  afomic  reso- 
lufion  in  regions  of  large  local  sfrain,  for  example,  very 
close  fo  a  dislocafion  in  fhe  lattice.  This  mefhod  is  lim- 
ifed  fo  fhe  case  of  a  zero  femperafure. 

Anofher  approach  fo  fhe  coupling  of  fhe  lengfh  scales 
is  fhe  FE/MD/TB  model  of  Abraham  (2000).  In  fhis 
mefhod,  fhree  simulafions  are  run  simulfaneously,  us¬ 
ing  fhe  finite  elemenf  mefhod  (FEM),  molecular  dynam¬ 
ics  (MD),  and  semi-empirical  fighf  binding  (TB).  Each 
simulation  is  performed  on  a  differenf  region  of  fhe  do¬ 
main,  wifh  a  coupling  imposed  in  “handshake”  regions 
where  fhe  differenf  simulafions  overlap.  The  mefhod  is 
designed  for  implemenfafion  on  supercompufers  via  par¬ 
allel  algorifhms,  allowing  fhe  solufion  of  large  problems. 
One  example  of  such  a  problem  is  fhe  propagafion  of  a 
crack  in  a  brittle  material.  Here,  the  TB  method  is  used 
to  simulate  bond  breaking  at  the  crack  tip,  MD  is  used 
near  the  crack  surface,  and  the  surrounding  medium  is 
treated  with  EE.  The  challenge  for  mesh  generation  is 
that  the  mesh  should  smoothly  transition  between  the  true 
atomic  lattice  in  the  MD  region  and  the  closely-packed 
EE  meshes.  Too  abrupt  a  crossover  leads  to  an  unphysi¬ 
cal  behavior,  such  as  elastic  wave  resonances  at  the  inter¬ 
face.  The  coarse-grained  MD  method  proposed  by  Rudd 
and  Broughton  (1998)  derived  a  constitutive  relationship 
for  the  continuum,  directly  from  the  interatomic  poten¬ 
tial  by  using  a  statistical  coarse  graining  procedure.  This 
method  has  high  computational  complexity.  Wagner  and 
Eiu  (2003)  presented  a  multiscale  method  for  coupling 
molecular  dynamics  and  continuum  mechanics  by  using 
“bridging  scale”  decomposition  and  the  quasicontinuum 
method  [Tadmor  et  al.  (1996)]. 

Although  substantial  progress  has  been  made  in  recent 
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years,  the  multi-seale  modeling  method  is  still  in  its  in- 
faney,  and  it  still  requires  intensive  efforts.  As  pointed 
by  many  researehers,  the  main  issues  in  the  development 
of  seamless  multi-seale  modeling  methodology  are  still 
the  limitations  on  the  length  and  time  seale,  and  the  nu- 
merieal  aeeuraey  and  effieieney.  Henee,  a  more  aeeurate 
and  effieient  multi-seale  modeling  methodology  is  still 
desirable,  and  sueh  methodologies  are  eurrently  being 
pursued  by  many  researehers,  in  eontemporary  literature. 
In  this  paper,  we  propose  a  seamless  multi-seale  mod¬ 
eling  methodology,  based  on  the  meshless  loeal  Petrov- 
Galerkin  (MLPG)  method. 

2  The  Meshless  Local  Petrov-Galerkin  (MLPG) 
Method  and  Radial  Basis  functions 

Meshless  methods,  as  alternative  numerieal  approaehes 
to  eliminate  the  well-known  drawbaeks  in  the  finite  el¬ 
ement  and  boundary  element  methods,  have  attraeted 
mueh  attention  in  reeent  deeades,  due  to  their  flexibil¬ 
ity,  and  due  to  their  potential  in  negating  the  need  for  the 
human-labor  intensive  proeess  of  eonstrueting  geometrie 
meshes  in  a  domain 

The  MLPG  method  is  a  simple  and  less-eostly  alterna¬ 
tive  to  the  FEM  and  BEM  [Atluri  and  Zhu  (1998),  Atluri 
and  Shen  (2002a,b)].  The  main  objeetive  of  the  meshless 
methods  is  to  get  rid  of,  or  at  least  alleviate  the  diffieulty 
of,  meshing  and  remeshing  the  entire  strueture;  by  only 
adding  or  deleting  nodes  in  the  entire  strueture,  instead. 
The  meshless  loeal  Petrov-Galerkin  (MEPG)  method  is 
truly  meshless,  as  no  finite  element/or  boundary  element 
meshes  are  required  in  this  approaeh,  either  for  purposes 
of  interpolation  of  the  trial  and  test  funetions  for  the  so¬ 
lution  variables,  or  for  the  purpose  of  integration  of  the 
‘energy’.  All  pertinent  integrals  can  be  easily  evaluated 
over  over-lapping,  regularly  shaped,  domains  (in  gen¬ 
eral,  spheres  in  three-dimensional  problems)  and  their 
boundaries.  Remarkable  successes  of  the  MEPG  method 
have  been  reported  in  solving  the  convection-diffusion 
problems;  fracture  mechanics;  Navier-Stokes  flows;  and 
plafe  bending  problems.  Recenfly,  fhe  MEPG  mefhod 
has  made  some  sfrides,  and  if  is  applied  successfully  in 
sfudying  sfrain  gradienf  materials  [Tang,  Shen  and  Afluri, 
(2003)),  fhree  dimensional  elasficify  problems  [Ei,  Shen, 
Han  and  Afluri  (2003)],  and  elsfodynamics  [Bafra,  Ching 
(2002)].  The  MEPG  mefhod  was  also  exfended  fo  solve 
fhe  boundary  infegral  equafions  [Afluri,  Han  and  Shen 
(2003),  and  Han,  Afluri  (2003)]. 


Six  differenl  nodal-based  local  fesf  functions  may  be 
selecfed,  which  lead  fo  six  differenl  MEPG  melh- 
ods.  Based  on  fhe  MEPG  concepl,  Ihese  varianfs  of 
fhe  MEPG  mefhod  are  labeled  as  MEPGl,  MEPG2, 
MEPG3,  MEPG4,  MEPG5,  and  MEPG6,  respectively. 
Among  fhem,  fhere  are  fhree  melhods  lhal  avoid  fhe 
domain  infegral  in  fhe  weak-form,  over  fhe  nodal  fesf- 
funclion  domain  Q./.  MEPG2  (wherein  fhe  local,  nodal- 
based  fesf  function,  over  a  local  sub-domain  Q,s  cen- 
fered  af  a  node,  is  a  Dirac’s  Della  function);  MEPG4 
(wherein  fhe  local,  nodal-based  fesf  function,  over  a  lo¬ 
cal  sub-domain  Q.s  centered  al  a  node,  is  fhe  modified 
fundamenlal  solulion  fo  fhe  differenlial  equafion);  and 
MEPG5  (wherein  fhe  local,  nodal-based  fesf  funclion, 
over  a  local  sub-domain  centered  al  a  node,  is  fhe 
Heaviside  slep  funclion).  MEPG4  (which  is  synonymous 
wilh  fhe  Eocal  Boundary  Infegral  Equafion  mefhod)  in¬ 
volves  singular  inlegrals;  while  fhe  collocation  mefhod, 
(i.e.  MEPG2),  is  nolorious  for  fhe  sensilivily  of  fhe  solu¬ 
lion  fo  fhe  choice  of  proper  collocation  poinfs.  However, 
MEPG5  does  nol  involve  eilher  a  domain,  or  a  singular 
infegral,  fo  generale  fhe  sliffness  malrix;  if  only  involves 
fhe  regular  boundary  integral.  Thus,  if  is  a  highly  promis¬ 
ing  MEPG  mefhod  while,  numerical  examples  validale 
lhal  fhe  MEPG5  mefhod  is  fasl,  accurate  and  robusl. 

In  summary,  fhe  MEPG  is  a  Iruly  meshless  mefhod, 
which  involves  nol  only  a  meshless  inlerpolalion  for  fhe 
Irial  funclions  [such  as  MES,  PU,  Shepard  funclion  or 
Radial  Basis  Punctions(RBP)],  bul  also  a  meshless  in- 
fegralion  of  fhe  weak-form  (i.e.  all  inlegralions  are  al¬ 
ways  performed  over  regularly  shaped  sub-domains  such 
as  spheres,  parallelepipeds,  and  ellipsoids  in  3-D).  In  fhe 
conventional  Galerkin  mefhod,  fhe  Irial  and  fesf  funclions 
are  chosen  from  fhe  same  funclion-space.  In  MEPG,  fhe 
nodal  Irial  and  fesf  funclions  can  be  differenl:  fhe  nodal 
Irial  funclion  may  correspond  fo  any  one  of  MES,  PU, 
Shepard  funclion,  or  RBE  lypes  of  inlerpolalions;  and 
fhe  fesf  funclion  may  be  lolally  differenl,  and  may  corre¬ 
spond  fo  any  one  of  MES,  PU,  Shepard  function,  RBE,  a 
Heaviside  slep  funclion,  a  Dirac  della  function,  fhe  Gaus¬ 
sian  weigh!  funclion  of  MES,  a  special  form  of  fhe  funda¬ 
menlal  solulion  fo  fhe  differential  equafion,  or  any  olher 
convenienl  function,  in  fhe  supporl  domain,  of  fhe 
fesf  funclion.  Eurlhermore,  fhe  physical  sizes  of  fhe  sup- 
porls  {Q.tr  and  respeclively)  of  fhe  nodal  Irial  and 
fesf  funclions  may  be  differenl.  These  fealures  make  Ihe 
MEPG  melhod  very  flexible.  The  MEPG  melhod,  based 
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on  a  local  formulation,  can  include  all  the  other  meshless  (5) 

methods  based  on  global  formulation,  as  special  cases 

[see  Atluri,  and  Shen  (2003)] .  Equations  (5)  and  (4)  can  be  expressed  in  matrix  form 


In  this  paper,  we  choose  the  local  radial  basis  functions 
[Hardy  (1971),  Wendland  (1999),  Liu  and  Gu  (2001)]  to 
interpolate  the  trial  functions,  because  of  its  Kronecker 
Delta  property.  Consider  a  continuous  function  u{x)  de¬ 
fined  in  a  domain  Q.,  discretized  by  a  set  of  nodes.  An  in¬ 
terpolation  of  m(x)  from  the  neighboring  nodes  of  a  point 
Xa  within  the  domain  Q,  using  RBFs  augmented  by  a 
polynomial  basis,  can  be  written  as 

n  m 

“  (x)  =  S  (*)  M  +  HiPj  (x)  b j  (Xa) 

j=t 

=  R^a  +  P^b  (1) 


Ro  = 


/?l(xi)  /?2(xi) 

Ri  (X2)  Rl  (X2) 


7^1  (xji)  7?2  (xji) 


(6) 


(V) 


7?„(xi) 

Rn  (X2) 


Rn  (Xji) 


nxn 


(8) 


where  /?,•  (x)  is  the  radial  basis  function,  p  j  (x)  is  a  mono¬ 
mial  in  the  space  coordinates,  n  is  the  number  of  nodes  in 
the  neighborhood  of  x^,  m  is  the  number  of  polynomial 
basis  functions  (usually  m  <  n),  and  a,(xa)  and  bj{xa) 
are  the  coefficients  for  /?,•  (x)  and  pj  (x),  respectively,  cor¬ 
responding  to  the  point  x^.  The  number  of  the  neighbor 
nodes  of  x^  is  not  greater  than  the  total  number  of  nodes 
in  the  global  domain.  The  vectors  are  defined  as 

=  [ai,a2,--  -  ,a„] 

=  [bi,b2r--  ,bm] 

R^  =  [Rl  (x),R2(x),---  ,R„(x)] 

(x),R2(x),---  ,Pm(x)]  (2) 

The  radial  basis  function  has  the  following  general  form 

Riix)=Riiri)  (3) 

where  r,-  =  ||x  — x,||.  The  polynomial  term  is  added  to 
ensure  the  consistency  and  the  condition  of  the  non¬ 
singularity  of  the  RBFs  approximation,  which  should  sat¬ 
isfy  the  following  constraints 

n 

'^Pj{xi)ai  =  0,  j  =  l,2,---,m  (4) 

!=1 

The  coefficients  are  determined  by  ensuring  that  the  in¬ 
terpolation  passes  through  all  n  scattered  nodes  within 
the  influence  domain: 


’  Pi(xi) 

P2(xi)  • 

Pm  (^1 ) 

Pi  (X2) 

P2{X2)  ■ 

Pm  (^2) 

(9) 

_  Pi  (x„) 

P2  (X„)  • 

Pm  (^rt) 

nxm 

[ui,U2,  ■■■  ■ 

,Un\ 

(10) 

Then,  from  equafion  (6),  fhe  coefficienls  can  be  obfained. 
Finally,  fhe  interpolation  is  expressed  as 

m(x)  =  [R^(x)  P^(x)  ]A^^|  |=<|)(x)ue  (11) 

where  fhe  mafrix  of  fhe  shape  funclions  (|)  (x)  is  defined 
by 

<l>(x)  =  [(|)^(x),(|)2(x),---  ,{|)'(x),---  ,{|)"(x)]  (12) 

wifh 

n  m 

^^'(x)  =  Y,Rii^)^ik+'LPji^)Hn+j)k  (13) 

!=i  i=\ 

where  A, it  represenfs  fhe  {i,k)  elemenf  of  mafrix  A^^ 
The  widely  used  RBFs  include  mulfiquadrics  (MQ), 
Gaussian  (EXP),  and  fhin  plate  splines  (TPS)  forms,  and 
so  on.  In  Ibis  paper,  we  will  employ  fhe  mulfiquadrics 
(MQ)  form: 

Ri(x)  =  (r^+c^)^  (14) 


n  m 

{Xk)  =  Yj  Ri  ixk)  ai  -h  ^  Pj  {Xk)  bj,  k  =  1 , 2,  •  •  • 
2=1 


c  and  (3  are  fhe  shape  parameters.  Here,  we  choose  c  =  1, 
(3  =  1.03  ore  =  2,  (3  =  1.99. 
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3  The  MLPG  Method  for  Multiscale  Simulation 

In  this  section,  a  finite  deformation  model  based  on  the 
atomistic  physics  will  be  developed,  for  use  in  the  ECM 
region. 

In  continuum  mechanics,  the  stress  at  a  material  point 
is  a  function  of  the  ‘state’  variables,  such  as  strain,  and 
its  gradients,  at  the  same  point.  In  order  to  formulate 
a  constitutive  law  for  an  equivalent  continuum  model 
(ECM)  from  the  atomic  forces,  a  hypothesis  to  connect 
the  continuum  displacement  field  and  fhe  mofions  of 
atoms  musf  be  employed.  The  Cauchy-Born  hypofhe- 
sis  is  fhe  basis  for  developing  fhe  ECM  elasfic  pofenfials, 
from  fhe  atomistic  descripfion  of  fhe  sysfem.  In  fhe  ab¬ 
sence  of  slips,  phase  fransifions,  fwinning  or  ofher  inelas¬ 
tic  phenomena,  fhe  Cauchy-Born  hypofheses  for  crysfals 
are  equivalenf  for  homogeneous  deformafions  (Ericksen, 
1984).  Once  fhe  geomefry  of  fhe  deformed  laffice  vec¬ 
tors  is  linked  to  fhe  confinuum  deformalion,  a  consfifu- 
five  model  based  on  afomisfic  descripfion  can  be  con- 
sfrucfed  by  equating  fhe  confinuum  sfrain  energy  densify 
to  fhe  pofenfial  energy  of  fhe  atomic  sysfem  for  a  repre- 
senfafive  cell,  divided  by  ifs  volume,  as  in  Tadmor  el  al. 
(1996). 

In  Ibis  paper,  firsl,  we  will  develop  an  MEPG  fangenl- 
sliffness  mefhod  for  fhe  ECM  region,  in  which  if  is  as¬ 
sumed  fhaf  fhe  sfafe  of  deformation  is  homogeneous  and 
can  be  well-characferized  by  fhe  local  deformalion  gra- 
dienl  F.  The  inhomogeneous  deformation,  such  as  near 
defecl  cores,  will  be  accounled  for  by  fhe  pure  molecular 
dynamics  (MD).  The  whole  idea  is  lhal:  in  fhe  ECM, 
MEPG5  or  MEPGl  langenl-sliffness  mefhod  will  be 
employed;  in  fhe  MD  region,  MEPG2  langenl-sliffness 
mefhod  will  be  employed. 

Bolh  of  Ihese,  fhe  ECM  and  MD  regions,  will  be  linked 
Ihrough  fhe  device  of  fhe  meshless  local  Pelrov-Galerkin 
(MEPG)  mefhod,  which  will  Ihus  offer  fhe  possibilily 
of  carrying  oul  uniformly  valid  simulalions  of  material 
properlies  for  mulli-scale  syslems  al  bolh  larger  lengfh 
scales  and  longer  times  lhan  direcl  afomisfic  calcula¬ 
tions,  and  permils  a  reduclion  of  fhe  full  sef  of  alomic 
degrees  of  freedom;  Ihus  inching  lowards  almosl  0{N) 
algorilhms.  This  is  illuslraled  of  in  Pig.  3.  In  fhe  ECM 
region,  fhe  nodes  can  be  laken  lo  be  arbilrary,  and  nol 
necessarily  be  coincidenl  wilh  fhe  aloms.  In  MD  re¬ 
gion,  fhe  nodes  are  laken  lo  be  fhe  afoms  Ihemselves. 
In  fhe  ECM  region,  fhe  solid  poinls  represenl  fhe  aloms. 


while  fhe  open  poinls  represenl  fhe  nodes  of  fhe  MEPG 
mefhod.  MEPG5  will  be  implemented  in  “ECM”  region 
and  MEPG2  will  be  implemented  in  MD  region. 


ECM  Region  MD  Region 


Figure  3  :  Illuslralion  of  multiscale  simulation. 


The  dynamic  motion  for  atomic  positions  are  governed 
by  Newtonian  mechanics  and  described  by  molecular  dy¬ 
namics.  The  multi-scale  materials  are  discritized  into 
a  set  of  nodes.  In  the  molecular  dynamics  region,  the 
position  of  the  atom  can  be  interpolated  by  the  mesh¬ 
less  interpolation  (the  moving  least  square  or  radial  basis 
functions)  of  the  nodes,  similar  to  the  displacement  in 
the  continuum  mechanics  region.  The  atomic  forces  are 
analytic  derivatives  of  the  inter-atomic  potential  (Born- 
Oppenheimer  expansion).  In  the  ECM,  the  atomic  en¬ 
vironment  is  characterized  by  the  deformation  gradient 
there.  Each  continuum  point  is  taken  to  represent  a  large 
region  on  the  atomic  scale,  which  is  homogeneously  dis¬ 
torted  according  to  the  deformation  gradient  at  the  point. 
The  constitutive  response  in  this  region  is  obtained  from 
the  atomistic  calculation  rather  than  a  phenomenological 
rule,  in  a  way  similar  to  the  quasicontinuum  method  pro¬ 
posed  by  Tadmor  et  al.  (1996),  and  Chung,  Namburu, 
and  Henz  (2004). 

By  means  of  the  concept  of  the  MEPG,  a  local  weak  form 
(in  subdomain  as  in  Pig.  3)  for  the  Newton’s  law  of 
motion  (conservation  of  linear  momentum)  will  be  used 
to  derive  a  system  of  equations  for  multi-scale  materials 
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modeling.  In  this  paper,  we  ehoose  radial  basis  funetion 
to  be  the  interpolation  scheme,  due  to  its  convenience 
in  this  case  and  their  Kroneck  Delta  property  [Atluri  & 
Shen,  (2002a,  b,  2003)]. 

In  classical  continuum  mechanics,  a  point  X  in  the  un¬ 
deformed  body  Qq  in  the  reference  frame  is  mapped  to  a 
point  X  in  its  current  shape  Q.  in  the  current  frame.  The 
deformed  configuration  of  the  body  is  described  by  a  dis¬ 
placement  function  u(X),  which  represents  the  displace¬ 
ment  at  point  X,  as 

x  =  X  +  u(X) 


The  deformation  gradient  is  defined  by 


F  = 


3x 

dX 


fo  map  infinifesimal  maferial  vector  from  fhe  undeformed 
body  Qq  into  the  deformed  one  Q..  Here,  I  is  the  identity 
tensor. 

In  the  molecular  dynamics  region,  the  initial  position  of 
an  atom  1  is  denoted  as  X/.  The  current  configuration  of 
the  atom  is  described  by  a  displacement  u  which  depends 
on  X,  and  can  be  written  as 


X/  =  X/-hu/ 


(15) 


does  not  possess  centrosymmetry,  such  as  the  hexagonal 
lattice.  In  this  case,  the  Cauchy-Born  rule  gives  [Zan- 
zotto  (1996),  Martin  (1975),  Cousins  (1978),  Born  and 
Huang  (1954)] 

r/7  =  FR/7 (19) 

where  the  internal  variables  are  shift  vectors,  with  k 
ranging  from  0  to  some  integer  N  (There  are  N+\  sub¬ 
lattices  in  the  complex  Bravais  lattice.  If  atoms  /,  J  are  in 
the  same  sub-lattices,  =  0) .  <^k  and  F  are  independent 
variables.  At  the  static  equilibrium  state,  the  vectors 
are  to  be  determined  by  the  minimization  of  the  energy 
function,  so  as  to  reach  an  equilibrium  configuration  in 
the  deformed  crystal.  This  means  that  the  equilibrium 
values  of  can  be  written  as  functions  of  F.  In  this  pa¬ 
per,  which  focuses  on  dynamical  problems,  we  will  avoid 
making  any  specific  hypofhesis  on  fhe  behavior  of  (gk- 
As  discussed  later  [see  equafion  (98)],  whaf  we  need  is 
=  R/7  from  eifher  (18)  or  (19). 

If  is  nofed  fhaf,  in  order  fo  apply  fhe  Cauchy-Born  rule 
fo  nanolubes  or  fullerenes,  a  more  general  exponenfial 
mapping  procedure  like  fhe  one  in  Arroyo  and  Belyfchko 
(2002)  should  be  used.  Thai  will  be  laken  info  accounl  as 
we  apply  fhe  presenl  mulliscale  simulalion  fo  nanolubes. 
The  righl  Cauchy-Green  slrain  lensor  is  defined  by 


where  u/=u(X/). 

The  dislance  befween  Iwo  aloms  1  and  J  in  fhe  reference 
configuralion  can  be  wriflen  as 

R/y  =  X7  — X/  (16) 

The  dislance  befween  Iwo  aloms  I  and  J  in  fhe  currenl 
configuralion  can  be  wriflen  as 

rij  =  xj-xi  (17) 

According  fo  fhe  Cauchy-Born  rule  (Ericksen,  1984), 
for  simple  Bravais  lallice  lhal  has  fhe  cenlrosymmelric 
atomic  slruclure,  we  have 

r/7  =  FR/7  (18) 

However,  if  does  nol  hold  for  a  complex  Bravais  lallice, 
which  can  be  described  by  be  means  of  a  number  of  in- 
lerpenefraling  simple  Bravais  laflices  (sub-laflices)  and 


C  =  F^F  (20) 

and  fhe  Green  slrain  tensor  is  defined  by 

E  =  ^(C-I)  (21) 

The  kinemalics  of  fhe  deformalion  is  characterized  by  fhe 
deformalion  gradienl.  The  conslilulive  nalure  of  fhe  ma- 
lerial  is  oblained  Ihrough  fhe  slrain  energy  densily  func- 
lion  W  which  relales  fhe  energy  al  a  poinf  fo  fhe  local 
slale  of  deformalion  Ihere.  If  may  be  shown  lhal  W  can 
only  be  a  funclion  of  F,  from  Ihe  hypofhesis  of  localily 
and  use  Ihe  enlropy  produclion  inequality.  Moreover,  ac¬ 
cording  to  Ihe  poslulale  of  material  frame  indifference,  il 
can  be  shown  lhal  Ihe  dependence  of  IT  on  F  can  only  be 
Ihrough  Ihe  righl  Cauchy-Green  tensor  C. 

Following  Ihe  classical  continuum  mechanics,  Ihe  second 
Piola-Kirchhoff  slress  S  can  be  defined  as 

^_dW  _  dW 
dE  dC 


(22) 
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C  and  S  are  invariant  with  respect  to  rigid-body  rotation. 
The  conservation  of  linear  momentum  leads  to: 

V-(SF^)+f=pw  (23) 

where  V  •  denotes  the  divergence  taken  with  respect  to  the 
material  frame,  f  is  the  body  force,  p  is  the  density,  and 
w  is  the  acceleration,  i.e.,  w  =  ^  . 

The  conservation  of  angular  momentum  leads  to: 

S  =  (24) 


The  tangent  stiffness  material-moduli  can  be  defined  as 


d^W  d'^W 
dEdE 


(25) 


A  corresponding  continuous  interpolation  will  replace 
the  piece-wise  function  for  the  position  of  the  atom  in 
the  ECM  region, 

N 

x=Xr(X)xa  (29) 

a=l 

Xot,  a  =  1,  2, . . .  ,N,  in  equation  (29),  are  the  nodal  values. 
(|)“  (X)  is  the  RBF  shape  function. 

Assume  that  there  are  N\  atoms  in  region  A  (MD),  and 
N2  in  region  B  (ECM).  The  displacements  of  atoms  I  in 
the  Region  A  are  denoted  by  q/  (1  <  7  <  Ai).  The  dis¬ 
placements  of  atom  i  in  the  Region  B  are  denoted  by  u, 
(1  <  /  <  A2),  which  are  interpolated  from  the  displace¬ 
ments  of  the  nodes  in  region  B,  as 


More  details  about  the  finite  strain  analysis  can  be  found 
in  Atluri(1979,  1980). 


N 


U;  =  U(X,-)  =  ^  (|)“(X,-)Uo 
a^l 


(30) 


The  local  weak  form  of  equation  (23)  can  be  written  as 


[V-(SF^)+f-pw]Vda  =  0 


(26) 


where  V  is  the  test  function  in  the  local  domain  Q  The 
local  symmetric  weak  form  can  be  written  as 


Here,  Ua,  oc=l,  2,. . . ,  N,  are  the  nodal  values.  It  is  noted 
that  N  is  less  than  the  amount  of  atoms  of  Region  B,  i.e., 
N  <  N2,  and  the  node  is  not  necessarily  an  atom.  The  dis¬ 
placement  u,  of  an  atom  in  region  B  implies  an  average 
value  of  the  atomic  displacement,  and  can  not  catch  the 
thermal  fluctuations. 


I  {SKLXl.L)^l.Kd^+  [  SKLXl.LnKVldT 
+  /  SKLXiLnKVidT 

=  f  SKLXiM^KVidT  +  I  {fi  —  pwi)VidQ. 

Jq.c 


(27) 


where  n  is  the  unit  normal  to  the  local  boundary  surface 
of  Q.S.  The  corresponding  MEPG5  weak-form  (  when 
the  test  functions  are  taken  to  Heaviside  functions)  is  : 


/  SKL^lL^RdT  +  /  SRlXlL^RdT 

=  /  SRLXi_LnRdT+  {fi-pwi)dQ. 
J  J  5 


(28) 


3. 1  The  Atomistic  Constitutive  Law  for  Homogeneous 
Deformation  and  MLPG5,  in  ECM 

The  classical  MD  describes  the  system’s  atomic-scale 
dynamics,  where  atoms  and  molecules  move,  while  in¬ 
teracting  with  many  of  the  atoms  and  molecules  in  the 
vicinity.  The  system’s  dynamic  evolution  is  governed 
by  Hamilton’s  classical  equation  of  motion  from  New¬ 
ton’s  second  law.  Each  atom  moves  and  acts  simply  as 
a  particle  that  is  moving  in  a  many-body  force  field  of 
ofher  similar  parficles.  The  afomic  and  molecular  infer- 
acfions  describing  fhe  dynamics  are  fhus  given  by  classi¬ 
cal  many-body  force-field  functions,  and  fhe  inferafomic 
pofenfial  H  as  an  infinife  sum  over  pair,  friplef,  efc.,  can 
be  expressed  by  fhe  Born-Opennheimer  expansion  as: 


Acfually,  fhe  MLPG5  [equation  (28)]  can  be  directly  de¬ 
rived  from  the  conservation  of  linear  momentum  in  an 
arbitrary  local  domain,  which  is  the  basis  of  the  finite 
deformation  theory.  The  physical  basis  of  fhe  MEPG5  is 
fhe  conservation  of  linear  momenfum  in  an  arbifrary  lo¬ 
cal  domain,  and  fhaf  of  fhe  MEPG2  is  fhe  conservafion 
of  linear  momenfum  on  arbifrary  poinf. 


1  ^  (r/7)  +  X  S  (r/y ,  rx-/,  yrj) 

J^l  R^J^I 


J^l 

(31) 


242  Copyright  (c)  2004  Tech  Science  Press 


CMES,  vol.5,  noJ,  pp.235-255,  2004 


v(3)  ...andvW  are  the  interaetion  potentials  of  the 
two-,  three-  and  n-body  interaetions,  respeetively. 

As  an  example,  we  eonsider  a  two-body  and  three-body 
separable  potential  here.  The  energy  ean  be  expressed  as. 


n  =  I 


1  ^  t/(2)  (r„)  -h  ^  ^  (r/y,  rft,  rjt) 


I 


K^J^I 


(32) 


=  X  Af2/).  Then,  the  strain  energy  density  ean  be 
7=1 

derived  as  IT  =  Yij  j /SD.j.  In  our  numerieal  examples,  we 
proeeed  in  this  way. 

After  obtaining  the  strain  energy  density  (33)  by  the 
Cauehy-Born  rule,  the  seeond  Piola-Kirehhoff  stress  S, 
and  the  tangent  stiffness  moduli  D,  in  the  ECM  ean  be 
expressed,  respeetively,  as 


In  this  paper,  an  important  proeedure  is  to  estimate  the 
strain  energy  density  in  the  ECM  If  we  sum  over  all 
the  atoms  as  in  the  elassieal  moleeular  dynamies,  we 
ean  eertainly  get  the  energy  density  by  evaluating  TI 
However,  this  is  very  expensive.  In  the  quasieontinuum 
method  [Tadmor  et  al.  (1996)],  for  a  homogeneously  dis¬ 
torted  erystal,  the  eontinuum  strain  energy  density  is  ob¬ 
tained  by  equaling  to  the  potential  energy  of  the  atomie 
system  for  a  representative  eell  divided  by  its  volume, 
whieh  means  that  the  ealeulation  of  equation  (32)  is  lim¬ 
ited  to  a  single  unit  cell.  This  method  will  be  used  in 
regions  that  are  very  far  from  the  inhomogeneous  region, 
in  this  paper.  In  the  MLPG  method,  it  is  natural  to  limit 
the  calculation  of  equation  (32)  to  a  local  domain  ie.. 


S 


_  dw 

2 
Q 


2  an, 

1  y  aT(^)  (r/y)  dr/y 

2  ^ 


I 

ten,  J^i 


2  _ 


/Gti, 


II 

K^J^I 


dr/y  dC 
dV^^^rjj,rjk,rjk)drjj 


dr, 


IJ 


dC 


dT(^)  (r/y,rft,ry;^)  drft 

drjk  dC 

dT(^)(r/y,rft,ry^)dry^ 

drjk  dC 


IT  = 


1 

Q 


I 

ten. 


^74/  7^474/ 


(33) 


D  =  4 


d^W 

dCdC 


4  d^n, 
a, dcdc 


where 


dr, 


IJ 


dF 


—  R/7) 


^=F-l 

dC 


dr/y 

dC 


=  R/7F-1 


(34) 


(35) 


(36) 


where  Q,  is  the  volume  of  the  loeal  domain,  and  is 
the  potential  energy  of  the  referenee  eonfiguration.  It  is 
noted  that  the  atoms  K  and  J  are  loeated  in  the  loeal  do¬ 
main  and  within  the  eutoff  radius  of  the  boundary 
of  the  loeal  domain  fi,.  It  is  noted  that  both  the  inter- 
atomie  potential  energy  and  the  strain  energy,  involve 
referenee  states.  The  former  is  refereneed  to  infinitely 
separated  atoms,  and  the  latter  is  refereneed  to  the  un¬ 
strained  eonfiguration.  Henee,  the  eonstant  offset  energy 
n^,  representing  the  potential  energy  in  the  unstrained 
state,  whieh  does  not  affeet  the  dynamies  is  subtraeted  in 
equation  (33). 

If  the  energy  ean  be  written  in  a  form  that  is  additively 
deeomposed,  sueh  that  TI  =  X  FI/,  with  H/  denotes  the 

7=1 

potential  energy  for  eaeh  atom,  another  way  to  derive  the 
strain  energy  density  is  to  assume  that  eaeh  atom  ean  be 
assigned  a  volume  AQ.j  in  the  undeformed  eonfiguration 


The  equations  from  the  nonlinear  loeal  Petrov-Galerkin 
formulation  (27),  ean  be  solved  by  employing  an  inere- 
mental  algorithm.  The  total  Eagrangean  method  (T.  E.) 
will  be  employed  in  this  paper.  Assuming  that  the  equa¬ 
tion  (27)  is  at  time  t,  then  from  time  t  to  time  t  +  At,  the 
ineremental  eonstitutive  relation  in  the  ECM  ean  be  ex¬ 
pressed  as 

AS  =  D:AE  =  D:(VAu-hVu^-VAu)  (37a) 

or 

^Skl  =  Dklmn  {^um,n  +  up,m^up,n)  (37b) 

where  Au  is  the  diseernment  of  the  displaeement,  i.e., 

Au  =  — 


(38) 
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with  denotes  the  displaeement  u  at  time  t.  The  equa¬ 
tion  (27)  at  time  t  + At  ean  be  linearized  as 


A  {Sklxul)  Vi,KdQ.  +  ^  ^  {Sklxi.l)  hkVicIT 
+  1  A{SKLXi.L)f^KVidr—  f  p{^wi+Awi)VidQ, 

j  r  j  5 


=  Q 


(39) 


Aeeording  to  equation  (37),  equation  (39)  or  (42)  is  a 
linear  equation  in  terms  of  Au.  The  inerement  of  dis¬ 
plaeement,  Au,  ean  be  interpolated  in  the  MLPG  method 
as 


N 

Au=  ^  {|)“(X)Aua 


a=l 


(45) 


where  the  density  is  defined  as 


P 


Q 


1  m 

I 


or  p 


nij 

Af2/ 


Aua,  a  =  1,  2, . . . ,  A,  in  equation  (45),  are  the  nodal  val¬ 
ues.  Again,  it  is  noted  that  N  is  less  than  the  amount  of 
(40)  atoms  of  the  system,  and  the  node  is  not  neeessarily  the 
atom.  For  eonvenienee,  we  rewrite  equation  (45)  as 


and 


Q=  SKLXiinKVidT  +  /  fiVidO. 

Jr^fi  J 


N 


+ 


[  A{SKLXix)nKVidr+  f  AfiVidQ. 
J  J  5 


—  /  SKLXl.LYuKd^—  /  SKLXl.Lf^KVldT 

V  C  V  J^c 


—  /  SKLXixnRVidT 

row 


Aui= 

a=l 


(46) 


If  we  adopt  the  MLPG5  method,  equation  (39)  and  (41) 
ean  be  rewritten  as 

/  A{SKLXi.L)nKdT  +  /  A{SKLXix)nKdT 
~  la 


with  (1)“  =  (1)“6/7. 

Substitution  of  equation  (45)  into  equation  (42),  for  all 
nodes,  leads  to  the  following  diseretized  system  of  linear 
equations: 

(41)  N  N 

-  I  [Map^+^up]  +  X  [KapAup]  =  Qa  (47) 

p=l  p=l 


where 

['K.|3]j, 

=  f  DrlMN  {^JL+*Ujx)nK{^PM+‘up^M)^PI^N 


=  Qi 


and 


(42)  +SKLnK<\>^i  L 


dr 


+ 


lA 

•X  1  CM 


Dklmn  (S/l  +‘uj^l}  nx  (5pm  +^mp,m) 


Qi=  !  SKLXi,LnKdT+  j  fida+  [  A{SKLXi,L)nKdT  + 

Jr^fi  J  Q.^ 


+  /  AfidQ,—  /  SRiXpL^RdT  —  /  SRiXpL^RdT 

A 

(43) 


dr 


[Map]//  =  pA^^ 


(48) 


(49) 


By  using  the  natural  boundary  on  T,,  SrlXix^k  =  Tu 
equation  (43)  ean  be  written  as 

Qi=  I  Tidr+  [  fida+  [  ATidr+  [  A/m 


=  T,  {Qa}/ 


=  /  TjdT+  /  fjdQ.+  /  ATjdT+  /  AfjdQ. 


la. 


I  a. 


la, 


la, 


Srl  {^jl+Ajx) 


TiRdT 


—  /  SRiXpL^RdT—  /  SRiXpL^Rdr  (44)  —  /  SKhi^jL+AjAnKdT 

■  '  L,  J  r„  J  r,„ 


(50) 
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The  integration  in  equation  (48)-(50)  ean  employ  the 
Gaussian  quadrature.  It  is  shown  that  no  domain  integra¬ 
tion  in  involved  in  equation  (48),  whieh  is  an  important 
advantage  of  MLPG5. 

The  linearized  equations  (47)  will  be  very  effeetive  for 
statie  or  implieit  time  integration  sehemes.  However,  if 
an  explieit  time  integration  seheme  is  employed,  we  ean 
directly  use  equations  (28),  and  do  not  need  to  linearize 
them.  In  this  paper,  we  will  use  the  central  difference 
rule  to  integrate  time,  and  not  linearize  equations  (28). 

In  this  case,  equation  (28)  can  be  rewritten  as 

Ma|3U|3=ta  (51) 

for  node  a  or 

Med  =  tc  (52) 


for  the  whole  region  B,  with 

ta 

=  [  (SF^)-ndr-  f  (SF^)-ndr-  f  (SF^)-ndr 

Jp,  JL,  Jr,„ 

r  dw  f  dw  f  dw 

=  --ndr-  ^-ndT  (53) 

Jr„  9F  Jl,  9F  dF 


Map  =  [  (54) 

Jn, 

and 


d  =  [ui,U2,--  -  -  ,Uiv]^ 

tc  =  [tl,t2,  •  •  •  ,ta,  •  •  • 

Gaussian  quadrature  is  employed  to  compute  the  integral 
in  equation  (53)  numerically.  is  the  sub-matrix  of 
the  global  mass  matrix  Me  in  region  B.  Here,  the  body 
force  is  not  considered.  Equation  (54)  is  for  the  consis¬ 
tent  mass  matrix.  It  is  noted  that  we  can  also  use  the 
lumped  mass  in  equation  (52)  same  as  that  in  FEM.  The 
lumping  procedure  can  be  same  as  that  in  FEM.  Then,  we 
will  obtain  a  diagonal  mass  matrix.  Actually,  in  MEPG 
method,  to  lump  the  mass  matrix  is  simpler  and  more 
convenient  than  in  FEM,  we  can  just  assign  the  mass  on 
the  node  instead  of  distributing  it  continuously  within  the 
local  domain,  i.e. 


with  nia  =  pdQ.  Then,  we  have  the  diagonal  mass 
matrix 

Map=l«a5apl  (56) 

This  reduces  to  the  correct  description  in  the  atomic  limit, 
where  nodes  coincide  with  atoms.  It  is  noted  that  equa¬ 
tion  (56)  can  also  be  obtained  by  means  of  the  row- sum 
technique,  because  of  the  zero-order  consistency,  i.e., 

i  pp  =  1. 

p=i 

4  Atomistic  (MD)  Simulation  in  the  Inhomogeneous 
Deformation  Region 

In  the  inhomogeneous-deformation  region,  we  will  em¬ 
ploy  the  MEPG2  by  letting  the  node  to  be  the  atom  itself. 
Assume  that  there  are  Ni  atoms  in  this  region  (MD).  The 
displacement  of  atom  I  in  this  region  is  denoted  as  q/ 
(1  <  /  <  Ai ) .  Now,  the  control  equation  will  be 


-m/q/  +  f/  =  0 


(57) 


an  _  an 

dx/  dq/ 


(58) 


The  force  f/  is  computed,  as  it  would  be  in  a  stan¬ 
dard  atomistic  calculation.  In  molecular  dynamics,  these 
equations  are  approximated  as  finite-difference  equations 
with  discrete  time  step  At  and  are  solved  by  the  standard 
Gear’s  fifth-order  predictor-corrector  or  Verlet’s  leapfrog 
method.  The  evaluation  of  the  interatomic  potential  en¬ 
ergy,  and  forces,  is  performed  by  taking  advantage  of  the 
neighbor-list  of  atoms,  so  that  the  time  for  the  computa¬ 
tion  scales  with  the  number  of  atoms  in  region  A,  i.e.  it  is 
of  order-N  i .  The  neighbor  list  is  renewed  every  several 
time  steps. 

Similar  to  that  in  section  3,  we  can  also  linearize  equation 
(57).  Although  we  will  not  employ  it  in  the  numerical 
examples,  we  still  list  the  equations  here.  Equation  (57) 
can  be  rewritten  as 

-m/+^q/+'+^f/  =  0  (59) 


Then,  equation  (59)  is  written  as 
-m/+^q/-h^+^f/ 

^  -m/+^qj+%+X^  ^  =  0 


p  =  ma5(X-Xa) 


(55) 


(60) 
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The  above  equation  ean  be  rewritten  as 

N 

+  X  pK„Aq^]  =  AQj  (61) 

7=1 

where  the  tangent  stiffness  matrix  *Kjj  is  defined  as 

^  (62) 

dq/ 

and 

AQ/  =  -^f/  (63) 

Now,  a  unified  formulation  for  fhe  mulfiseale  system  ean 

be  developed,  based  on  fhe  MLPG  mefhod  ,  and  fhe  fan- 
genf  stiffness  concepf.  The  equation  (47)  and  (61)  ean  be 
wriffen  as 

M'+^u  +  'KAu  =  (64) 

This  mefhod  should  be  very  effecfive  due  fo  fhe  fael 
fhaf  adapfive  remeshing,  which  is  an  imporfanf  faclor  in 
mulfiseale  dynamics,  is  very  convenienf  in  fhe  MLPG 
mefhod.  This  compufafional  mefhodology  provides  a 
unified  mefhod  for  simulafion  in  MD  and  equivalenf  con- 
finuum  mechanics  regions. 

5  Interfacial  Conditions  between  Atomistic  Simula¬ 
tion  (MD)  Region  and  the  Equivalent  Continuum 
Mechanics  (ECM)  Region 

In  the  multiscale  simulation,  the  atomistic  method  is  em¬ 
ployed  where  the  displacement  field  varies  on  an  atomic 
scale,  and  the  continuum  approach  is  employed  else¬ 
where.  For  the  seamless  multiscale  simulation,  it  is  im¬ 
portant  to  ensure  that  the  elastic  waves  generated  in  the 
atomistic  region  can  propagate  into  the  continuum  re¬ 
gion.  The  continuum  region  cannot  support  modes  of 
short  wavelength,  which  is  less  than  the  spacing  of  the 
nodes.  One  source  of  finite  size  effects  is  the  short  waves 
which  are  reflected  back  unphysically  from  an  artificial 
interface  or  boundary,  which  may  also  produce  uneven 
heating  across  the  interface.  In  order  to  minimize  such 
reflections,  some  interfacial  conditions  are  proposed  [Cai 
et  al.  (2000),  E  and  Huang  (2001),  Wagner  and  Liu 
(2003)].  In  this  paper,  alternate  interfacial  conditions 
between  atomistic  and  continuum  regions  are  proposed. 
Their  effectiveness  in  ensuring  the  accurate  passage  of 


information  between  atomistic  and  continuum  regions  is 
discussed. 

As  mentioned  before,  the  displacement  u,  of  an  atom  in 
region  B  [ECM]  implies  an  average  value  of  the  atomic 
displacement,  it  can  not  catch  the  thermal  fluctuations. 
To  describe  it  more  accurately,  we  assume  that  the  “real” 
displacement  q,  of  the  atom  in  the  region  B  can  be  ex¬ 
pressed  as: 

q,-  =  u,-  -h  5u,-  (65) 

where  6u,  denote  the  atomic  thermal  fluctuations,  and  it 
is  assumed  that  6u,  <<  u,  in  region  B.  Now,  the  total 
potential  energy  of  the  system  (A-i-B)  [wherein  Region  A 
is  of  MD]  can  be  written  as: 

n(qi,--  -  ,qv,+A'2)  ~n(u;;q/)-h^  3—  6u; 

q,=u, 

=  Ho  -h  X  5u;  =  Ho  (ub  ;  qA )  +  - oub  (66) 

“t  dUi  dUB 

(7  =  1,  •  •  •  ,Ni  in  A;  /  =  1,  •  •  •  ,N2  in  B) 

Here  Hq  denotes  the  zeroth-order  approximation  of  the 
potential  energy;  q^  and  ub  are  the  atomic  displacement 
vectors  with  dimensions  3N  \  (for  3  dimensions)  in  region 
A,  and  3N2  in  region  B,  respectively;  6ub  is  atomic  ther¬ 
mal  fluctuation  vector  with  dimension  3N2-  We  can  also 
expand  the  potential  energy  to  a  higher  order,  which  will 
be  at  the  expense  of  an  additional  computational  cost. 
However,  in  the  region  B,  the  deformation  is  homoge¬ 
neous,  and  5uj  is  very  small  compared  to  u,,  so  that  equa¬ 
tion  (66)  is  accurate  enough.  Effectively,  the  MEPG  al¬ 
gorithm  involves  an  average  over  the  atomic  degrees  of 
freedom  that  are  missing  from  the  nodes  in  region  B.  The 
second  term  in  right  side  of  equation  (66)  accounts  for  the 
missing  degrees  of  atomic  freedom. 

In  many  of  the  existing  multiscale  modeling  methods,  the 
thermal  fluctuation  is  generally  neglected,  as  in  Rudd  and 
Broughton  (1998),  Shenoy  (2003),  Abraham  (2000).  In 
this  case,  in  region  A,  the  Newton’s  Second  law  can  be 
written  in  a  matrix  form  as 

M^qA  =^A,  =  -9no/dqA  (67) 

where  the  atomic  mass  matrix  Ma  is  a  diagonal  matrix 
of  size  3Ni  with  the  atomic  masses  on  the  diagonal,  and 
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the  force  vector  is  of  dimension  3A^] .  Eq.  (67)  is  valid 
only  for  classical  0°K.  We  denote  the  solution  of  eq.  (67) 
as  “Solution  Method  1”.  The  degrees  of  freedom  (DOF) 
N\  in  A  are  in  general  greater  than  these  in  B,  viz.,  N2 
[i.e.,  Ni»  A2].  Thus,  in  Solution  Method  1,  which  is 
computationally  inexpensive,  has  the  potential  drawback 
that  higher  frequencies  waves  will  reflect  back  from  the 
interface  between  A  and  B. 

To  improve  the  performance  at  higher  frequencies  and  as¬ 
sure  that  the  energy  in  region  A  can  pass  through  the  in¬ 
terface  between  A  and  B,  the  thermal  fluctuation  of  atoms 
in  region  B  must  be  considered.  Thus,  we  will  use  the 
first-order  approximation  of  the  potential  energy,  i.e.  TI 
in  eq.  (66),  to  replace  TIo  in  eq.  (67),  which  leads  to: 

MaQa  =  1^1  —  (68) 

where 

Kab  =  Ho /due  dq^. 

It  is  noted  that  the  tangent  stiffness  matrix  K^e  is  of  order 
3Ai  X  3N2,  and  its  entries  are  nonzero,  only  when  the 
atoms  in  region  A  are  directly  coupled  to  atoms  in  region 
B.  5ue  can  be  obtained  from  the  equation  of  motion  in 
region  B,  viz., 

Mfidue  =  fe  “  Meiie  (69) 

where  the  atomic  mass  matrix  is  a  diagonal  matrix 
of  size  3N2,  and  the  force  vector  of  dimension  3N2  is 
approximated  as 

=  -dDo/due  (70) 

In  equations  (68)  and  (69),  we  note  that  in  region 
A  is  approximated  as  (a  =  -dn/dqA  ~  -drio/dqA  - 
d^rio/duedqASue;  that  in  region  B  is  approximated  as 
=  — dn/dqe.  By  integrating  eq.  (69)  twice,  6ue  can 
be  solved  for,  and  substituting  this  solution  into  eq.  (68), 
we  have 


R(t)  =  Kab  [5ue  (0)  +t6ue  (0)]  (73) 

Y(t)  simply  represents  5ue.  R(t)  represents  the  effects 
on  region  A  due  to  the  initial  thermal  fluctuation,  and  the 
velocity  in  region  B  and  is  usually  treated  as  a  vector  of 
random  forces  to  describe  the  effects  of  statistical  fluctu¬ 
ation  in  region  B  at  nonzero  temperature.  In  the  example 
problems  in  section  7,  it  is  assumed  that  the  tempera¬ 
ture  is  0°K,  so  that  R(t)  can  be  ignored.  The  solution  of 
eq.  (71),  which  is  originally  proposed  here,  is  denoted  as 
“Solution  Method  2”.  It  is  noted  that  only  a  few  of  the 
entries  in  vector  Y(t)  are  necessary,  since  the  matrix  K^e 
is  nonzero  only  for  the  atomic  pairs  in  the  cutoff  of  the  in¬ 
terface.  That  makes  presently  proposed  Solution  Method 
2  is  computationally  inexpensive. 

Now,  we  will  give  a  brief  discussion  about  the  second 
term  on  the  right  hand  side  of  equation  (71).  Assuming 
that  the  time  step  is  At,  and  all  the  quantities  are  obtained 
at  the  /th  time  step,  then  at  the  (/-i-l)th  time  step,  we  have 

Ji+i  =  /  (6+1 -x)Y(x)(7x 

Jo 

rh+i  t-ti+i 

=  ti+i  /  Y{x)dx-  I  xY{x)dx 
Jo  Jo 

rU  f-ti+i  rti 

=  6+1  /  Y{x)dx  +  ti+i  /  Y(x)dx-  i  xY{x)dx 
Jo  Jti  Jo 

Ci+l 

-  /  xY{x)dx 

Jti 

^  Ci+l  ~  r‘i+l 

=  ti+iYi  +  6+1  /  Y  (x)  dx  -Yi-  xY  (x)  dx 

Jti  Jti 

=  {tiYi  -  Yi)  +  AtYi  +  6+1  r^Y  (x)  dx  -  T'^xY  (x)  dx 

Jti  Jti 

=  Ji  +  AtYi  +  6+1  AY  -  AY  =  Ji  +  6AY  -  AY 
+  (AtYi  +  AY) 

=  Ji  +  tiAY-AY  +  AtYi+i 

with 

Yi=  f'Y(x)dx 
Jo 

Yi+,=Yi  +  AY 


M+qA  =f^/(ue,a4)-KAB  /  (t-x)  Y(x)<ix-R(t) 


where 

=  (72) 


6'+i  — 

ti  At 

and 

AY  = 

fti+l 

/  Y(x)dx  = 

Jti 

(■ti+l 

AY  = 

1  xY  (x)  dx  = 

|[Y+)+Y++,)l 

=  ^  [hY  (ti)  -1-6+iY  (6+1)] 
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From  the  above  equations,  it  ean  be  seen  that  they  only 
used  the  results  at  the  /th  and  the  (/+l)th  time  steps,  to 
ealeulate  the  seeond  term  on  the  right  hand  side  of  equa¬ 
tion  (71)  [only  the  entries  for  the  atomie  pairs  in  the  eut- 
off  of  the  interfaee  are  needed]  at  (/-i-l)  time  step.  Henee, 
a  eomplete  time  history  of  the  trajeetory  is  not  needed  to 
evaluate  the  seeond  term  on  the  right  hand  side  of  equa¬ 
tion  (71). 

In  equations  (68)  and  (69),  whieh  are  based  on  the  po¬ 
tential  energy,  we  note  that  the  foree  in  the  region  A  is 
expanded  to  the  first  order  of  5ub,  while  the  foree  in  the 
region  B  is  only  of  the  zeroth  order.  To  inerease  the  ae- 
euraey  of  the  results,  we  ean  also  expand  the  foree  in  the 
region  B  to  the  first  order,  as 

ffi  =  +  Kfifidue  (74) 

with  the  3N2  x  3N2  tangent  stiffness  matrix 

KfiB  =  3^  Ho /due  due 

Then,  eq.  (69)  ean  be  rewritten  as 

Mediie  =  fe  +  KeeSue  —  Meiie  (75) 

Similar  to  Adelman  and  Doll  (1976),  by  means  of 
Laplaee  transforms,  the  intermediate-variable  5ue  can  be 
solved  for,  and  substituting  it  baek  into  eq.  (68),  we  have 

MaQa  =f^/(ue,a4)-  /”  •&it-x)Y{x)dx  +  R{t)  (76) 

Jo 

where 

d(f)=L-i{K^e[^"l  +  MeiKee]^'}  (77) 

R(t)=d(f)5ue(0)+-d(f)5ue(0)  (78) 

The  matrix  ■d(f)  denotes  the  time-dependent  memory 
kernel.  The  Operator  indieates  the  inverse  Laplaee 
transform.  Eq.  (76)  is  similar  to  the  Generalized 
Langevin  Equation  (GEE)  boundary  eondition  derived  in 
Adelman  and  Doll  (1976)  for  the  single-seale  problem, 
and  in  Wagner  and  Eiu  (2003)  for  the  multiseale  problem 
by  using  a  “bridging  seale”  deeomposition  [i.e.,  the  entire 
system  is  treated  as  a  eoarse  seale  one,  B,  first;  and  then 
the  entire  system  is  treated  as  a  fine  seale  one.  A,  lafer 
sequentially.  In  fhe  presenf  paper,  fhe  sysfem  is  freafed 
as  a  eombinafion  of  parfs  A  and  B  simulfaneously].  We 
denote  fhe  solution  of  eq.  (75)  as  “Solution  Mefhod  3”. 


The  seeond  ferm  on  fhe  righf  hand  side  of  equafions  (71) 
and  (75),  fhe  time  history  infegral,  implies  fhe  dissipa¬ 
tion  of  energy  from  region  A  info  region  B,  whieh  resulfs 
in  non-refleeling  boundary  eondifions,  supporfing  shorf 
wavelengfhs  fhaf  eannof  be  represenfed  by  fhe  inferpola- 
fions  in  region  B. 

If  is  nofed  fhaf  fhe  eompufafion  of  fhe  of  fhe  mafrix  #  (t) 
involves  nol  only  an  inverse  Eaplaee  fransform,  buf  also 
fhe  inversion  of  an  N2  x  N2  mafrix,  whieh  appears  fo  be 
impraefieal,  alfhough  only  a  few  of  fhe  enfries  in  Ibis 
inverfed  mafrix  are  neeessary,  sinee  fhe  mafrix  Rab  is 
nonzero  only  for  afomie  pairs  in  fhe  euloff  of  fhe  infer- 
faee.  The  neeessary  enfries  of  fhe  mafrix  -d  (t)  ean  be  ap- 
proximafed  as  fhaf  in  Adelman  and  Doll  (1976),  or  eom- 
pufed  numerieally  as  in  Cai  af  al.  (2000).  However,  fhe 
eompufafion  of  fhe  mafrix  #(?)  is  eosfly.  Moreover,  a 
eomplefe  fime  hisfory  of  fhe  frajeefory  is  required  fo  eval- 
uafe  fhe  seeond  ferm  on  fhe  righf  hand  side  of  equafion 
(76).  In  our  numerieal  examples,  we  will  nol  eonsider 
Solution  Mefhod  3. 

6  Multiple  Time  Steps  for  Time  Integration 

In  this  paper,  a  multiple  time  step  method  is  employed 
for  the  time  integration  in  both  region  A  and  B.  The  sta¬ 
bility  of  multiple  time  step  method  was  studied  in  Be- 
lytsehko  et  al.  (1979),  Belytsehko  and  Smolinski  (1985), 
Belytsehko  and  Eu  (1993).  The  standard  method  would 
be  to  use  the  eentral  differenee  rule.  In  region  B,  the 
time  step  is  taken  to  be  A?e.  In  region  A,  the  time  step  is 
Ag  =  Ag / k,  where  k  is  a  positive  integer  and  determined 
by  the  spaeing  of  the  nodes.  Henee,  the  MD  simulation 
in  region  A  is  advaneed  by  k  steps  of  size  YIa,  when  the 
ECM  simulation  in  region  B  is  advaneed  for  a  step  of  size 
Ats. 

The  seheme  for  time  integration  in  region  A  from  time 
step  nk  +  i  to  nk  +  i+ I  is  as  follows: 

^nk+i+l  ^  ^nk+i  ^ ^^^nk+i  ^  1  (79) 

=d"^+'+AGd"^  (80) 

Then,  the  displaeements  of  atom  in  the  eutoff 

of  the  interfaee,  in  region  B  are  interpolated  by  equation 
(30),  and  then 

^njc+i+i  ^  ^  1  Arjqf +'■  (81) 
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qf+‘+  ^  1  ^  ^ ,  q”^+'+  ^ )  (82) 

qf +'■+!  =  qf +'■  + 1  (q^+'+'  +  qf+‘)  (83) 

where  0<i<k,f^  represents  the  en¬ 

tire  right  hand  side  of  equation  (67)  or  (71)  or  (76).  It 
is  noted  that  in  equations  (79)  and  (80),  only  the  quanti¬ 
ties  in  the  cutoff  of  the  interface  are  needed.  For  all  the  k 
steps  from  step  nk,  the  acceleration  of  the  nodes  in  region 
B  is  assumed  to  be  constant. 

Once  q^  ^  are  obtained  at  (n-i-1)^  time  step,  the  node¬ 
displacement  in  region  B  is  advanced  form  time  step  nk 
to  {n  +  l)k.  The  scheme  for  time  integration  in  region  B 
from  time  step  nkto  {n  +  l)k  is  as  follows 


^{n+l)k  ^  ^nk  ^ 

(84) 

=Mc^tc 

(85) 

(86) 

It  is  noted  that  equations  (79)  and  (80)  give  the  same 
node-displacement  at  {n+\)k  time  step  as  equation  (84). 
Once  these  quantities  at  {n+\)k  time  step  are  determined, 
they  will  be  used  in  equations  (79)  and  (80). 

7  Numerical  Examples 
7.1  one-dimensional  chains 

As  a  demonstration  of  the  effectiveness  of  the  multiscale 
simulation  method  and  the  interfacial  conditions  pro¬ 
posed  here,  we  consider  the  same  example  as  in  Rudd  and 
Broughton  (1998),  Cai,  et  al.  (2000),  and  Wagner  and 
Liu  (2003):  one-dimensional  chains  of  identical  atoms 
with  nearest-neighbor  interactions.  The  spring  constants, 
mass,  and  equilibrium  distances  are  set  equal  to  unity. 
There  are  151  atoms  in  region  A,  which  is  bracketed  by 
two  semi-infinite  chains  (region  B).  The  lumped  mass 
matrix  is  used.  The  time  integration  uses  multiple  time 
steps:  the  equivalent  continuum  simulation  in  region  B  is 
advanced  by  a  time  step  Atg  =  0.1,  while  the  MD  simu¬ 
lation  in  region  A  is  advanced  by  At  a  =  Atg  /  5.  The  dis¬ 
tance  between  the  nodes  in  region  B  is  h=l The  radius 


of  the  trial  function  domain  is  taken  to  be  3.2/j,  and  the 
radius  of  the  test  domain  is  0.85/j.  The  Solution  Methods 
denoted  as  1  and  2  earlier,  are  used  to  simulate  the  time 
evolution,  after  introducing  initial  displacements  accord¬ 
ing  to  the  wave  packet  [Rudd  and  Broughton  (1998),  Cai, 
etal.  (2000)]: 

u{X,t  =  0)  =  cos(kX)exp  (— X^/2a^)  (87) 

Here,  X  denotes  the  equilibrium  position  of  atoms.  The 
center  of  region  A  is  X  =  0.  A  full  MD  simulation  is 
also  performed,  in  which  the  entire  system  is  treated  in 
an  atomistic  scale.  As  a  measure  of  the  effectiveness  of 
Solution  Methods  1  and  2,  the  wave  reflection  at  the  in¬ 
terface  between  region  A  and  B  is  evaluated.  The  reflec¬ 
tivity  R  is  defined  as  the  maximum  difference  between 
the  instantaneous  energies  stored  in  region  A  during  the 
simulation  and  the  full  MD  run,  divided  by  initial  energy 
in  region  A  [Cai,  et  al.  (2000)]. 


Figure  4  :  Comparison  of  the  phonon  reflectivity  R  in 
two  solution  methods. 

Fig.  4  shows  the  variation  of  phonon  reflectivity  R  versus 
the  wave  number  k  with  a  =  5.  In  both  cases  shown,  R 
approaches  to  zero  in  the  long  wave-length  limit.  As  the 
wave  number  increases,  R  increases  greatly,  and  is  over 
0.8  at  the  boundary  of  Brillouin  zone  in  Solution  Method 
1,  while  it  is  less  than  0.1  in  all  the  Brillouin  zone  in 
Solution  Method  2.  Solution  Method  1  obtains  lower  R 
than  that  in  Rudd  and  Broughton  (1998),  and  Abraham 
(2000),  that  means  MLPG  will  be  a  better  method  for 
a  seamless  multiscale  simulation  than  the  finite  element 
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Figure  5  :  Comparison  of  the  displacement  profiles  computed  using  the  multiscale  methods  and  the  full  MD,  at 
f=18. 


method.  However,  Solution  Method  1  is  much  less  effec¬ 
tive  than  the  Solution  Method  2.  Although  lower  R  can  be 
reached  in  the  Solution  Method  3  [Cai,  et  al.  (2000)],  due 
to  its  high  computational  cost.  Solution  Method  3  should 
not  be  an  appropriate  choice  among  the  three  solutions  in 
most  problems. 

Another  example  is  the  same  problem  as  in  Wagner  and 
Liu  (2003).  A  short  wave-length  perturbation  is  multi¬ 
plied  to  a  Gaussian  pulse.  The  resulting  initial  displace¬ 
ment  is 


u{X,t  =  0) 


[exp  -Uc] 

1  U-c 


[1  -hO.lcos  (kX)] 

(88) 


Here,  Uc  =  exp  (— Z  =  50,  a  =  20,  k  =  OAn.  All 
the  other  parameters  are  same  as  in  the  first  example.  Fig. 
5  shows  the  displacements  obtained  by  Solution  Methods 
1  and  2,  and  full  MD  at  f  =  18.  Because  of  the  config¬ 
urational  symmetry  about  A  =  0,  only  the  right  plane  is 
plotted.  An  internal  reflection  of  the  short  wave-length 
perturbation  appears  in  Solution  Method  1,  which  looks 
like  the  mirror  image  of  the  short  wave-length  perturba¬ 
tion  in  full  MD  with  the  mirror  located  on  the  interface  of 
region  A  and  B  (A  =  75).  In  Solution  Method  2,  the  short 
wave-length  waves  almost  pass  out  of  region  A  at  the 
same  time  as  the  long  wave-length  Gaussian  pulse  prop¬ 


agates  into  region  B.  In  region  B,  both  cases  simulate  the 
long  wave-length  Gaussian  wave  very  well.  Compared 
with  the  full  MD  solution,  there  is  an  apparent  smooth¬ 
ing  of  the  wave  profile  as  the  Gaussian  pulse  propagates 
in  region  B,  due  to  the  large  node  space. 

To  make  sure  that  the  mass-lumping  procedure  (55)-(56) 
are  correct,  we  also  used  the  consistent  mass  matrix  in 
Solution  Method  2  in  this  example.  The  results  show  that 
both  the  lumped  and  consistent  mass  work  very  well.  A 
Comparison  of  the  displacement  profiles  computed  using 
the  consistent  and  lumped  mass  in  Solution  Method  2,  at 
f=18  is  plotted  in  Fig.  6.  The  initial  displacement  profile 
is  also  plotted  in  Fig.  6. 


7.2  Two-dimensional  grapheme  sheet 

This  multiscale  method  can  be  generalized  to  multiaxial 
problems.  In  this  subsection,  a  planar  problem  is  consid¬ 
ered  to  demonstrate  the  method  without  loss  of  general¬ 
ity.  The  formulations  can  be  extended  to  more  compli¬ 
cated  3-D  systems.  The  problem  is  of  a  graphene  sheet 
of  one-atom  thickness. 

In  this  example,  the  Tersoff-Brenner  potential  [Tersoff 
(1988),  Brenner  (1990)]  is  used  for  the  energy  associated 
with  the  deformation  of  the  atoms.  It  is  given  as  a  sum 
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Figure  6  :  Comparison  of  the  displacement  profiles  computed  using  the  consistent  and  lumped  mass  in  Solution 
Method  2,  at  t=18,  and  the  initial  displacement  profile. 


over  bonds  as 


(95) 


n  =  II  [VR{rjj)-BVA{rjj)] 

I  j{>n 


(89) 


which  has  repulsive  and  affracfive  ferms,  respecfively, 

(90) 


wifh  fhe  functions  of  fhe  bond  angle 


Bu  = 


1+  X  G{duK)flK{nK) 

K(^IJ) 


(91) 

(92) 

(93) 


where  fhe  consfanfs  for  carbon  are 

=  1.39A,  dW  =  6.0  eV,  S  =  1.22, 

(3  =  2.iA^\  5  =  0.5, =  I.VA,  /?(2)=2.oA, 
ao  =  2.0813  X  10^^,  cq  =  330,  do  =  3.5 


and  fhe  mass  of  fhe  carbon  atom  is  rtii  =  12.01115  x 
1.65979  X  10^2^  kg,  and  1  ev  =  1.602  x  10^'*’  J. 

As  discussed  in  section  3,  in  fhis  mefhod,  fhe  energy 
will  be  wriffen  in  a  form  fhaf  is  addifively  decomposed. 
Hence,  equation  (89)  will  be  rewriffen  as  sum  over 
atomic  sife  /, 


G(0)=ao<^  1  +  ^- 


do  dQ  +  (l+cos6) 


(94) 


and  fhe  cuf-off  funcfion  which  limifs  fhe  rang  of  fhe  in- 
feracfions 


fiJ  (r)  =  < 


1,  r 

i  +  icos 

0,  r  > 


7l(r-S7)) 

(r(2)_R(1)) 


n=Xn/ 

/=! 


where  each  confribufion  H/  is  wriffen  as 


n/  =  x  X  (gj)  -BijVa  inj)] 
jm 


(96) 


(97) 
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Then,  the  stress  in  equation  (53)  can  be  written  as 


dw  _  1  an/ 

ar  “  AQ.I  ar 

1  , 


2AQ, 


'/  7(^7)  L 


,  Bfrf  aB//  ,  Bfri 

V^^-Va^-BuV^ 


+ 


1 


2AQ 


j(^i]  L 


ae, 


u 


ar 


IK 


ar/7 


ar, 


// 


ar, 


IJ 


ar 


(98) 


and  the  force  on  the  atom  I  can  be  obtained  as 


an 


an 


ax/  aq/ 


I 

L 

1 


,ar//  aB//  —  ,ar// 

-Vk^+VA^+BiK^ 


^ar, 


/7 


ar, 


IJ 


ar, 


IJ 


+  2  I  I 

^  J{^I)K{^I,J)  L 


as 


/A" 


ar 


JI 


(99) 


The  example  is  that  of  a  2D  graphene  sheet  of  one-atom 
thickness,  with  452.2764  A  length,  68.1819  A  width, 
which  has  11,552  atoms.  The  thickness  of  the  sheet  is 
taken  to  be  3.4  A,  which  is  the  standard  layer  separation 
thickness  for  graphite.  At  the  equilibrium  sate,  which 
is  taken  to  be  the  reference  frame,  the  nearest  neighbor 
bond  length  is  a=  1.4507  A.  The  sheet  is  fixed  at  left  and 
right  edges.  Periodic  boundary  conditions  in  the  direc¬ 
tion  parallel  to  the  surface  are  imposed,  thus  the  effects 
of  the  upper  and  lower  surface  are  neglected.  Initial  dis¬ 
placements  are  introduced,  according  to  the  plane  wave 
packet 


Ml  {Xx,X2,t  =  0) 


_  [exp(-X;^/a^)  -  Me] 
1  tic 

u-i  (2fi  ,3^2,  t  =  0)  =  0 


1  -hO.lcos 


(100) 


1920  atoms.  The  region  B  containing  5792  atoms,  is  dis¬ 
cretized  into  a  set  of  nodes.  Two  sets  of  nodes  are  used 
in  this  paper,  the  coarse  one  includes  19  x  10  nodes,  and 
the  fine  one  includes  38  x  20  nodes.  Fig.  6  is  a  part  of 
the  distribution  of  the  atoms  and  nodes  in  the  reference 
frame  for  the  coarse  one.  The  nodes  in  the  region  B  are 
distributed  evenly,  although  it  is  unnecessary.  However, 
on  the  interface  of  region  A  and  B,  the  nodes  are  taken 
to  be  the  atoms,  as  show  in  Fig.  7.  Actually,  these  nodes 
are  only  used  for  the  interpolation,  their  motions  is  still 
governed  by  atomic  motion  equation  (57). 


Figure  7  :  The  distribution  of  the  atoms  and  nodes  in  the 
reference  frame. 


The  computational  setup  described  above  is  used  to  sim¬ 
ulate  the  propagation  of  a  plane  wave  packet  (100).  The 
equivalent  continuum  simulation  in  region  B  is  advanced 
by  a  time  step  Atg  =  5  x  lO^^^s,  while  the  MD  simulation 
in  region  A  is  advanced  by  At  a  =  Atg /lO  =  5  x  lO^^^s. 
The  radius  of  the  trial  function  domain  in  Region  B  is 
taken  to  be  4.2/i,  where  h  represents  the  distance  between 
the  nodes  in  region  B,  and  the  radius  of  the  test  domain 
is  0.85/z.  The  Solution  Method  2,  with  the  lumped  mass 
matrix,  is  used  to  simulate  the  time  evolution.  A  full  MD 
simulation  is  also  performed  to  verify  our  numerical  re¬ 
sults. 


where  Uc  =  exp  I  =  40a,  a  =  15a,  a  =  V3b  jl, 

k  =  0.571.  Here,  Xi  and  X2  denote  the  positions  of  atoms 
in  the  reference  frame,  and  u\  and  M2  denote  the  displace¬ 
ment  in  the  X\  and  X2  direction,  respectively.  The  cen¬ 
ter  line  of  the  sheet  is  Xi  =0.  Because  of  the  config¬ 
urational  symmetry  about  Xi  =  0,  only  the  right  plane 
is  considered  in  this  numerical  example.  The  compu¬ 
tational  domain  is  [0,226.1382]  x  [0,68.1819].  The  re- 
gionAis  [0,74.1242]  x  [0,68.1819];  this  region  contains 


Fig.  8  shows  the  displacement  profiles  of  u  \  for  fhe  atoms 
along  A'2=34.8168  A  at  different  moments  by  using  the 
full  MD  simulation.  The  displacement  M2  should  be  0 
in  this  case.  Fig.  9  and  Fig.  10  are  the  corresponding 
displacement  profiles  obfained  from  fhe  mulfiscale  simii- 
lafion  by  using  fhe  coarse  and  fine  nodes,  respeefively. 

Comparing  Fig.  8  -  Fig.  10,  we  can  find  fhaf  bofh  coarse 
and  fine  cases  can  obfain  good  resulfs.  In  Fig.  11,  fhe 
comparison  of  fhe  displacemenf  profiles  af  7=0.5  ps  from 


252  Copyright  @  2004  Tech  Science  Press 


CMES,  vol.5,  no.3,  pp.235-255,  2004 


Figure  8  :  The  displacement  profiles  of  u  i  along  X2=34.8 168  A  at  different  moments  (full  MD) 


Figure  9  :  The  displacement  profiles  of  ui  alongX2=34.8168  A  at  different  moments  (Coarse) 


Figure  10  :  The  displacement  profiles  of  u  i  along  X2=34.8 168  A  at  different  moments  (fine) 
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Figure  11  :  Comparison  of  the  displacement  profiles  of  ui  along  X2=34.8168  A,  computed  using  the  multiscale 
methods  and  the  full  MD,  at  f=0.5  ps. 


these  3  figures,  are  plotted.  Compared  with  the  full  MD 
solution,  there  is  an  apparent  smoothing  of  the  wave  pro¬ 
file  as  the  wave  propagates  in  region  B,  due  to  the  large 
node  spacing.  Certainly,  the  fine  one  can  get  better  re¬ 
sults  than  the  coarse  one.  We  also  choose  two  atoms, 
one  in  region  A  with  coordinates  (61.5608,  34.8186),  an¬ 
other  in  region  B  with  coordinates  (87.6876,  34.8186),  to 
compare  their  trajectories.  The  results  are  plotted  in  Fig. 
12.  Obviously,  in  region  B,  we  can  only  obtain  the  aver¬ 
age  displacements  of  the  atoms,  the  fluctuation  cannot  be 
captured.  Hence,  the  trajectory  of  the  atom  in  region  B  is 
smoothed,  but  it  does  not  losse  the  essential  characteris¬ 
tics  of  the  trajectory.  Fig.  13  is  the  displacement  profile 
of  the  right  half  sheet  at  t=0.5  ps.  The  three  coordinates 
in  this  figure  are  X\,  X2,  and  ui,  respectively.  This  result 
was  obtained  by  using  the  coarse  space  resolution. 


Figure  12  :  The  trajectories  of  two  atoms 


Figure  13  :  The  displacement  profiles  of  m  1  at  t=0.5  ps. 


8  Conclusion 

A  multiscale  simulation  technique,  based  on  a  combina¬ 
tion  of  MD  and  MLPG  methods  has  been  implemented 
and  tested.  Multiple  length  scale,  multiple  time  steps 
technique  are  used  in  the  numerical  examples.  Good 
agreement  of  wave  profile  in  MD  and  ECM  parts  is  ob¬ 
served  in  the  simulation.  Three  alternate  interfacial  con¬ 
ditions  are  derived,  for  the  multiscale  simulation,  by  con¬ 
sidering  the  fluctuation  of  atoms  in  the  continuum  region. 
Solution  Method  2,  proposed  in  this  paper,  is  found  to 
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be  optimal  in  both  reducing  the  reflection  of  phonons 
and  in  lowering  computational  cost,  especially  when  the 
atomistic  region  moves  with  time,  which  is  the  case  that 
intrigues  us.  The  MLPG  method  is  also  found  to  be 
very  effective  in  seamless  multiscale  simulations.  In  this 
method,  a  wave  can  be  transported  from  the  MD  region 
to  the  ECM  region  without  losing  the  essential  character¬ 
istics  of  the  wave  profile. 

This  multiscale  simulation  method  allows  one  to  balance 
the  level  of  details  necessary  to  provide  reasonable  accu¬ 
racy  in  some  regions  of  the  model,  with  computational 
cost.  The  applications  of  this  methodology  will  be  many 
and  varied.  This  method  will  play  a  key  role  in  the  simu¬ 
lation  and  design  methodology  for  nanodevices. 
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Abstract: 

A  meshless  method  based  on  the  loeal  Petrov-Galerkin  approaeh  is  proposed  to  solve  2-D  and 
3-D  axisymmetrie  boundary  value  problems  in  piezoelectric  and  magneto-electric-elastic  solids 
with  continuously  varying  material  properties.  Axial  symmetry  of  geometry  and  boundary 
conditions  reduces  the  original  3-D  boundary  value  problem  into  a  2-D  problem  in  the  axial 
cross  section.  Stationary  and  transient  dynamic  problems  are  considered  in  this  paper.  The 
mechanical  fields  are  deseribed  by  the  equations  of  motion  with  an  inertial  term.  To  eliminate 
the  time-dependenee  in  the  governing  partial  differential  equations  the  Laplaee-transform 
teehnique  is  applied  to  the  governing  equations,  which  are  satisfied  in  the  Laplace-transformed 
domain  in  a  weak-form  on  small  subdomains.  Nodal  points  are  spread  on  the  analyzed  domain 
and  each  node  is  surrounded  by  a  small  circle  for  simplicity.  The  spatial  variation  of  the 
displacements  and  the  electric  potential  are  approximated  by  the  Moving  Least-Squares  (MLS) 
seheme.  After  performing  the  spatial  integrations,  one  obtains  a  system  of  linear  algebraic 
equations  for  unknown  nodal  values.  The  boundary  conditions  on  the  global  boundary  are 
satisfied  by  the  colloeation  of  the  MLS -approximation  expressions  for  the  displacements  and  the 
electric  potential  at  the  boundary  nodal  points.  The  Stehfest’s  inversion  method  is  applied  to 
obtain  the  final  time-dependent  solutions. 

Keyword:  Meshless  local  Petrov-Galerkin  method  (MLPG),  Moving  least-squares  interpolation, 
piezoeleetrie  and  piezomagnetic  solids,  Laplaee-transform,  Stehfest’s  inversion 


1.  Indroduction 

Modem  smart  stmetures  made  of  piezoeleetrie  and  piezomagnetic  materials  offer  eertain 
potential  performanee  advantages  over  conventional  ones  due  to  their  eapability  of  eonverting 
the  energy  from  one  type  to  other  (among  magnetic,  electric,  and  mechanical)  [Avellaneda  and 
G.  Harshe  (1994);  Berlingcourt  et  al.  (1964);  Landau  et  al.  (1984);  Nan  (1994)].  Lormer 
activities  were  foeused  on  modeling  piezoeleetrie  problems  [Tiersten  (1969);  Ha  et  al.  (1992); 
Gaudenzi  and  Bathe  (1995);  Lee  (1995);  Chen  and  Lin  (1995);  Batra  and  Liang  (1997);  Ding 
and  Liang  (1999);  Liew  et  al.  (2002].  Later,  there  are  also  some  efforts  to  model  magneto- 
eleetric-elastic  fields  [Alshits  et  al.  (1992);  Chung  and  Ting  (1995);  Pan  (2001);  Liu  et  al. 
(2001);  Wang  and  Shen  (2002)].  Recently,  increasing  interest  is  devoted  to  fraeture  mechanics  of 
piezoelectric  [Beom  and  Atluri  (1996,  2002),  Gmebner  et  al.  (2003);  Govomkha  and  Kamlah 
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(2004);  Enderlein  et  al.  (2005),  Kuna  (2006);  Pan  (1999);  Gross  et  al.  (2005);  Garcia-Sanchez  et 
al.  (2005,  2007a);  Saez  et  al.  (2006);  Sheng  and  Sze  (2006)]  and  magneto-electric-elastic 
materials  [Beom  and  Atluri  (2003),  Gao  et  al.  (2003);  Song  and  Sih  (2003);  Zhou  et  al.  (2004); 
Hu  et  al.  (2006);  Wang  et  al.  (2006);  Tian  and  Gabbert  (2005);  Xian  and  Rajapakse,  (2005); 
Garcia-Sanchez  et  al.  (2007b);  Wang  and  Mai  (2007)].  Applications  are  mostly  made  under  a 
static  deformation  assumption.  Dynamic  fracture  analyses  are  occurring  in  literature  very 
seldom.  Also  3-D  initial-boundary  value  analyses  are  occurring  rarely.  For  homogeneous 
piezoelectric  materials  the  axisymmetric  free  and  forced  vibrations  of  piezoceramic  hollow 
spheres  have  been  studied  in  [Loza  and  Shulga  (1984,  1990)].  Analytical  solution  for  stationary 
and  transient  dynamic  load  of  a  nonhomogeneous  spherically  isotropic  piezoelectric  hollow 
sphere  is  given  by  Chen  et  al.  (2002)  and  Ding  et  al.  (2003),  respectively.  The  laminate  model 
with  radial  dependence  of  physical  fields  is  transformed  to  ID  problem.  A  piezoelectric  solid 
under  coupled  thermal,  mechanical  and  electrical  loads  have  been  studied  [Tzou  and  Ye  (1994); 
Gornandt  and  Gabbert  (2002);  Shang  et  al.  (1996);  Kuna  (2006)].  Three-dimensional  (3-D) 
penny-shaped  crack  problem  in  magnetoelectroelastic  solids  under  a  static  load  has  been 
analyzed  by  Zhao  et  al.  (2006).  Recently,  Feng  et  al.  (2007)  have  investigated  the  transient 
response  of  a  penny-shaped  crack  embedded  in  a  magnetoelectroelastic  layer  of  a  finite 
thickness.  Coupling  of  magneto-electro-thermo-elastic  fields  is  investigated  in  works  (Niraula 
and  Wang,  2006;  Zhu  and  T.  Qin,  2007). 

While  the  piezoelectric  and  piezomagnetic  effects  are  due  to  electro-elastic  and  magneto¬ 
elastic  interaction,  respectively,  the  magnetoelectric  effect  is  the  induction  of  the  electrical 
polarization  by  magnetic  field  and  the  induction  of  magnetization  by  electric  field  via  electro- 
magneto-elastic  interactions.  Magnetoelectric  coupling  plays  an  important  role  in  the  dynamic 
behaviour  of  certain  materials,  especially  compounds  which  possess  simultaneously  ferroelectric 
and  ferromagnetic  phases  [Eringen  and  Maugin,  (1990)].  The  electric  and  magnetic  symmetry 
groups  for  certain  crystals  permit  the  piezoelectric  and  piezomagnetic  as  well  as  magnetoelectric 
effects.  In  centrosymmetric  crystals  neither  of  these  effects  exists.  However,  remarkably  large 
magnetoelectric  effects  are  observed  for  composites  than  for  either  composite  constituent  [Nan, 
(1994);  Feng  and  Su,  (2006)].  If  the  volume  fraction  of  constituents  is  varying  in  a  predominant 
direction  we  are  talking  about  functionally  graded  materials  (FGMs).  Originally  these  materials 
have  been  introduced  to  benefit  from  the  ideal  performance  of  its  constituents,  e.g.  high  heat  and 
corrosion  resistance  of  ceramics  on  one  side,  and  large  mechanical  strength  and  toughness  of 
metals  on  the  other  side.  A  review  on  various  aspects  of  FGMs  can  be  found  in  the  monograph 
of  Suresh  and  Mortensen  (1998).  Later,  the  demand  for  piezoelectric  materials  with  high 
strength,  high  toughness,  low  thermal  expansion  coefficient  and  low  dielectric  constant 
encourages  the  study  of  functionally  graded  piezoelectric  materials  [Zhu  et  al.  (1995);  Han  et  al. 
(2006)].  According  the  best  of  authors’  knowledge  there  is  available  only  one  paper  [Feng  and 
Su,  (2006)]  with  applications  to  continuously  nonhomogeneous  magneto-electric  materials. 

The  solution  of  general  boundary  value  problems  for  continuously  nonhomogeneous  magneto- 
electric-elastic  solids  requires  advanced  numerical  methods  due  to  the  high  mathematical 
complexity.  Besides  this  complication,  the  magnetic,  electric  and  mechanical  fields  are  coupled 
with  each  other  in  the  constitutive  equations.  In  spite  of  the  great  success  of  the  finite  element 
method  (FEM)  and  boundary  element  method  (BEM)  as  effective  numerical  tools  for  the 
solution  of  boundary  value  problems  in  mainly  elastic  solids,  there  is  still  a  growing  interest  in 
the  development  of  new  advanced  numerical  methods.  In  recent  years,  meshless  formulations  are 
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becoming  popular  due  to  their  high  adaptability  and  low  costs  to  prepare  input  and  output  data  in 
numerical  analysis.  The  moving  least  squares  (MLS)  approximation  is  generally  considered  as 
one  of  many  schemes  to  interpolate  discrete  data  with  a  reasonable  accuracy.  The  continuity  of 
the  MLS  approximation  is  given  by  the  minimum  between  the  continuity  of  the  basis  functions 
and  that  of  the  weight  function.  So  continuity  can  be  tuned  to  a  desired  value.  In  conventional 
discretization  methods  it  is  a  discontinuity  of  secondary  fields  (gradients  of  primary  fields)  on 
the  interface  of  elements.  For  modeling  of  continuously  nonhomogeneous  solids  the  approach 
based  on  piecewise  continuous  elements  can  bring  some  inaccuracies.  Therefore,  modeling 
based  on  C'  continuity,  like  meshless  methods,  is  expected  to  be  more  accurate  than 
conventional  discretization  techniques.  The  meshless  or  generalized  FEM  methods  are  also  very 
convenient  for  modeling  of  cracks.  One  can  embed  particular  enrichment  functions  at  the  crack 
tip  so  the  stress  intensity  factor  can  be  predicted  accurately  [Fleming  et  al,  (1997)]. 

A  variety  of  meshless  methods  has  been  proposed  so  far  with  some  of  them  applied  only  to 
piezoelectric  problems  [Ohs  and  Alum,  (2001);  Liu  et  ah,  (2002)].  They  can  be  derived  from  a 
weak-form  formulation  either  on  the  global  domain  or  on  a  set  of  local  subdomains.  In  the  global 
formulation,  background  cells  are  required  for  the  integration  of  the  weak-form.  In  methods 
based  on  local  weak-form  formulation,  no  background  cells  are  required  and  therefore  they  are 
often  referred  to  as  tmly  meshless  methods.  The  meshless  local  Petrov-Galerkin  (MLPG) 
method  is  a  fundamental  base  for  the  derivation  of  many  meshless  formulations,  since  trial  and 
test  functions  can  be  chosen  from  different  functional  spaces  [Zhu  et  al.  (1998);  Atluri  and 
Zhu(1998),  Atluri  et  al.  (2000);  Atluri  (2004);  Sladek  et  ah,  (2000,  2001,  2003a,b);  Sellountos 
and  Polyzos  (2003);  Sellountos  et  ah,  (2005)].  Recently,  the  MLPG  method  with  a  Heaviside 
step  function  as  the  test  functions  [Atluri  et  al.  (2003);  Sladek  et  ah,  (2004,  2006a)]  has  been 
applied  to  solve  two-dimensional  (2-D)  homogeneous  and  continuously  nonhomogeneous 
piezoelectric  solids  [Sladek  et  ah,  (2006b,  2007a,b)].  In  the  present  paper,  the  MLPG  method  is 
applied  to  2-D  continuously  nonhomogeneous  piezoelectric  and  magneto-electric-elastic  solids. 
The  coupled  governing  partial  differential  equations  are  satisfied  in  a  weak  form  on  small 
fictitious  subdomains.  Nodal  points  are  introduced  and  spread  on  the  analyzed  domain  and  each 
node  is  surrounded  by  a  small  circle  for  simplicity,  but  without  loss  of  shape  generality.  For  a 
simple  shape  of  subdomains  like  circles  applied  in  this  paper,  numerical  integrations  over  them 
can  be  easily  carried  out.  The  integral  equations  have  a  very  simple  nonsingular  form.  The 
spatial  variations  of  the  displacements  and  the  electric  potential  are  approximated  by  the  moving 
least-squares  scheme  [Belytschko  et  al.,  (1996);  Atluri,  (2004)].  After  performing  the  spatial 
integrations,  a  system  of  linear  algebraic  equations  for  the  unknown  nodal  values  is  obtained. 

2,  Local  integral  equations  for  2-D  problems 

Basic  equations  of  phenomenological  theory  of  nonconducting  elastic  materials  consist  of  the 
governing  equations  (Maxwell’s  equations,  the  balance  of  momentum)  and  the  constitutive 
relationships.  An  electro-elastic  problem  can  be  considered  as  a  special  case  of  a  general 
magneto-electric-elastic  problem.  Therefore,  further  formulation  is  given  for  a  general  magneto- 
electric-elastic  problem.  The  governing  equations  completed  by  the  boundary  and  initial 
conditions  should  be  solved  for  unknown  primary  field  variables  such  as  the  elastic  displacement 
vector  field  Uj(x,T),  the  electric  potential  y/{x,T)  (or  its  gradient  called  the  electric  vector  field 
and  the  magnetic  potential  jU(x,t)  (or  its  gradient  called  the  magnetic  intensity  field 
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Hi(x,t)).  The  constitutive  equations  co-relate  the  primary  fields  {ui,Ej,Hj}  with  the  secondary 
fields  {(7ij,Di,Bj} which  are  the  stress  tensor  field,  the  electric  displacement  vector  field,  and  the 

magnetic  induction  vector  field,  respectively.  The  governing  equations  give  not  only  the 
relationships  between  conjugated  fields  in  each  of  the  pairs (cr^- , but 

describe  also  the  electro-magneto-elastic  interactions  in  the  phenomenological  theory  of 
continuous  solids. 

Taking  into  account  the  typical  material  coefficients,  it  can  be  found  that  characteristic 
frequencies  for  elastic  and  electromagnetic  processes  are  /g/=10‘^Hz  and  /g/^=10^Hz, 
respectively.  Thus,  if  we  consider  such  bodies  under  transient  loadings  with  temporal  changes 
corresponding  to  ,  the  changes  of  the  electromagnetic  fields  can  be  assumed  to  be  immediate, 
or  in  other  words  the  electromagnetic  fields  can  be  considered  like  quasi-static  [Parton  and 
Kudryavtsev,  (1988)].  Then,  the  Maxwell  equations  are  reduced  to  two  scalar  equations 


Z)^./x,T)  =  0,  (1) 

B.^{x,T)  =  h,  (2) 

The  rest  vector  Maxwell’s  equations  in  quasi-static  approximation,  VxE  =  0  and  VxH  =  0 ,  are 
satisfied  identically  by  appropriate  representation  of  the  fields  E(x,r)and  H(x,r)  as  gradients 
of  scalar  electric  and  magnetic  potentials  ^(x,r)and  //(x,r) ,  respectively, 

Ej(x,t)  =  -i//j(x,t)  ,  (3) 

Hj{x,t)  =  -jUj(x,t)  .  (4) 


To  complete  the  set  of  governing  equations,  eqs.  (1)  and  (2)  need  to  be  supplied  by  the  equation 
of  motion  in  elastic  continuum 


a^j  (x,  T)  +  X,  (x,  T)  =  pu,  (x,  r) ,  (5) 

where  w)  ,  p  and  denote  the  acceleration  of  displacements,  the  mass  density,  and  the  body 
force  vector,  respectively.  A  comma  after  a  quantity  represents  the  partial  derivatives  of  the 
quantity  and  a  dot  is  used  for  the  time  derivative. 

Finally,  we  extend  the  constitutive  equations  involving  the  general  electro-magneto-elastic 
interaction  [Nan,  (1994)]  to  media  with  spatially  dependent  material  coefficients  for 
continuously  non-homo geneous  media 

cr.  (x,  r)  =  c..,,  {x)e^i  (x,  r)  -  e,..  {x)E^  (x,  r)  -  (x)//,  (x,  r) ,  (6) 

Dj  (x,  T)  =  e.,,  (x)f ,,  (x,  r)  +  h.^  (x)£,  (x,  r)  +  a.^  (x)//,  (x,  r) ,  (7) 

B.  (x,  T)  =  dj,,  {x)£,,  (x,  T)  +  a,j  (x)£, (x,  T)  +  y.,  (x)//,  (x,  r) ,  (8) 

with  the  strain  tensor  e^j  being  related  to  the  displacements  by 
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(9) 


The  functional  coefficients  ,  hj^(x)  ,  and  Yj^ix)  are  the  elastic  coefficients,  dielectric 

permittivities,  and  magnetic  permeabilities,  respectively;  e^yCx)  ,  d^ij(x)  ,  and  aji^(x)  are  the 

piezoelectric,  piezo  magnetic,  and  magnetoelectric  coefficients,  respectively.  Owing  to  transient 
loadings,  inertial  effects  and  coupling,  the  elastic  fields  as  well  as  electromagnetic  fields  are  time 
dependent,  though  the  fields  and  are  treated  in  quasi-static  approximation. 

In  case  of  some  crystal  symmetries,  one  can  formulate  also  the  plane-deformation  problems 
[Parton  and  Kudryavtsev,  (1988)].  For  instance,  in  the  crystals  of  hexagonal  symmetry  with  X3 
being  the  6-order  symmetry  axis  and  assuming  1/2=0  well  as  the  independence  on  X2 ,  i.e. 
(D)  2  =  0  ,  we  have  £^2  =  ^23  =  ^12  =  ^2  =  -^2  =  0  .  Then,  the  constitutive  equations  (6)  -  (8)  are 
reduced  to  the  following  form 
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Recall  that  022  does  not  influence  the  governing  equations,  although  it  is  not  vanishing  in 
general,  since  c722  =q2^i2  +^3^33  . 
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The  following  essential  and  natural  boundary  conditions  are  assumed  for  the  mechanical  field 

M,(x,r)  =  M,(x,r),  on  r„, 

t,(x,r)  =  cr.n^.  =^.(x,r)  ,  on  T,,  r  =  r„ur^. 

For  the  electrical  field,  we  assume 
i//(x,T)  =  i^(x,T),  on  r^, 

n,{x)DXx,t)=Qix,t)=Qix,t)  ,  on  F^,  r  =  r^ur^ 
and  for  the  magnetic  field 

ju{x,T)  =  ju{x,T),  on  r^, 

n,{x)BXx,T)  =  S(x,T)  =  S(x,T)  ,  on  F^,  r  =  r^ur^ 

where  F^  is  the  part  of  the  global  boundary  F  with  prescribed  displacements,  while  on  F^ ,  F^ , 
F^ ,  F^ ,  and  F^  the  traction  vector,  the  electric  potential,  the  normal  component  of  the  electric 
displacement  vector,  the  magnetic  potential  and  the  magnetic  flux  are  prescribed,  respectively. 
Recall  that  Qix,t)  can  be  considered  approximately  as  the  surface  density  of  free  charge, 
provided  that  the  permittivity  of  the  solid  is  much  greater  than  that  of  the  surrounding  medium 
(vacuum). 

The  initial  conditions  for  the  mechanical  displacements  are  assumed  as 
^)L=o  =  0  (x,  0  )  in  Q . 

The  Laplace  transform  technique  is  applied  to  eliminate  the  time  variable  in  the  differential 
equation.  Applying  to  the  governing  equations  (5)  one  obtains 

(x,  P)  -  P{^)P%  (x,  p)  =  -F^{x,p),  (13) 

where  p  is  the  Laplace-transform  parameter  and 

F.{x,p)  =  XX^,p)  + puX^,0  >mXx,0  ) 

is  the  re-defined  body  force  in  the  Laplace-transformed  domain  with  the  initial  boundary 
conditions  for  the  displacements  M.(x,0)and  velocities  m,(x,0)  .  Recall  that  the  subscripts  take 
now  values  i  e  {1,  3}  . 

Instead  of  writing  the  global  weak-form  for  the  above  governing  equations,  the  MLPG  method 
constructs  a  weak-form  over  the  local  fictitious  subdomains  such  as  ,  which  is  a  small  region 
constructed  for  each  node  inside  the  global  domain  [Atluri,  (2004)].  The  local  subdomains 
overlap  each  other,  and  cover  the  whole  global  domain  Q .  The  local  subdomains  could  be  of 
any  geometrical  shape  and  size.  In  the  present  paper,  the  local  subdomains  are  taken  to  be  of  a 
circular  shape  for  simplicity.  The  local  weak-form  of  the  governing  equation  (13)  can  be  written 
as 

j[a..Jx,p)-p(x)p%(x,p)  +  p;(x,p)]ul(x)  dQ  =0,  (14) 
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where  m*^(x)  is  a  test  funetion. 

Applying  the  Gauss  divergence  theorem  to  eq.  (14)  one  obtains 


J  cry(x,j?)n/x)M,^(x)jr-  J  cr^(x,;7)4j(x)t/Q+  J[i^(x,;7)-/7(x)/M,(x,j?)]4(x)t/t^  =  0, 

an,  n,  n, 

(15) 

where  dQ^  is  the  boundary  of  the  local  subdomain  which  consists  of  three  parts 
dQ^  [Atluri,  (2004)].  Here,  is  the  local  boundary  that  is  totally  inside  the 

global  domain,  is  the  part  of  the  local  boundary  which  coincides  with  the  global  traction 
boundary,  i.e.,  F^,  =dQ^  (^F^,  and  similarly  F^„  is  the  part  of  the  local  boundary  that  coincides 
with  the  global  displacement  boundary,  i.e.,  F^^  =  dQ^  nF„ . 

By  choosing  a  Heaviside  step  function  as  the  test  function  u*/^  (x)  in  each  subdomain  as 


j4  at  xeQ 
[  0  at  x^  Q 


the  local  weak-form  (15)  is  converted  into  the  following  local  boundary-domain  integral 
equations 

J  t:(x,p)dr-  j  p(x)p%(x,p)dQ  =  -j  t^(x,p)c/r-  j  F^(x,p)dQ.  (16) 

4+r,„  n,  r„  n, 


Equation  (16)  is  recognized  as  the  overall  force  equilibrium  conditions  on  the  subdomain  . 
Note  that  the  local  integral  equation  (16)  is  valid  for  both  the  homogeneous  and 
nonhomogeneous  solids.  Nonhomogeneous  material  properties  are  included  in  eq.  (16)  through 
the  elastic,  piezoelectric  and  piezomagnetic  coefficients  in  the  traction  components. 

Similarly,  the  local  weak-form  of  the  governing  equation  (2)  can  be  written  as 

fD^Jx,p)v\x)dQ  =0,  (17) 

Q, 

where  v*(x)  is  a  test  function. 

Applying  the  Gauss  divergence  theorem  to  the  local  weak-form  (17)  and  choosing  the  Heaviside 
step  function  as  the  test  function  v*(x)  one  can  obtain 

J  Q(x,p)dr  =  -f  ^(x,p)dr,  (18) 

4+r,p 

where 

Q(x,  p)  =  Dj  (x,  p)nj  (x)  =  ,  (x,  p)  -  (x,  p)  -  (x,  p)\ . 

The  local  integral  equation  corresponding  to  the  third  governing  equation  (3)  has  the  form 

J  5(x,;7)JF  =  -j5(x,;7)JF,  (19) 

4+r„  r,, 


7 


where  magnetie  flux  is  given  by 

5 (x,  p)  =  B. (x,  p)nj (x)  =  [djau.  i  (x,  p)  -  (x,  p)  -  (x,  p)\ . 

In  the  MLPG  method  the  test  and  the  trial  functions  are  not  necessarily  from  the  same  functional 
spaces.  For  internal  nodes,  the  test  function  is  chosen  as  a  unit  step  function  with  its  support  on 
the  local  subdomain.  The  trial  functions,  on  the  other  hand,  are  chosen  to  be  the  MLS 
approximations  by  using  a  number  of  nodes  spreading  over  the  domain  of  influence.  According 
to  the  MLS  [Belytschko  et  ah,  (1996)]  method,  the  approximation  of  the  displacement  can  be 
given  as 

m 

(x)  =  X  Pi  (x)  =  (x)a(x) , 

where  p^(x)  =  {j3i(x),j32(x),.  p^Cx)}  is  a  vector  of  complete  basis  functions  of  order  m  and 
a(x)  =  {ai(x),a2(x),.  a^(x)}  is  a  vector  of  unknown  parameters  that  depend  on  x.  For  example,  in 
2-D  problems 

p^(x)  =  {l,xi,X2}  form=3 
and 

p^  (x)  =  |l, xj ,  X2 , xi , X1X2  ’ ^2  }  m=6 

are  linear  and  quadratic  basis  functions,  respectively.  The  basis  functions  are  not  required  to  be 
polynomials.  It  is  convenient  to  introduce  r~  singularity  for  secondary  fields  at  the  crack  tip 
vicinity  for  modelling  of  fracture  problems  [Fleming  et  ah,  (1997)].  Then,  the  basis  functions  can 
be  considered  in  the  following  form 

p^  (x)  =  |l, xj ,  X2 ,  ^/r  cos(^/  2),  ^/r  sin(^/  2),  ^/r  sin(^/  2)  sin  9,  ^/r  q,os{9I2)  sin  for  m=7 

where  r  and  6  are  polar  coordinates  with  the  crack  tip  as  the  origin. 

The  approximated  functions  for  the  Laplace  transforms  of  the  mechanical  displacements,  the 
electric  and  magnetic  potentials  can  be  written  as  [Atluri,  (2004)] 

u''^,f4=u  ^(  y‘‘{p), 

a—\ 

a-\ 

n\x,p)  =  f^f{x)ji‘‘{p),  (20) 

a—\ 

where  the  nodal  values  n‘‘ {p)  =  {u“{p),  ul{p)^  ,  ¥‘‘ip)  jU^ip)  are  fictitious  parameters 
for  the  Laplace  transforms  of  the  displacements,  the  electric  and  magnetic  potentials, 
respectively,  and  ^“(x)  is  the  shape  function  associated  with  the  node  a.  The  number  of  nodes  n 
used  for  the  approximation  is  determined  by  the  weight  function  iv“  (x)  .  A  4*  order  spline-type 
weight  function  is  applied  in  the  present  work 


1-6 

f— 1 

2 

+  8 

f— 1 

3 

'X 

f— t 

II 

\  ) 

(  ) 

0, 

0<  <r“ 


>r“ 


(21) 


where  J''  =  |x  -  x“  |  and  r“  is  the  size  of  the  support  domain.  It  is  seen  that  the  C'  -  eontinuity 

is  ensured  over  the  entire  domain,  and  therefore  the  continuity  conditions  of  the  tractions,  the 
electric  charge  and  the  magnetic  flux  are  satisfied. 

The  Laplace  transform  of  traction  vectors  T^(x,p)  at  a  boundary  point  xe  are  approximated 
in  terms  of  the  same  nodal  values  as 

r  (X,  p)  =  N(x)C(x)X  B“  (x)u‘'  ip)  +  N(x)L(x)X  ix)^  (p)  +  N(x)K(x)X  (x)//''  (p)  , 

a=\  a=\  a=l 


(22) 

where  the  matrices  C(x),  L(x),  and  K(x)are  defined  in  eq.  (10),  the  matrix  N(x)  is  related  to  the 
normal  vector  n(x)  on  by 


N(x)  = 


0 


0 

n, 


n, 

n, 


and  finally,  the  matrices  and  P“  are  represented  by  the  gradients  of  the  shape  functions  as 


>;  0 " 

/A^ 

B“(X)  = 

0  f, 

,  P“(x)  = 

€ 

Similarly  the  Laplace-transform  of  the  normal  component  of  the  electric  displacement  vector 
Qix,  p)  can  be  approximated  by 

(X, p)  =  ^, (x)G(x)X B“ (x)u“ (;7) - N, (x)H(x)X P“ ix)^ (p)-^, (x) A(x)X P" (x)//“ (p) , 

a=l  a=\  a=\ 

(23) 

where  the  matrices  G(x),  H(x) ,  and  A(x)  are  defined  in  eq.  (1 1)  and 
Ni(x)  =  [ni  n,]. 

Eventually,  the  Laplace-transform  of  the  magnetic  flux  S  (x,  p)  is  approximated  by 


S''ix,p)  =  ^,  (x)R(x)X  B"  (x)u''  (p)  -N,  (X)  A(x)X  P"  i^)r  (x)M(x)X  P“  (x)//"  (p) , 

a=\  a=l  a=l 


with  the  matrices  R(x)  and  M(x)  being  defined  in  eq.  (12). 


(24) 
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Obeying  the  essential  boundary  conditions  and  making  use  of  the  approximation  formula  (20), 
one  obtains  the  discretized  form  of  these  boundary  conditions  as 

=  for 

Y,fm‘(.P)  =  ¥(.i.P)  for  ?£r,, 

a=\ 


=(/(!;. p)  for  i;sr„.  (25) 

Furthermore,  in  view  of  the  MLS-approximation  (22)  -  (24)  for  the  unknown  quantities  in  the 
local  boundary-domain  integral  equations  (16),  (18)  and  (19),  we  obtain  their  discretized  forms 
as 


«  f 


£  J  N(x)C(x)B“(x)jr-l5p;7' J^“(x)Jf2  u\p)  +£  J  N(x)L(x)P“(x)jr 

^  4+r,, 


+  X  J  N(x)K(xp>''(x)flfr  =-J~(Fp^jr-J  {,p)dQ. 

“=1  i,+r,,  r.  o 


“(p)  + 
(26) 


« f 


£  J  N,(x)G(x)B“(x)jriiu“(;7)  -£  J  N,(x)H(x)P‘‘(x)jr 


^=1  ic+r.. 


^=1  L+r... 


“(p)- 


-£  J  N,(x)A(^^p''(x)«fr  '‘‘(y)=-jQ(,p)dr., 


(27) 


^^=1  i.+r.. 


« f 


£  J  N,(x)R(x)B''(x)J^l^u''(;7)  -£  J  N,(x)A(x)P''(x)jr 

/. +r  4,+r 


y^4+r„ 


\p)- 


\ 

‘‘{,p)=- I  S{  ,p)dT,  (28) 

F, 

which  are  considered  on  the  sub-domains  adjacent  to  the  interior  nodes  as  well  as  to  the 
boundary  nodes  on  and  .  In  equation  (26),  I  is  a  unit  matrix  defined  by 


-£  J  N,(x)M(^^P“(x)JF 

4+r,„ 


1  = 


n 


0" 

1 


Collecting  the  discretized  local  boundary-domain  integral  equations  together  with  the  discretized 
boundary  conditions  for  the  displacements,  the  electrical  and  magnetic  potentials  results  in  the 
complete  system  of  linear  algebraic  equations  for  computation  of  the  nodal  unknowns,  namely, 
the  Laplace-transforms  of  the  fictitious  parameters  u^ip),  y/“{p)  and  fi‘‘{p).  The  time 
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dependent  values  of  the  transformed  quantities  can  be  obtained  by  an  inverse  Laplace-transform. 
In  the  present  analysis,  the  Stehfest’s  inversion  algorithm  [Stehfest,  (1970)]  is  used.  If  f{p)  is 
the  Laplace-transform  of  / {t)  ,  an  approximate  value  of  / {t)  for  a  specific  time  t  is  given 
by 


m= 


ln2^  ^ 

^  i=l 


(29) 


where 


v. 


^(-1) 


N/2+i 


min((,7V’/2) 


k^'\2k)\ 


,.lt^xy2^{NI2-k)\k\{k-m-m^k-i)\ 


(30) 


In  numerical  analyses,  we  have  considered  =  10  for  double  precision  arithmetic.  It  means  that 
for  each  time  t  we  need  to  solve  N  boundary  value  problems  for  the  corresponding  Laplace- 
transform  parameters  p^=i\n2lt  ,  with  /  =  1,2,...,A^  .  If  M  denotes  the  number  of  the  time 
instants  in  which  we  are  interested  to  know  f{t)  ,  the  number  of  the  Laplace-  transform 
solutions  f{Pi)  is  then  MxN  .It  should  be  noted  that  the  present  computational  method  can  be 
easily  reformulated  into  the  real  time  formulation  as  it  was  shown  recently  for  3-D  axisymmetric 
piezoelectric  problems  in  functionally  graded  materials  [Sladek  at  ah,  (2008)]. 


3,  Local  integral  equations  for  3-D  axisymmetric  problems 

Let  us  consider  a  3-D  axisymmetric  magneto-electro-elastic  body  generated  by  the  rotation  of 
the  planar  domain  Q.  bounded  by  the  boundary  L  around  the  axis  of  symmetry  as  depicted  in 
Fig.l.  Let  us  consider  solids  with  hexagonal  symmetry  and  the  z-axis  being  oriented  in  the 
poling  direction.  Moreover,  we  assume  the  body  to  be  transversely  isotropic,  i.e.  the  additional 
symmetry  is  the  rotational  symmetry  with  respect  to  the  z-axis.  For  axisymmetric  problems  it  is 
convenient  to  use  cylindrical  coordinates  x  =  (r,  z)  .  Owing  to  the  hexagonal  symmetry,  the 
tensors  of  material  coefficients  are  the  same  as  in  the  previous  section  and  their  cylindrical 
components  can  be  identified  with  the  Cartesian  ones  by  equating  the  indices  as 
{r,(p,z)  =  (1,2,3)  in  the  axial  plane  (xj,  X3)  =  (r,z) .  Furthermore,  the  angular  component  of  the 
displacements  vanishes  and  all  physical  field  quantities  are  independent  on  the  angular 
coordinate  (p  because  of  the  axial  symmetry.  Thus,  in  the  cylindrical  coordinates  also  with  the 
representation  of  tensors  being  with  respect  to  the  cylindrical  unit  basis  vectors,  the  nonzero 
strains  are  given  as 


^ (p(p  ^  ^  5 


^rz  =  (W 


-I-  1/ 

r  z  ^  z  r 


)/2 


^zz  ^z,z  ’ 


and  the  nonzero  electrical  and  magnetic  fields  are  =  -Xj/  ^  ^  a  ~~l^  a  ^  ^  • 


Thus,  selecting  the  considered  planar  domain  in  the  axial  plane  (xj,  X3)  =  (r,z) ,  we  can  apply 
the  constitutive  equations  valid  for  crystals  exhibiting  hexagonal  to  nonzero  components  of  the 
fields  (Parton  and  Kudryavtsev,  1988).  Then  bearing  in  mind  C22=Cii, 

etc,  we  have 
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Fig.  1  A  3-D  axisymmetric  body 

In  the  cylindrical  coordinate  system,  the  governing  equations  (1),  (2)  and  (5)  take  the  form 


{r,  z,  t)  +  (r,  2,7)  +  - [cr,.^  (r,  z,  r)  -  cr^(r,  z,  r)]  -  /7(x)w;  (r,  z,  r)  =  -X,.  (r ,  z,  r)  , 


^  (r,  z,  7)  +  ^ (r ,  z,  r)  +  - (r,  z,  7)  -  p{^)u,  (r , z,  7)  =  -X^ (r ,  z,  7)  , 


(r,  z,  7)  +  ^  (r,  z,  7)  +  -D,.  (r,  z,  7)  =  0 

r 


(31) 
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(32) 


^  (r,  z,  t)  +  B^^  (r,  z,  t)  +  -B^  (r,  z,  r)  =  0  , 

r 

Note  that  ^2  ^  (and  consequently  0)  even  in  the  case  of  the  axial  symmetry.  The 

opposite  has  been  assumed  implicitly  in  eqs.  (3.28)  and  (3.29)  of  the  book  (Parton  and 
Kudryavtsev,  1988). 

In  the  present  analysis,  ail  material  parameters  in  the  constitutive  equations  (31)  are  considered 
to  be  dependent  on  the  (r,  z)-coordmates. 

Applying  the  Laplace  transform  to  the  first  two  eqs.  in  (32),  we  get 
0=^, ,  (r,  z,  p)  +  (r,  z,p)  +  ^  [^rr  (r,  z,  P)-^„{r,z,  p)]-  p{x)p%  {r,z,p)  =  -F^  (r,  z,  p) , 


1 


, (r, z,p)  +  (T^^^{r,z,p)  +  - (r, z, p) - p{x)p  (r, z, p)  =  -F^(r,z,p)  . 

r 


(33) 


Recall  that  the  third  and  fourth  eqs.  In  (32)  remain  unchanged  by  the  Laplace  transformation,  i.e. 

D,,{r,z,p)  +  D^^{r,z,p)  +  -DXr,z,p)  =  0  , 

r 

B,,ir,z,p)  +  B^^ir,z,p)  +  -B^ir,z,p)  =  0  .  (34) 

r 

In  numerical  solution,  we  apply  again  the  MLPG  method  to  construct  the  weak  form  over  local 
subdomains  such  as  ,  which  is  a  small  region  taken  for  each  node  inside  the  global  domain 
(Atiuri,  2004).  The  local  subdomains  overlap  each  other,  and  cover  the  whole  global  domain 
Q  .  The  local  subdomains  could  be  of  any  geometric  shape  and  size.  In  the  present  paper,  the 
local  subdomains  are  taken  to  be  of  circular  shape.  The  local  weak  forms  of  the  governing 
equations  (33)  and  (34)  can  be  written  as 

J  +  j J  p(x)p^u^(r,z,p)u*dQ  =  - j  F^(r,z,p)u*dQ, 

n,  n,  ^  n,  n, 

J  +  j-a^{r,z,p)vdn-  J  p{x)p%{r,z,p)udQ.  =  -j  F^{r,z,p)v  dQ. , 


J  J -B^{r,z,p)/3*da  =  0,  (35) 

n,  n,  ^ 

where  w’(x),  v*(x),  m* (x)  and  /3*(x)  are  test  functions. 

Applying  the  Gauss  divergence  theorem  to  the  first  domain  integrals  of  eqs.  (35)  and  selecting 
Heaviside  unit  step  functions  as  test  functions  u*(x),  v*(x)  ,  m* (x)  and (x)  in  each 
subdomain,  one  can  recast  equations  into  the  following  forms 
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J  (^rbir,z,p)n,dT+  J  p{x)p^u^{r,z,p)d^l  =  -^  FXr,z,p)da, 

3Q,  £1^  ^  n,  Q, 

J  {r,  z, p)n^dT  +  J  - (r , z, p)dQ. -  J  p{\)p^u^ (r,z, p)dQ.  =  -j  F^(r,z, p)dQ. , 

an,  n,  ^  n,  n, 

J  D^{r,z,p)n^dr+  j-D^{r,z,p)dQ.  =  0, 

an,  n,  ^ 

J  B^{r,z,p)n^dT+  ^-B^{r,z,p)dQ.  =  0,  (36) 

an,  n,  ^ 

where  the  subseript  b  in  eqs.  (36)  is  eonsidered  as  a  summation  index  with  b  =  r,z  . 

As  in  2-D  problems  the  displaeement  and  the  potential  fields  are  approximated  by  the  MLS 
approximation.  Substituting  the  approximation  formula  (20)  into  the  loeal  integral  equations  (36) 

a  system  of  linear  algebraie  equations  for  the  unknown  fietitious  parameters  j  is 

obtained  as 


an,  L 


Cii(x)n,(x)C(x)  + 


"12 


(X) 


F  (x)  +  C44  (x)n^  (x)^“  (x) 


k/r+ 


+ 


-Ci2(x)) 


6 


r 


p{x)p^f{x) 


+ 


+  ^KiP)\  (ci3(x)n,(x)^;(x)  +  C44(x)n^(x)^;(x))  JL  + 

«=i  an, 

+^V{P)\  (e3i(x)n,(x)^“(x)  +  ei5(x)n^(x)^;(x))  dT  + 

“=1  an, 

+'^M\p)  j  («^3i(x)«,(x)^j(x)  +  Ji5(x)n^(x)^;(x))  fl^r  =  -J FXr,z,p)da,  (37) 

“=1  an,  n. 


J  [c33(x)«,(x)^;(x)  +  C44(x)n^(x)^;(x)}/r  +  J 

an,  n. 


C44(x) 


€i^)-pi^)p  fi^) 


da\+ 


+J,Kip) 


a=\ 


J  |^C44(x)n^(x)^“(x)  +  Ci3(x)n^(x)|^^;(x)  +  -^^"(x)  jjflfr  +  J  ^^^^^;^(x)flfQ|  + 
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+ 


£r"(rt 


dn,  n,  ^ 


a=\ 


J  («^i5(xK(x)^;(x)+fl?33(xK(x)^“(x))flfr  +  J-Ji5(x)^;(x)jq 

an,  n,  ^ 


=  -J  F^(r,z,p)dQ, 


(38) 


'Z^r(P) 


a=\ 


I 

an. 


ei5  (x)n^  (x)r  (x)  +  ^31  (x)n,  (x) 


r 


c/r+ J-ei5(x)^“  + 


+  Xw;(;?) 


J  [ei5(x)n,(x)^;(x)  +  e33(x)n,(x)^“(x)}/r  +  J -e,,{x)fX^)dQ.  i- 

an,  n,  ^ 


-^Vip) 


J  (^i(x)«,(x)^;(x)  +  /233  (x)n^(x)^"(x))  jr  +  J -h,,{x)(p"{x)da 

an,  n,  ^ 


J  («ii(x)n,(x)^;(x)  +  a33(x)n^(x)^;^(x))jr+ J-aji(x)^;(x)fl?t2  Uo,  (39) 

an,  n,  ^ 


^Kip) 


J 

an,  L 


^15  (x)n^  (x)r  (x)  +  ^31  (x)n^  (x) 


(x) + -  (x)  I  c/r  +  J  -  (x)^“  [ + 

V  J  r\  ^ 


+^K{p) 


-^Vip) 


a=\ 


J  [«^i5(x)«,(x)^;(x)  + J33(x)n,(x)^“(x)}/r  +  J -d,,{x)fX^)dQ. . 

ati.,  ^  J 

J  ( «i  1  (x)«,  (x)^;  (x) + ^33  (x)n^  (x)^;  (x) )  jr  +  J  -  «!  1  (x)^;  (x)  JQ  U 

an,  n,  ^  J 

J  ( rn  (x)«,  (x)^;  (x)  +  ^33  (x)n,  (x)^“  (x) )  flfr  +  J  -  1  (x)^;  (x)  i  =  0  ,  (40) 

an,  n,  ^ 


Equations  (37)-(40)  are  considered  in  the  subdomains  around  each  interior  node  x'^  and  at 
boundary  nodes  with  prescribed  natural  boundary  conditions  (E, ,  E^  and  E^).  On  the  parts  of 
the  global  boundary  E„  with  prescribed  elastic  displacements,  E^  with  prescribed  electric 


15 


potentials  and  with  prescribed  magnetic  potential  the  collocation  equations  are  applied  like  in 
2-D  problem. 

4  Numerical  examples 
4,1  Cantilever  beam 

In  this  section,  numerical  results  for  the  bending  of  a  square  piezoelectric  panel  are  presented  to 
illustrate  the  accuracy  of  the  proposed  method.  The  square  panel  with  a  size  ax  a  =  \mmx\mm 
made  of  a  PZT-4  material  is  subjected  to  a  pure  bending  moment  arising  from  a  linearly  varying 
stress  at  the  right  boundary  (Fig.  1).  The  lower  boundary  of  the  panel  is  earthed  and  vanishing 
electrical  potential  is  assumed  on  this  side  of  panel.  The  other  boundaries  have  prescribed 
vanishing  electrical  charge. 


The  material  coefficients  corresponding  to  PZT-4  material  are  following 
c,,=n.9-W^Nm-\  Ci3=7.43-10'°iVm^'  ,  C33  =  11.3-1 c,,  =  2.56  Nm-\ 

ei3  =13.44 ,  e,,=-6.9SCm-^  ,  633  =13. 84 Cm  "  , 

/zii  =6.0- 10‘‘' C(Fm)  '  ,  /Z33  =5.47- 10'" C(Fm)'*  . 

The  mechanical  displacement  and  the  electrical  potential  fields  on  the  finite  square  panel  are 
approximated  by  using  121  (11x11)  nodes  equidistantly  distributed.  The  local  subdomains  are 
considered  to  be  circular  with  a  radius  =  0.08mm .  First,  the  static  boundary  conditions  are 
considered.  The  analytical  solution  of  the  problem  is  given  by  Parton  et  al.  (1989).  Numerical 
results  for  the  displacement  component  and  the  electric  potential  along  the  line  x^=a/2  are 

presented  in  Figs.  3  and  4.  One  can  observe  an  excellent  agreement  of  the  present  results  and  the 
exact  solution  in  the  whole  interval  considered.  To  see  the  influence  of  the  electrical  field  on  the 
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mechanical  displacements  the  results  for  a  pure  elastic  panel  (without  electro-elastic 
interaction  gjj  =  e^i  =  633  =  0  )  are  given  in  Fig.  3  too.  For  the  considered  boundary  conditions,  the 
mechanical  displacement  component  is  reduced  in  the  piezoelectric  panel  compared  to  a  pure 
elastic  one. 


Xi/a 

Fig.  3  Variation  of  the  mechanical  displacement  with  normalized  coordinate  xj  a 

In  the  next  example,  we  consider  the  same  piezoelectric  panel  subject  to  a  harmonic  load  with 
the  angular  frequency  co  .  Both  the  geometrical  and  the  material  parameters  are  the  same  as  in  the 
previous  static  case.  For  the  numerical  calculations  we  have  used  again  441  nodes  with  a  regular 
distribution.  The  mass  density  for  PZT4  piezoelectric  material  is  p  =  7500kg/m^.  Numerical 
results  are  compared  with  those  obtained  by  the  FEM-ANSYS  computer  code.  The  FEM  results 
have  been  obtained  by  using  3600  quadratic  eight-noded  elements.  One  can  observe  quite  good 
agreement  of  the  normalized  amplitudes  of  the  beam  deflection  at  the  considered  angular 
frequency  interval  in  Eig.  5.  The  amplitudes  are  normalized  by  the  static  value  deflection  vlue 
u^tat  =3  95.10 The  first  eigen- value  frequency  is  3.8-10^5  '. 
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2.50E-09 


Fig.  4  Variation  of  the  electrical  potential  with  normalized  coordinate  Xj  /  a 


In  the  next  example  the  PZT4  actuator  is  bonded  on  the  upper  surface  of  the  steel  cantilever 
beam.  The  width  of  the  beam  and  actuators  are  40  mm.  Other  sizes  are  given  in  Fig.6.  When  an 
external  voltage  200V  is  applied  across  the  thickness  of  the  actuator,  the  induced  strain  generates 
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moments  that  bend  the  beam.  The  variation  of  the  beam  deflection  with  x^  coordinate  is 

presented  in  Fig.  7.  A  quite  good  agreement  of  FEM  and  MLPG  results  is  observed  there.  This 
example  is  an  illustration  that  the  present  MLPG  method  can  be  successfully  applied  to  problems 
in  piecewise  homogeneous  structures  too. 


X3 

100mm 

0 

PZT4 

r4, 

t,=0 

f  -n 

9  U,-0 
t3=0 

1 

1  Imm 

,  13  w 

\  steel 

2mm 

350mm  f  ^ 

Fig.  6  A  cantilever  beam  with  piezoelectric  actuator 


0  0.1  0.2  0.3  0.4 

Xi  [m] 

Fig.  7  Variation  of  the  beam  deflection  Uj  with  normalized  coordinate  Xj 

4.2  Edge  crack  in  a  piezoelectric  solid 

An  edge  crack  in  a  finite  strip  is  analyzed  in  the  next  example.  The  sample  geometry  is  given  in 
Fig.  8  with  following  values:  a  =  0.5,  a/w=0.4  and  hlw  =  \.2.  Due  to  the  symmetry  with 
respect  to  Xj  only  a  half  of  the  specimen  is  modeled.  We  have  used  930  nodes  equidistantly 
distributed  for  the  MLS  approximation  of  physical  fields.  On  the  top  of  the  strip  a  uniform 
impact  tension  (Tq  and  electrical  displacement  (Heaviside  time  variation)  are  applied, 
respectively.  Impermeable  electrical  boundary  conditions  on  crack  surfaces  are  considered  here. 
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Functionally  graded  material  properties  in  x^  coordinate  are  considered.  An  exponential 
variation  for  the  elastic,  piezoelectric  and  dielectric  tensors  is  used 

=  exp(yxi), 

^’//^W  =  e,.,oexp(yxi) 

\W  =  \oexp(rxi),  (41) 


where  ,  e,y/^g  and  correspond  to  parameters  used  in  the  previous  example. 


Fig.  8  An  edge  crack  in  a  finite  strip  with  graded  material  properties  in  x^ 


For  cracks  in  homogeneous  and  linear  piezoelectric  and  piezomagnetic  solids  the  asymptotic 
behaviour  of  the  field  quantities  has  been  given  by  Wang  and  Mai  (2003).  In  the  crack  tip 

vicinity,  the  displacements  and  potentials  show  the  classical  Vr  asymptotic  behaviour.  Hence, 
correspondingly,  stresses,  the  electrical  displacement  and  magnetic  induction  exhibit 
1  /  Vr  behaviour,  where  r  is  the  radial  polar  coordinate  with  origin  at  the  crack  tip.  Garcia- 
Sanchez  et  al.  (2007b)  extended  the  approach  used  in  piezoelectricity  to  magnetoelectroelasticity 
to  obtain  asymptotic  expression  of  generalized  intensity  factors 


K, 

K, 

W3 

(42) 


where  the  matrix  B  is  determined  by  the  material  properties  (Garcia-Sanchez  et  ah,  2007b; 
Garcia-Sanchez  and  Saez,  2005)  and 
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Kj  =  lim  (r,  0)  , 

Kji  =  lim  V2^(Tj3  (r,  0) , 

r— >0 

K„  =  lim  yjlTtrD.  (r ,  0)  , 

r->0 

=  limV2^53(r,0) , 

r— >0 

are  the  stress  intensity  faetors  (SIF)  Kj  and  Kjj,  is  the  eleetrieal  displaeement  intensity 
faetor  (EDIF),  and  Kj^  is  the  magnetic  induction  intensity  factor  (MIIF),  respectively. 

The  influence  of  the  material  gradation  on  the  stress  intensity  factor  and  electrical  displacement 
intensity  factor  is  analyzed.  The  temporal  variation  of  the  SIF  and  the  EDIF  in  the  cracked  strip 
under  a  pure  mechanical  load  is  presented  in  Fig.  9  and  Fig.  10,  respectively.  The  static  stress 
intensity  factor  for  the  considered  load  and  geometry  is  equal  to  Kf‘“  =  2.642  Pa  .  Numerical 

results  for  a  homogeneous  strip  are  compared  with  FEM  ones,  and  a  quite  good  agreement  is 
observed.  Eor  a  gradation  of  mechanical  material  properties  with  Xj  coordinate  and  a  uniform 
mass  density,  the  wave  propagation  is  growing  with  Xj  .  Therefore,  the  peak  value  of  the  SIE  is 

reached  in  a  shorter  time  instant  in  EGPM  strip  than  in  a  homogeneous  one.  The  maximum  value 
of  the  SIP  is  only  slightly  reduced  for  the  EGPM  cracked  strip. 


Fig.  9  Influence  of  the  material  gradation  on  the  stress  intensity  factor  in  a  cracked  strip  under  a 

pure  mechanical  impact  load  <JQH{t  -  0) 
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Fig.  10  Influence  of  the  material  gradation  on  the  EDIF  in  the  cracked  strip  under  a  pure 

mechanical  impact  load  -  0) 


< 


Fig,  11  Temporal  variation  of  the  EDIF  in  the  cracked  strip  under  a  pure  electrical  displacement 

impact  load  D^H{t  -  0) 

Next,  the  cracked  strip  under  a  pure  electrical  displacement  impact  load  is  analyzed.  Since  static 
SIF  and  EDIF  are  uncoupled  it  has  to  be  valid  =  Kf‘“  .  The  temporal  variation  of  the  EDIF 
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is  given  in  Fig.  11.  The  EDIF  is  signifieantly  redueed  for  a  eraeked  FGPM  eompared  to  a 
homogeneous  strip.  The  oseillation  of  amplitudes  for  EDIF  is  again  faster  in  an  FGPM  strip. 
Similar  phenomena  are  observed  for  SIF  in  Fig.  12. 


Fig,  12  Temporal  variation  of  the  SIF  in  the  eraeked  strip  under  a  pure  eleetrieal  displaeement 

impaet  load  D^H{t  -  0) 


4,3  Hollow  piezoelectric  sphere 

A  hollow  sphere  with  eontinuously  nonhomogeneous  spherieally  symmetrie  and  radially 
dependent  piezoeleetrie  material  eoeffieients  exhibits  transversally  isotropie  properties.  The 
sphere  is  radially  polarized  and  either  the  statie  or  impaet  loads  are  eonsidered  as  spherieally 
symmetrie  too.  The  temperature  field  is  assumed  to  be  uniformly  distributed.  The  inner 
a  =  0.4m  and  outer  radii  b  =  \m  are  eonsidered,  respeetively.  The  analytieal  solution  is  given  by 
Chen  et  al.  (2002)  and  Ding  et  al.(2003)  and  it  is  used  as  a  benehmark  to  test  the  aeeuraey  of  the 
present  method.  The  boundary  eonditions  with  preseribed  pressures  and  vanishing  eleetrieal 
displaeements  on  both  surfaees  eorrespond  to  pressured  sphere  embedded  into  noneonduetive 
media  (the  open-eireuit  eleetrie  eondition).  A  half  of  the  hollow  sphere  ean  be  ereated  by  the 
rotation  of  the  eross  seetion  given  in  Fig.  13  around  the  z-axis.  Note  that  the  radial  and  axial 
direetions  are  fixed  as  shown  in  Fig.  13  aoeording  to  the  definition  in  the  eylindrieal  eoordinate 
system.  The  unit  basis  veetors  of  the  spherieal  eoordinate  system  {e/,e^,e^}are  related  to  those 

of  the  eylindrieal  eoordinate  system  as 

e/  =  e^  eosnt+e^  sinry,  e^  =  -^r  sinnt+e^  cos  co. 

Thus,  the  radial  direetions  in  two  eonsidered  eoordinate  systems  are  not  identieal  in  general. 
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For  the  numerical  calculations,  176  nodes  with  a  regular  distribution  in  the  radial  and  azimuthal 
directions  in  the  section  with  (p  =  0  are  employed.  An  exponential  variation  of  the  elastic, 

piezoelectric  and  dielectric  coefficients  on  the  radial  distance  r'  =  (xf  +  X3  )  is  assumed  by 

c..(x)  =  c°expy(/-a), 

e..(x)  =  e°expy(/-a) 

\  (x)  =  hi  exp  Y{r  -  a) ,  (43) 

where  the  values  on  the  inner  radius  r'  =  a  are  taken  under  the  given  temperature  as 
c°  =  1 3 .9 ■  1 0'° Nnf^  ,  4  =7.43-1 0‘° Nrn^  ,  4=7.78-1 0‘° Nrn^  , 

4  =11.5-10‘°iVm^'  ,  C44=2.56-10“’Am^'  , 

4  =12.7  Cm  ^4  4=-5.2Cm^4  4=15.1Cm^4 

4  =  6.46-1 0‘4(Fm)  *  ,  4  =  5.62- 10‘4(Fm)  '  ,  /?  =  const  =  7500 kg/m'  . 


Fig,  13  Analyzed  domain  for  a  hollow  sphere 


It  should  be  noted  that  proposed  computational  method  works  for  all  continuously 
nonhomogeneous  materials.  In  derivation  of  local  integral  equations  no  limitation  is  made  with 
respect  to  spatial  variation  of  material  properties.  The  exponential  variation  in  numerical 
example  is  selected  only  for  comparative  purposes  since  for  such  kind  of  nonhomogeneity 
numerical  results  are  available.  The  mass  density  in  this  example  is  considered  to  be  uniform. 
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however,  a  general  spatial  variation  can  be  considered.  No  restriction  is  put  on  the  variation  of 
mass  density  in  proposed  local  integral  equations.  A  static  uniform  pressure  load  p^=\N ! is 
considered  on  the  inner  radius  /  =  a,  in  the  first  step.  Variation  of  the  radial 
displacements  Uj.  =  (xj ,  X3  =  0) ,  radial  and  hoop  stresses  [  (Tj.^  =  (Tj  j  (xj ,  X3  =  0)  ,  (T^^Cxj ,  X3  =  0)  ] 

with  the  radial  coordinate  r  =  Xiare  presented  in  Figs.  14-16.  Owing  to  the  spherical  symmetry 
the  presented  results  correspond  to  the  following  spherical  components: 
U/  {/,  (p,CO)  =  U^{Xi,(p  =  0,X2  =0)  ,  (J//  {/,  (p,  CO)  =  {Xi,(p  =  0,  X3  =  0)  , 

^(p(p^  ’  ^  ~  0^3  ~  0)  • 


The  results  for  radial  stresses  are  compared  also  with  the  analytical  solution  (Chen  et  ah,  2002) 
for  constant  material  coefficients.  One  can  observe  that  functionally  graded  material  properties 
have  a  stronger  influence  on  radial  displacement  values  than  on  the  radial  stresses.  With 
increasing  gradation  of  elastic  parameters  the  radial  displacements  are  reduced.  However,  the 
influence  of  the  material  gradation  on  the  hoop  stresses  is  different  on  the  inner  and  outer  radii. 
On  the  outer  radius  the  hoop  stresses  are  enhanced  with  increasing  material  gradation  while  on 
the  inner  radius  they  are  reduced. 
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Fig,  16  Variation  of  hoop  stresses  with  the  radial  coordinate 

Next,  a  uniform  electrical  load  on  the  outer  radius  D^=IC / and  traction-free  surfaces  are 

considered.  Variation  of  the  radial  displacements,  hoop  stresses,  the  electrical  potential  and  the 
electrical  displacement  with  the  radial  coordinate  are  presented  in  Figs.  17-20. 
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Fig,  17  Variation  of  radial  displacements  with  the  radial  eoordinate  in  the  hollow  sphere 
under  a  statie  eleetrieal  displaeement  on  the  outer  radius 


Fig.  18  Variation  of  hoop  stresses  with  the  radial  coordinate  in  the  hollow  sphere  under  a  statie 

eleetrieal  displaeement  on  the  outer  radius 
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Fig,  19  Variation  of  the  electrical  potential  with  the  radial  coordinate  in  the  hollow  sphere  under 

a  static  electrical  displacement  on  the  outer  radius 
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Fig,20  Variation  of  electrical  displacements  with  the  radial  coordinate  in  the  hollow  sphere 
under  a  static  electrical  displacement  on  the  outer  radius 
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The  impact  pressure  load  with  a  uniform  distribution  on  the  inner  radius  is  considered  too. 
Vanishing  electrical  potentials  are  considered  on  both  spherical  surfaces  (the  closed-circuit 
electric  condition).  The  numerical  results  for  radial  displacements  and  hoop  stresses  are 
presented  in  Figs.  21  and  22.  Both  quantities  are  normalized  by  corresponding  static  ones, 
ul““{a)  =  0.465  10  "m  and  (T*“(a)  =  1.11N  /  ,  respectively.  The  Laplace  transform  approach 

was  applied  in  the  numerical  analysis.  The  mass  density  is  considered  to  be  uniform  even  for 
functionally  graded  material. 


Fig.  21  Time  variation  of  radial  displacements  in  the  hollow  sphere  under  an  impact  pressure 

load  on  the  inner  radius 


The  time  evolution  of  the  hoop  stresses  on  the  inner  radius  r'  =  a  is  compared  also  with  the 
analytical  results  given  by  Ding  et  al.  (2003)  in  case  of  homogeneous  medium.  One  can  observe 
a  good  agreement  of  analytical  and  MLPG  results  for  a  homogeneous  piezoelectric  sphere.  For 
the  gradual  increase  of  mechanical  material  properties  with  radial  coordinate  and  a  uniform  mass 
density,  the  wave  propagation  velocity  is  increasing  with  r.  Therefore,  the  peak  value  of  the 
radial  displacements  and  hoop  stresses  are  reached  in  an  earlier  time  instant  in  FGPM  hollow 
sphere  than  in  a  homogeneous  one.  The  maximum  quantities  are  reduced  for  the  FGPM  sphere. 
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Fig,  22  Time  variation  of  hoop  stresses  in  the  hollow  sphere  under  an  impaet  pressure  load  on 

the  inner  radius 


4,4  Edge  crack  in  a  finite  magneto-electric-elastic  strip 

Next,  an  edge  eraek  in  a  finite  magneto-eleetrie-elastie  strip  is  analyzed.  The  geometry  of  the 
eracked  speeimen  is  the  same  as  in  the  previous  example.  We  have  used  again  930  equidistantly 
distributed  nodes  for  the  MLS  approximation  of  the  physieal  fields.  On  the  top  of  the  strip  either 
a  uniform  tension  (Tq  ,  or  a  uniform  magnetie  induetion  is  applied.  Firstly,  the  statie 

loadings  are  eonsidered.  The  funetionally  graded  material  properties  in  the  Xj  -direetion  are 
eonsidered.  An  exponential  variation  of  the  elastie,  piezoeleetric,  dieleetrie,  paramagnetie, 
eleetromagnetie  and  magnetie  permeability  coeffieients  are  assumed  as 

fiM)  =  (44) 

where  the  symbol  is  eommonly  used  for  partieular  material  eoeffieients 

with  f..Q  corresponding  to  the  material  coefficients  for  the  BaTi03-CoFe204  composite  and 
being  given  by  Li  (2000)  as 

Cii  =22.6x1 C13  =  12.4x10'“ ,  C33  =  21.6x10'“ ,  Cg,  =  4.4x10'“ Am^"  , 

ej5=5.8Cm^^  ,  e^^=-2.2CmY^  ,  e^^=9.3Cm^^  , 

/ill  =5.64x10'“ CV Am'  ’  /233  =  6.35x1 0'“C' /Am'  , 
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=215.0N / Am  ,  d2i  =  290.2 N / Am  ,  d22  =250.0 N / Am  , 

«!!  =5.367x10^'" A^5/KC,  ^33  =  2737.5 x10^‘"A^5/KC  , 
r, ,=297. 0x10-^ Ns^C-\  }'33  =  83.5x1  ,p  =  5500kg/m^ 

and  the  origin  xj  =  0  is  assumed  at  the  eraek  tip. 


Fig,  23  Normalized  stress  intensity  faetor  for  an  edge  eraek  in  a  strip  under  a  pure  meehanieal 

load  <JqH{t-0) 

We  have  eonsidered  the  same  exponential  gradient  for  all  eoefficients  with  value  y=2  in  the 
numerieal  ealeulations.  Then,  all  material  parameters  at  the  eraek  tip  are  e  =  2.718  times  larger 
than  in  the  homogeneous  material.  Then,  the  eraek  opening  displaeement  and  potentials  are 
signifieantly  redueed  in  the  nonhomogeneous  material  with  gradually  inereasing  material 
properties  in  x,  -direetion.  The  normalized  stress  intensity  faetors  for  homogeneous  and 

nonhomogeneous  eraeked  speeimen  have  the  following  values,  fj  =  =  2.105  and 

1.565,  respeetively.  With  inereasing  gradient  parameter  y  the  SIF  is  deereasing.  A  similar 
phenomenon  is  observed  for  an  edge  eraek  in  an  elastie  FGM  strip  under  a  meehanieal  loading 
(Dolbow  and  Gosz,  2002)  and  for  a  cracked  piezoelectric  FGM  specimen  (Sladek  et  ah,  2007a). 
For  a  crack  in  a  homogeneous  magneto-electric-elastic  solid  analyzed  in  the  previous  example 
the  SIF,  EDIF,  magnetic  induction  intensity  factor  (MIIF)  are  uncoupled.  However,  this 
conclusion  is  not  valid  generally  for  a  continuously  nonhomogeneous  solid.  We  have  obtained 
the  following  normalized  quantities:  =  0.04866  and  /  Kj““  =0.00412  .  For 
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normalized  electrical  displacement  and  magnetic  induction  intensity  factor  we  have  used 
parameters  and  ■,  respectively. 

Next,  the  strip  is  subjected  to  an  impact  mechanical  load  with  Heaviside  time  variation  and  the 
intensity  (Tq  =  \Pa .  The  impermeable  boundary  conditions  for  the  electric  displacement  and 
magnetic  flux  on  crack  surfaces  are  considered.  The  time  variation  of  the  normalized  stress 
intensity  factor  is  given  in  Fig.  23,  where  =  2.642Pa  ■  m'^^ .  The  boundary  value  problem  for 

a  homogeneous  material  has  been  analyzed  also  by  the  FEM  computer  code  ANSYS.  One  can 
observe  a  quite  good  agreement  of  results.  For  graded  elasticity  coefficients  along  the  Xj  - 
coordinate  and  a  uniform  mass  density,  the  wave  propagation  is  growing  with  Xj  .  Therefore,  the 
peak  value  of  the  SIF  is  reached  in  a  shorter  time  instant  in  functionally  graded  strip  than  in  a 
homogeneous  one.  The  maximum  value  of  the  SIF  is  only  slightly  reduced  for  the  FGM  cracked 
strip. 

4,5  A  penny-shaped  crack  in  a  finite  cylinder 

A  penny-shaped  crack  in  a  finite  cylinder  as  depicted  in  Fig.  24  is  analyzed  as  the  third  example. 
The  following  geometry  is  considered;  crack  radius  a  =  0.5  ,  cylinder  radius  w  =  1.25,  and 
cylinder  length  2T  =  3.0  .  On  the  top  of  the  cylinder  either  a  uniform  tension  (Tq  ,  or  a  uniform 
magnetic  induction  are  applied,  firstly  as  static  loads. 

Also  in  this  example,  an  exponential  variation  of  the  magneto-electro-elastic  material  parameters 
in  radial  direction  is  assumed,  i.e., 

fijir)  =  fijo  exp(}7r). 

The  material  coefficients  at  the  axis  of  symmetry  corresponding  to  the 
BaTi03-CoFe204  composite  are  given  by  (Wang  and  Mai,  2007) 

Cii=22.6xlO‘“Am^"  ,  Ci3=  12.4x10'° ,  C33  =  21.6xl0'° ,  C44  =  4.4x1 0‘°Am^\ 
Cj2  =  12.5x10'° Am^^  ,  e^^=5.SCm^^  ,  e^^=-2.2Cm^^  ,  e^^=9.3Cm^^  , 

/ill  =5. 64x10^°  CV  Am"  ^  /233  =  6.35x1 0‘°C" /Am"  , 

r/i5  =  275.0A/Hm  ,  =  290.2  N /  Am  ,  d^^  =350.0 N I  Am  , 

aii=5.367xlO^'"Ay/FC,  ^33  =  2737.5x10^'" Ay/ FC  , 

^11  =81.0x10  °Ay"C  ",  y33  =  83.5xl0“°A5"C  "  ,/?  =  5500kg /m"  . 
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Fig,  24  A  penny-shaped  eraek  in  a  finite  magneto-eleetro-elastie  eylinder 

Numerical  calculations  are  carried  out  for  the  gradient  parameter  y  =  2.  A  regular  node 
distribution  with  930  (31x30)  nodes  is  used  for  the  MLS -approximation  of  the  displacements  and 
the  potentials  in  the  analyzed  domain  ABCDE  (see  Fig.24). 

The  static  values  of  the  SIF  for  the  homogeneous  and  FGM  cracked  cylinder  are 
=  0.813Pa  m'^^and  =0.353Pa  m'^^,  respectively.  The  SIF  in  the  cracked  cylinder 
with  positive  material  properties  gradient  is  significantly  reduced  in  comparison  with  the  SIF  for 
the  corresponding  homogeneous  cylinder.  This  is  due  to  the  significant  reduction  of  the  crack 
opening  displacement  in  the  FGM  cylinder  as  presented  in  Fig.  25.  One  can  also  see  a  good 
agreement  of  numerical  results  obtained  by  the  MFPG  method  and  the  FFM  for  a  cracked 
homogeneous  cylinder. 
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Fig.  25  Variation  of  the  crack  opening  displacement  with  the  normalized  coordinate  r  Ha  in  the 
cracked  cylinder  under  a  pure  mechanical  loading  <7^  =  \Pa  . 

Variation  of  the  electric  and  magnetic  potentials  with  the  radial  coordinate  under  a  pure 
mechanical  loading  cTq  =  \Pa  is  presented  in  Fig.  26.  The  EDIF  and  MIIF  vanish  in  the  static 

case  with  a  pure  mechanical  load  in  the  homogeneous  cylinder.  Both  the  electrical  and  magnetic 
potentials  are  significantly  reduced  in  the  FGM  cylinder  with  respect  to  the  homogeneous  one.  A 
good  agreement  between  the  MLPG  and  FEM  results  is  again  observed  for  both  potentials  in  a 
homogeneous  cylinder. 
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a) 


b) 

Fig.  26  Variation  of  a)  the  electric,  and  b)  magnetic  potentials  with  the  normalized  coordinate 
r  Ha  under  a  pure  mechanical  loading  <7^  =  \Pa  in  the  cracked  cylinder. 
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Next,  the  eracked  cylinder  is  subjected  to  an  impact  mechanical  load  with  Heaviside  time 
variation  and  the  intensity  <Tq  =  \Pa .  Impermeable  boundary  conditions  for  the  electric 
displacement  and  magnetic  flux  on  crack  surfaces  are  considered.  The  time  variation  of  the 
normalized  stress  intensity  factor  is  given  in  Fig.  27,  where  Kf‘“  =0.813Pa  m'^^  corresponds  to 
the  corresponding  homogeneous  case. 


Fig.  27  Normalized  stress  intensity  factor  for  a  penny-shaped  crack  in  a  cylinder  under  a  pure 

mechanical  load  (7qH{t-0) 

The  picks  of  the  SIF  in  Fig.  27  for  the  FGM  cylinder  are  significantly  reduced  with  respect  to  the 
homogeneous  case.  The  reduction  is  proportional  to  the  reduction  of  the  static  stress  intensity 
factors  in  both  cases.  If  the  dynamic  SIF  in  the  FGM  cylinder  is  normalized  by  the 
corresponding  static  value  =  0.353Pa  m'^^  one  obtains  almost  the  same  pick  value  as  in 

the  homogeneous  case.  The  peak  value  of  the  SIF  in  FGM  cylinder  is  reached  at  a  shorter  time 
instant  than  in  the  corresponding  homogeneous  one.  It  is  due  to  the  higher  value  of  the  wave 
velocity  in  the  FGM  cylinder  than  in  the  homogeneous  one. 
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0.08 


b) 

Fig.  28  Normalized  a)  electric,  and  b)  magnetic  intensity  factors  for  a  penny-shaped  crack  in  a 
cylinder  under  a  pure  mechanical  load  <7f^H{T-Qi) 
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For  normalized  electrical  displacement  and  magnetic  induction  intensity  factors  we  have  used 
parameters  =  £33  /  A33  and  /  ^33  ,  respectively.  Numerical  results  are  presented  in  Fig. 

28.  Opposite  to  the  static  case,  finite  values  of  EDIF  and  MIIF  are  obtained  under  a  pure 
mechanical  impact  load  in  the  homogeneous  cylinder  too.  Both  dynamic  quantities  for  FGM 
cylinder  are  oscillating  around  the  static  values  which  are:  A^A^  /  =  0.00655  and 

A„A3,/a;“= -0.831  10-'. 

5,  Conclusions 

A  meshless  local  Petrov-Galerkin  method  (MLPG)  is  presented  for  modelling  2-D  and  3-D 
axisymmetric  piezoelectric  and  magneto-electric-elastic  problems.  Both  static  and  impact  loads 
are  considered.  The  Laplace-transform  technique  is  applied  to  eliminate  the  time  variable  in  the 
coupled  governing  partial  differential  equations.  The  analyzed  domain  is  divided  into  small 
overlapping  circular  subdomains.  A  unit  step  function  is  used  as  the  test  function  in  the  local 
weak-form  of  the  governing  partial  differential  equations.  The  derived  local  boundary-domain 
integral  equations  are  non-singular.  The  moving  least-squares  (MLS)  scheme  is  adopted  for  the 
approximation  of  the  physical  field  quantities.  The  proposed  method  is  a  truly  meshless  method, 
which  requires  neither  domain  elements  nor  background  cells  in  either  the  interpolation  or  the 
integration. 

The  present  method  is  an  alternative  numerical  tool  to  many  existing  computational  methods  like 
FEM  or  BEM.  The  main  advantage  of  the  present  method  is  its  simplicity.  Compared  to  the 
conventional  BEM,  the  present  method  requires  no  fundamental  solutions  and  all  integrands  in 
the  present  formulation  are  regular.  Thus,  no  special  numerical  techniques  are  required  to 
evaluate  the  integrals.  It  should  be  noted  here  that  the  fundamental  solutions  are  not  available  for 
magneto-electric-elastic  solids  with  continuously  varying  material  properties  in  general  cases. 
The  present  formulation  also  possesses  the  generality  of  the  EEM.  Therefore,  the  method  is 
promising  for  numerical  analysis  of  multi-field  problems  like  piezoelectric,  electro-magnetic  or 
thermoelastic  problems,  which  cannot  be  solved  efficiently  by  the  conventional  BEM. 
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Abstract 

The  Eulerian-Lagrangian  method  of  fundamental  solutions  is  proposed  to  solve  the  two-dimensional  unsteady  Burgers’  equations. 
Through  the  Eulerian-Lagrangian  technique,  the  quasi-linear  Burgers’  equations  can  be  converted  to  the  characteristic  diffusion 
equations.  The  method  of  fundamental  solutions  is  then  adopted  to  solve  the  diffusion  equation  through  the  diffusion  fundamental 
solution;  in  the  meantime  the  convective  term  in  the  Burgers’  equations  is  retrieved  by  the  back- tracking  scheme  along  the  characteristics. 
The  proposed  numerical  scheme  is  free  from  mesh  generation  and  numerical  integration  and  is  a  truly  meshless  method.  Two- 
dimensional  Burgers’  equations  of  one  and  two  unknown  variables  with  and  without  considering  the  disturbance  of  noisy  data  are 
analyzed.  The  numerical  results  are  compared  very  well  with  the  analytical  solutions  as  well  as  the  results  by  other  numerical  schemes.  By 
observing  these  comparisons,  the  proposed  meshless  numerical  scheme  is  convinced  to  be  an  accurate,  stable  and  simple  method  for  the 
solutions  of  the  Burgers’  equations  with  irregular  domain  even  using  very  coarse  collocating  points. 

©  2007  Elsevier  Ltd.  All  rights  reserved. 

Keywords:  Eulerian-Lagrangian  method;  Method  of  fundamental  solutions;  Burgers’  equations;  Diffusion  fundamental  solution;  Meshless  method 


1.  Introduction 

The  Burgers’  equation  was  initially  studied  for  the 
weather  problem  in  1915  by  Bateman  [1]  and  was  extended 
to  model  turbulence  and  shock  wave  by  Burgers  [2]. 
Besides,  the  Burgers’  equation  is  a  useful  model  for  many 
interesting  physical  problems  [3],  such  as  shock  wave, 
acoustic  transmission,  traffic  and  aerofoil  flow  theory, 
turbulence  and  supersonic  flow  as  well  as  a  prerequisite 
to  the  Navier-Stokes  equations.  The  problems  modeled 
by  the  Burgers’  equation  can  be  considered  as  an 
evolutionary  process  in  which  a  convective  phenomenon 
is  in  contrast  with  a  diffusive  phenomenon.  It  is  possible 
to  obtain  the  exact  solutions  of  the  Burger’s  equation 
for  simple  geometry  by  the  Cole-Hopf  transformation 
[4,5].  The  known  exact  solutions  of  the  Burgers’  equation 
are  tabulated  by  Benton  and  Platzman  [6]  as  well  as 
Fletcher  [7]. 


’^Corresponding  author.  Fax:  +886223626114. 
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Although  there  are  some  analytic  solutions  available  in 
the  literatnre,  the  exact  solutions  for  the  practical  applica¬ 
tions  are  very  limited  due  to  the  complex  geometry  and 
complicated  initial  and  boundary  conditions.  The  numer¬ 
ical  methods  developed  more  than  three  decades  seem  to 
serve  as  a  satisfactory  alternative  to  solve  the  unsteady 
Burger’s  equations.  Most  of  the  existing  numerical 
methods  in  previous  studies  were  reported  successfully  to 
be  able  to  solve  the  Burgers’  equations,  such  as  the  flnite 
difference  method  (FDM)  [8-10],  the  flnite  element  method 
(FEM)  [11,12]  and  the  boundary  element  method  (BEM) 
[13,14].  Eor  example,  for  the  Burgers’  equation  Bahadir  [8] 
proposed  a  fully  implicit  flnite  difference  scheme  and 
Radwan  [10]  used  a  fourth-order  compact  scheme  and  the 
fourth-order  Du  Eort  Frankel  algorithm.  In  addition, 
Froncioni  et  al.  [11]  proposed  the  discontinuous-Galerkin 
space-time  finite  element  formulation  using  the  simplex- 
type  meshes.  In  the  meantime,  Kutluay  et  al.  [12]  used  the 
least-squares  quadratic  B-spline  FEM  to  handle  the 
unsteady  Burgers’  equations.  In  comparing  with  FDM 
and  FEM,  the  BEM  appears  to  be  a  better  alternative  to 
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simulate  the  physical  problems  due  to  the  reduction  of  one 
dimension.  Kakuda  and  Tosaka  [14]  adopted  the  general¬ 
ized  BEM  to  treat  the  Burgers’  equations  while  Chino  and 
Tosaka  [13]  used  the  dual  reciprocity  BEM.  The  numerical 
methods  discussed  above  can  be  used  to  solve  the  unsteady 
Burgers’  equations;  however  the  large  amount  of  efforts 
should  be  paid  during  the  numerical  implementation.  The 
time-consuming  mesh  generation  of  EDM  and  FEM  as 


well  as  the  complicated  singular  integrals  of  BEM  always 
bothered  researchers.  The  drawbacks  make  these  conven¬ 
tional  numerical  methods  very  difficult  to  efficiently  deal 
with  the  Burgers’  equations  especially  for  treating  the 
nonlinear,  multidimensional  flows  and  irregular  domain 
problems. 

The  developments  of  the  so-called  meshless  or  meshfree 
methods  catch  the  researchers’  attentions  recently.  There 


a  b 


Fig.  1.  (a)  Schematic  diagram  for  the  location  of  source  and  field  points  on  the  space-time  domain  in  2-D  problem,  (b)  Schematic  diagram  for  the 
characteristic  AB. 


Fig.  2.  Velocity  profiles  of  problem  1  at  different  time  levels  (Re  =  1,  At  =  0.01,  N  =  64).  (a)  t  =  0.10;  (b)  t  =  1.00;  (c)  t  =  3.00;  (d)  t  =  9.00. 
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Fig.  4.  Velocity  profiles  of  problem  1  at  different  time  levels  (Re  =  20,  At  =  0.001,  N  =  441).  (a)  t  =  0.50;  (b)  t  =  0.75;  (c)  t  =  1.00;  (d)  t  =  1.25. 
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are  several  meshless  methods  developed  in  the  past  decade 
and  some  available  methods  are  the  multiquadrics  (MQ) 
method  [15,16],  the  meshless  local  Petrov-Galerkin 
(MLPG)  method  [17-20]  and  the  method  of  fundamental 
solutions  (MFS)  [21-29].  Hon  and  Mao  [15]  applied  the 
MQ  method  to  the  one-dimensional  unsteady  Burgers’ 
equation,  while  Li  et  al.  [16]  used  the  MQ  method  to  solve 
two-dimensional  problems.  Though  the  MQ  method  can 
simply  solve  the  Burgers’  equations,  the  choice  of  a  suitable 
shape  parameter  which  will  influence  the  stability  of  the 
numerical  scheme  is  still  an  open  topic.  This  handicap 
drastically  limits  the  developments  and  applications  of  the 
MQ  method.  The  MFS,  which  is  similar  to  the  BEM  due  to 
the  reduction  of  one  dimension,  is  free  from  the  mesh 
generation  and  numerical  integration.  The  MFS  was 
originally  proposed  by  Kupradze  and  Aleksidze  [24]  and 
has  been  extended  to  the  solution  of  Poisson’s  equation  by 
Golberg  [21].  Karageorghis  and  Fairweather  [23]  adopted 
the  MFS  to  model  the  biharmonic  equation.  On  the  other 
hand.  Young  and  Ruan  [26]  analyzed  the  electromagnetic 
waves  scattering  problems  by  MFS,  and  Young  et  al.  [27] 
used  the  Stokeslets  and  MFS  to  simulate  the  Stokes  flow  in 
a  rectangular  cavity  with  cylinders.  Under  the  novel 
concept  of  time-space  unification.  Young  et  al.  [28,29] 
solved  the  time-dependent  diffusion  equations  by  the 


diffusion  fundamental  solution  and  MFS  which  can  avoid 
the  Laplace  transform  or  finite  difference  method  in 
discretizing  the  time  state.  The  time-dependent  MFS  is 
further  applied  to  the  Stokes’  first  and  second  problems  in 
a  semi-infinite  domain  by  Hu  et  al.  [22]. 

The  MFS  is  successfully  applied  to  solve  the  linear 
diffusion  equation  since  the  numerical  results  are  assumed 
to  be  the  linear  combination  of  the  time-dependent 
diffusion  fundamental  solutions.  Due  to  the  existence  of 
the  convective  term  in  the  Burgers’  equations,  the  MFS 
cannot  be  used  directly  for  the  Burgers’  equations.  The 
convective  term  of  the  unsteady  Burgers’  equation  can  be 
dealt  with  by  the  Eulerian-Lagrangian  method  (ELM) 
[25,30].  The  ELM  combines  the  computational  powers  of 
the  Eulerian  and  Lagrangian  approaches,  so  as  to 
incorporate  the  merits  of  a  fixed  Eulerian  coordinate  and 
a  moving  Lagrangian  coordinate.  The  combination  of  the 
ELM  and  BEM  has  been  successfully  applied  to  the 
advection-diffusion  equations  [30],  while  the  same  pro¬ 
blems  are  also  simulated  by  using  the  Eulerian-Lagrangian 
method  of  fundamental  solutions  (ELMFS)  [25].  The  use 
of  ELM  can  be  regarded  as  changing  the  physical 
viewpoint  of  the  problem  from  a  fixed  to  moving  path. 
In  this  study,  the  Burgers’  equations  will  be  converted  to 
the  characteristic  diffusion  equations  by  ELM,  and  then 


Fig.  5.  Error  profiles  of  problem  1  at  different  time  levels  (Re  =  20,  At  =  0.001,  N  =  441).  (a)  t  =  0.50;  (b)  t  =  0.75;  (c)  t  =  1.00;  (d)  t  =  1.25. 
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the  diffusion  equations  will  be  solved  by  the  MFS. 
After  the  diffusion  solutions  are  found  by  MFS,  the 
convective  term  of  the  Burgers’  equations  can  be  obtained 
by  the  back-tracking  scheme  through  the  characteristics 
[25,30].  This  ELMFS  technique  has  been  successfully 
applied  to  the  one-dimensional  unsteady  Burgers’  equa¬ 
tions  by  Young  [31]. 

The  aim  of  this  study  is  to  demonstrate  the  capability 
and  simplicity  of  the  ELMFS  to  solve  the  unsteady 
nonlinear  two-dimensional  Burgers’  equations.  The  gov¬ 
erning  equations  and  numerical  method  will  be  explained 
in  Sections  2  and  3,  respectively.  The  numerical  results  and 
conclusions  will  be  provided,  respectively,  in  Sections  4  and 
5.  There  are  three  case  study  problems  adopted  in  this 
article  and  the  numerical  results  are  compared  very  well 
with  the  analytical  solutions  as  well  as  other  numerical 
solutions. 


2.  Governing  equations 


The  two-dimensional  Burgers’  equations  with  two 
variables  are  similar  to  the  incompressible  Navier-Stokes 
equations  without  considering  pressure  term  and  continu¬ 
ity  equation.  We  will  consider  the  following  system  of  the 
two-dimensional  Burgers’  equations: 


0M  0M  0M  1  /0^M  0^m\ 

0t  ”  0x  ^  07  Re  \0x2  0j2y  ’ 


dv  dv  dv  If  d^v  d^v\ 

subject  to  the  initial  conditions: 
u(x,  ?o)  =  0 1  (x,  y)  (x,  y)  e  Q, 

v(x,y,  to)  =  02  (^>7)  e  ^ 

and  the  boundary  conditions: 
Lu(x,y,  t)  —  (f)^{x,y,  t)  (x,y)  e  dQ, 

Lv{x,y,  t)  —  4)/^{x,y,  t)  (x,y)  e  dQ, 


(2) 

(3) 

(4) 

(5) 

(6) 


where  Q  and  dQ  denote  the  computational  domain  and  the 
associated  boundary.  L  is  a  boundary  differential  operator. 
m(x,  y,  t)  and  v(x,  y,  t)  are  the  two  unknown  variables  which 
can  be  regarded  as  the  velocities  in  fluid-related  problems. 
0j(x,j),  02  (^>7)5  03(-^>T>O  ^nd  04(x,j,  t)  are  all  known 
functions.  Re  is  the  Reynolds  number,  and  to  is  the  initial 
time. 

According  to  the  relative  weighting  of  the  diffusive  and 
convective  terms  {Re)  in  the  Burgers’  equations,  the 
Burgers’  equations  will  behave  as  elliptic,  parabolic  or 
hyperbolic  type  of  partial  differential  equations. 


3.  Numerical  method 

The  two-dimensional  Burgers’  equations,  Eqs.  (1)  and  (2), 
can  be  transferred  to  the  following  two  characteristic 
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diffusion  equations  using  the  ELM: 

Dm  1  /0^M  0^m\ 

D?  Re  \0x2  dy^)  ’ 


Df  Re  \0x2  dy^J  ’ 

where  the  total  or  material  derivative  including  the 
convective  term  is  defined  as  [25,30] 


D  0  0  0 

- —  — 1“  ^  iiii; ^  iiii; —  ■ 

Df  0?  0x  Qy 


(9) 


Since  the  two-dimensional  Burgers’  equations  are  con¬ 
verted  to  the  characteristic  diffusion  equations,  the  MFS  is 


hrst  adopted  to  solve  the  diffusion  equations  [28,29].  In 
MFS,  the  diffusion  solution  can  be  represented  as  the 
linear  combination  of  the  diffusion  fundamental  solutions 
with  different  source  intensities.  The  fundamental  solution 
of  the  linear  diffusion  equation  is  governed  by 

^  V^GCx,  r;  I,  T)  +  5{x  -  mt  -  t),  (10) 

at  Re 

where  G{x,  t;  J,  t)  is  the  fundamental  solution  of  the  linear 
diffusion  equation,  x  —  {x,y)  and  J  =  are  the  spatial 
coordinates  of  the  held  and  source  points,  t  and  t  are  the 
temporal  coordinates  of  the  held  and  source  points.  (5()  is 
the  well-known  Dirac  delta  function. 


Fig.  6.  Velocity  profiles  of  problem  2  at  different  time  levels  (Re  =  100,  At  =  0.005,  N  =  441).  (a)  t  =  0.01;  (b)  t  =  0.50;  (c)  t  =  2.00. 
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By  using  the  integral  transform  theory  of  Eq.  (10),  the 
free-space  Green’s  function  or  the  fundamental  solution  of 
the  linear  diffusion  equation  can  be  obtained  as 


G{x,  t-  t) 


Q-\x-l\GmiRe){t-T)\ 
- -  T), 

[An(\/Re)(t-x)Y'^ 


(11) 


where  d  is  the  dimension  of  the  problem  and  is  equal  to  two 
in  this  study.  H{)  is  the  Heaviside  step  function. 

Based  on  the  time-dependent  MFS  concept,  we  can 
express  the  diffusion  solutions  of  Eqs.  (7)  and  (8)  by  the 
combination  of  the  diffusion  fundamental  solutions. 


Eq.  (1 1),  as 

N 

u(x,  0  =  X!  “7 ^ ^ 
7=1 

N 

r(v,r)  =  ^;8^.G(x,f;|,-,T,),  (13) 

7=1 

where  N  is  the  number  of  source  point,  aj  and  are  the 
unknown  coefficients  which  denote  the  source  intensities  of 
the  corresponding  fundamental  solutions.  Once  the  coeffi¬ 
cients  are  obtained,  the  velocity  of  any  field  points  in  the 


Fig.  7.  Error  profiles  of  problem  2  at  different  time  levels  {Re  =  100,  At  =  0.005,  N  =  441).  (a)  t  =  0.01;  (b)  t  =  0.50;  (c)  t  =  2.00. 
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time-space  domain  can  be  acquired  by  using  Eqs.  (12)  and 
(13)  accordingly. 

In  our  numerical  experiments,  the  numbers  of  field  and 
source  points  are  chosen  the  same,  and  both  are  equal  to  N 
so  that  square  matrices  are  formed.  The  locations  of  field 
and  source  points  are  illustrated  in  Fig.  1(a),  and  the  field 
and  source  points  are  located  at  the  same  spatial  positions 
but  at  different  time  levels.  In  Fig.  1(a),  the  parameter,  i,  is 
chosen  as  a  function  of  the  maximum  distance  of  the 
spatial  domain  {R)  and  it  can  be  expressed  as  /.(A?)  =  jiR. 
By  observing  the  diffusion  fundamental  solution,  it  is  noted 
that  the  temporal  difference  {t—x)  between  field  and  source 
points  is  proportional  to  their  spatial  distance  (|x  —  J|). 
Flence  we  will  use  the  empirical  formula  to  determine  the 
temporal  location  of  the  source  points.  In  the  section 
of  numerical  results,  it  will  be  elaborated  that  the  pro¬ 
posed  formula  performs  well  and  provides  a  useful 
guide  to  determine  the  time  level  of  the  source  points. 
ji  is  an  adaptive  parameter  which  can  be  chosen  by  the 
trial  and  error  process.  By  collocating  the  initial  and 
boundary  conditions,  two  matrices  are  formed  by  utilizing 
Fqs.  (3)-(6),  (12)  and  (13): 

[Au]M  =  [fy  (14) 

[AM  =  [fy  (15) 

The  components  of  [A^]  and  [A„]  are  the  representation 
of  the  fundamental  solutions,  [fj  is  the  combination  of 
(j)^(x,y)  and  (j)2(x,y,t),  and  [fj  is  the  combination  of 
(j)2(x,y)  and  (f)yx,y,t)-  The  unknown  coefficients,  or  the 
source  intensities  of  the  fundamental  solutions,  can  be 
obtained  by  inverting  the  above  two  matrices,  Fqs.  (14) 
and  (15).  The  function  values  inside  the  time-space  box  at 
t  —{n+  l)At  can  thus  be  acquired  from  Fqs.  (12)  and  (13). 

The  results  of  the  Burgers’  equations  with  convective 
term  can  be  retrieved  from  the  numerical  diffusion  results 
by  back-tracking  the  particles  along  the  line  of  character¬ 
istics.  In  the  FFM,  the  convective  velocities  in  the  Burgers’ 
equations  are  expressed  in  terms  of  the  spatial  and  time 


increments  as  follows: 

dx  —  x" 

(16) 

u  —  —  — - 7 - , 

dt  At 

dy  —  y" 

dt~  At  ’ 

(17) 

x"  =  x"'^^  —  uAt, 

(18) 

/  =/+*  -pAt 

(19) 

In  Fig.  1(b),  the  line  AB  is  the  characteristic  path  on 
which  the  transport  of  the  scalar  quantity  can  be  traced.  If 
the  velocities  at  point  A  are  required,  the  spatial  location  of 
point  B  can  be  traced  by  Fqs.  (18)  and  (19).  When  the 
spatial  location  of  point  B  is  determined,  the  solutions 
along  characteristics  AB  will  follow  the  characteristic 
diffusion  operators,  Eqs.  (7)  and  (8),  according  to  the 


material  derivative  and  the  diffusion  equations.  After  the 
diffusion  process  is  calculated  by  the  time-dependent  MFS, 
the  velocities  at  point  C  can  be  obtained  to  represent  the 
velocities  at  point  A.  Points  B  and  C  are  located  at  the 
same  spatial  position  but  at  different  time  levels  (Fig.  1(b)). 
The  velocities  at  point  A  are  properly  replaced  by  the 
diffusion  results  at  point  C,  and  then  the  results  of  the 
Burgers’  equations  at  t  —  {n+  l)At  thus  can  be  acquired. 
This  procedure  can  be  repeated  until  either  the  terminal 
time  or  steady-state  solution  is  achieved. 


Fig.  8.  Time  history  of  maximum  absolute  errors  of  u  and  v  of  problem  2 
for  different  size  of  time  step  (Re  =  100,  A'^  =  441). 


Fig.  9.  Time  evolution  history  of  maximum  absolute  errors  of  u  and  v  of 
problem  2  for  temporal  locations  of  source  point  (Re  =  100,  N  =  441). 
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4.  Numerical  results 


and  the  analytical  solution  is  [16] 


To  illustrate  the  high  performance  of  ELMFS  described 
in  the  previous  section,  three  Burgers’  problems  will  be 
considered.  The  hrst  one  is  the  two-dimensional  Burgers’ 
equation  in  one  variable  and  the  numerical  results  are 
compared  with  the  analytical  solutions.  The  second  and  the 
third  ones  are  the  two-dimensional  Burgers’  equations  in 
two  variables  with  regular  and  irregular  domains.  The 
results  of  the  second  problem  are  in  good  agreement  with 
the  analytical  solutions  and  show  better  performance  than 
the  FDM  [8].  In  the  second  problem  the  study  of  the 
disturbance  of  noisy  initial  and  boundary  data  is  also  taken 
into  consideration.  In  order  to  demonstrate  the  flexibility 
of  the  ELMFS,  the  third  problem  is  devoted  to  an  irregular 
computational  domain  which  is  nontrivial  by  the  conven¬ 
tional  numerical  methods. 


4.1.  Problem  1 


The  hrst  validation  problem  is  the  unsteady  Burgers’ 
equation  in  one  variable  which  is  described  as  below: 


0M  0M  0M  1  /0^M  0^m\ 

^ ^ dy  Re  \0x2  Qy^) 


(20) 


uix,y,t)^^  -  /  ■  ■  (21) 

1  -t-  exp{Re{x  +  y  —  t)/2) 

The  computational  domain  is  =  {(x,^)  :  1, 

1}.  The  numerical  results  of  velocity  for  Re  —  1 
are  shown  in  Fig.  2.  The  evolutionary  process  can  be 
observed  in  the  hgure  and  the  absolute  errors  are  depicted 
in  Fig.  3.  Since  the  convective  term  is  not  large  in 
comparing  with  the  diffusion  term,  the  diffusion  process 
varies  smoothly.  The  absolute  errors  in  Fig.  3  are  quite 
small,  so  it  is  proven  that  ELMFS  can  handle  the  Burgers’ 
equation  at  low  Reynolds  number.  Additionally,  the 
numerical  results  in  Re  =  20  are  displayed  in  Fig.  4  and 
the  absolute  errors  are  depicted  in  Fig.  5.  It  is  easy  to  hnd 
conspicuously  a  sharp  gradient  which  moves  with  time  in 
Fig.  4  as  Re  increases  and  the  absolute  errors  in  Fig.  5  also 
move  with  that  front.  The  errors  will  occur  near  the  sharp 
front  in  any  numerical  method  and  the  absolute  errors  in 
this  test  are  acceptable.  The  complete  numerical  results, 
absolute  errors  and  analytical  solutions  are  tabulated  in 
Table  1.  By  observing  the  detailed  comparison  of 
numerical  and  analytical  results,  it  is  convinced  that  the 
proposed  scheme  is  very  simple,  stable  and  accurate  for  the 
solutions  of  the  Burgers’  equation.  There  is  no  iteration 


Table  2 

Numerical  solutions  of  (a)  u  and  (b)  v  at  different  time  levels  in  some  specific  points  of  problem  2  {Re  =  10,  At  =  0.01,  N  =  441) 


X 

y 

t  =  0.01 

t  =  0.5 

t  =  2.0 

Analytical  solution  MFS 

ERROR!  Analytical  solution  MFS 

ERROR!  Analytical  solution  MFS 

!  ERROR! 

(a) 


0.10 

0.10 

0.62481 

0.62481 

3.59E-07 

0.61525 

0.61526 

3.10E-06 

0.58716 

0.58716 

2.63E-06 

0.50 

0.10 

0.59420 

0.59420 

2.05E-07 

0.58540 

0.58540 

3.57E-06 

0.56127 

0.56127 

2.80E-06 

0.90 

0.10 

0.56708 

0.56708 

1.53E-07 

0.55984 

0.55984 

2.15E-06 

0.54113 

0.54113 

1.97E-06 

0.30 

0.30 

0.62481 

0.62480 

3.26E-07 

0.61525 

0.61526 

7.62E-06 

0.58716 

0.58717 

6.02E-06 

0.70 

0.30 

0.59420 

0.59420 

1.81E-07 

0.58540 

0.58540 

6.44E-06 

0.56127 

0.56128 

4.98E-06 

0.10 

0.50 

0.65543 

0.65543 

3.04E-07 

0.64628 

0.64628 

5.38E-06 

0.61720 

0.61720 

5.17E-06 

0.50 

0.50 

0.62480 

0.62480 

2.96E-07 

0.61525 

0.61527 

1.14E-05 

0.58716 

0.58717 

9.83E-06 

0.90 

0.50 

0.59420 

0.59420 

1.75E-07 

0.58540 

0.58540 

5.91E-06 

0.56127 

0.56128 

5.12E-06 

0.30 

0.70 

0.65543 

0.65543 

3.15E-07 

0.64628 

0.64629 

1.13E-05 

0.61720 

0.61721 

l.lOE-05 

0.70 

0.70 

0.62480 

0.62480 

2.76E-07 

0.61525 

0.61527 

1.24E-05 

0.58716 

0.58717 

1.22E-05 

0.10 

0.90 

0.68261 

0.68261 

3.13E-07 

0.67481 

0.67482 

4.77E-06 

0.64817 

0.64817 

5.26E-06 

0.50 

0.90 

0.65543 

0.65543 

3.10E-07 

0.64628 

0.64629 

1.02E-05 

0.61720 

0.61721 

1.09E-05 

0.90 

0.90 

0.62480 

0.62481 

3.07E-07 

0.61525 

0.61526 

6.57E-06 

0.58716 

0.58717 

6.73E-06 

(b) 

0.10 

0.10 

0.87520 

0.87520 

1.98E-07 

0.88475 

0.88475 

9.89E-07 

0.91284 

0.91284 

1.71E-06 

0.50 

0.10 

0.90580 

0.90580 

1.82E-07 

0.91460 

0.91461 

6.70E-07 

0.93873 

0.93873 

1.73E-06 

0.90 

0.10 

0.93292 

0.93292 

4.56E-09 

0.94016 

0.94016 

1.39E-06 

0.95887 

0.95887 

2.22E-06 

0.30 

0.30 

0.87520 

0.87520 

2.74E-07 

0.88475 

0.88474 

3.35E-06 

0.91284 

0.91284 

1.06E-06 

0.70 

0.30 

0.90580 

0.90580 

2.24E-07 

0.91460 

0.91460 

2.90E-06 

0.93873 

0.93873 

4.00E-07 

0.10 

0.50 

0.84457 

0.84457 

3.73E-07 

0.85372 

0.85372 

1.66E-06 

0.88280 

0.88280 

2.98E-07 

0.50 

0.50 

0.87520 

0.87519 

3.13E-07 

0.88475 

0.88474 

7.58E-06 

0.91284 

0.91283 

4.37E-06 

0.90 

0.50 

0.90580 

0.90580 

2.32E-07 

0.91460 

0.91460 

3.21E-06 

0.93873 

0.93873 

9.19E-07 

0.30 

0.70 

0.84457 

0.84457 

3.69E-07 

0.85372 

0.85372 

7.51E-06 

0.88280 

0.88280 

6.12E-06 

0.70 

0.70 

0.87520 

0.87519 

3.42E-07 

0.88475 

0.88474 

9.96E-06 

0.91284 

0.91283 

7.09E-06 

0.10 

0.90 

0.81739 

0.81739 

2.29E-07 

0.82519 

0.82519 

6.48E-07 

0.85183 

0.85183 

4.19E-07 

0.50 

0.90 

0.84457 

0.84457 

3.61E-07 

0.85372 

0.85372 

7.91E-06 

0.88280 

0.88280 

6.89E-06 

0.90 

0.90 

0.87520 

0.87520 

2.83E-07 

0.88475 

0.88474 

4.23E-06 

0.91284 

0.91284 

2.69E-06 
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process  required  by  the  ELMFS  as  far  as  the  nonlinear 
Burgers’  problem  is  concerned 

4.2.  Problem  2 

The  second  validation  problem  is  the  unsteady  Burgers’ 
equations  in  two  variables,  Eqs.  (1)  and  (2).  The  analytical 
solutions  can  be  obtained  by  the  Cole-Hopf  transforma¬ 
tion  [4,5,7]  and  have  been  used  as  a  test  problem  by 
Bahadir  [8]: 

3  1 

u{x, Qxx>{i-Ax  +  Ay  -l){ReJil))\  ’ 


v{x,y,  t)  4  +  ^  exp((-4x  +  4y  -  t)(Pe/32))]  ' 

The  computational  domain  is  =  {(x,p)  :  1, 

The  initial  and  boundary  conditions  are  taken 
from  the  analytical  solutions.  The  numerical  results  are 
shown  in  Fig.  6  when  Re  =  100.  It  is  noted  that  there  are 
sharp  gradients  which  move  toward  the  same  direction  in 
the  M  and  v  distributions,  respectively.  The  nonlinear  term 
dominates  the  evolutionary  process  and  there  appears  a 
wave-like  profile  in  Fig.  6  at  Re  —  100.  The  absolute  errors 
are  displayed  in  Fig.  7  and  the  same  phenomenon  is 
revealed  clearly  that  errors  will  move  with  the  fronts.  The 


Table  3 

Numerical  solutions  of  u  at  different  time  levels  in  some  specific  points  of  problem  2  (Jie  =  100,  At  =  0.005) 


y 

Analytical  solution 

Af=  11  X  11 

A=  21  X  21 

A=  21  X  21 

ELMFS 

ERROR 

ELMFS 

lERRORI 

FDM  [8] 

ERROR 

t  =  0.01 

0.1 

0.1 

0.62305 

0.62323 

1.87E-04 

0.62229 

7.58E-04 

0.62310 

5.30E-05 

0.5 

0.1 

0.50162 

0.50141 

2.11E-04 

0.50154 

8.37E-05 

0.50161 

1.21E-05 

0.9 

0.1 

0.50001 

0.50035 

3.36E-04 

0.49995 

6.01E-05 

0.50000 

l.lOE-05 

0.3 

0.3 

0.62305 

0.62306 

1.79E-05 

0.62308 

2.98E-05 

0.62311 

6.30E-05 

0.7 

0.3 

0.50162 

0.50201 

3.84E-04 

0.50164 

2.17E-05 

0.50162 

2.07E-06 

0.1 

0.5 

0.74827 

0.74863 

3.59E-04 

0.74826 

1.27E-05 

0.74827 

4.04E-06 

0.5 

0.5 

0.62305 

0.62321 

1.60E-04 

0.62307 

2.68E-05 

0.62311 

6.30E-05 

0.9 

0.5 

0.50162 

0.50143 

1.95E-04 

0.50159 

3.68E-05 

0.50162 

2.07E-06 

0.3 

0.7 

0.74827 

0.74774 

5.39E-04 

0.74827 

7.19E-06 

0.74827 

4.04E-06 

0.7 

0.7 

0.62305 

0.62302 

2.56E-05 

0.62308 

3.53E-05 

0.62311 

6.30E-05 

0.1 

0.9 

0.74999 

0.74969 

2.94E-04 

0.74992 

6.74E-05 

0.74998 

8.29E-06 

0.5 

0.9 

0.74827 

0.74854 

2.71E-04 

0.74826 

1.29E-05 

0.74827 

4.04E-06 

0.9 

0.9 

0.62305 

0.62305 

1.04E-06 

0.62269 

3.62E-04 

0.62311 

6.30E-05 

t  =  0.5 

0.1 

0.1 

0.54332 

0.53566 

7.66E-03 

0.54241 

9.12E-04 

0.54235 

9.72E-04 

0.5 

0.1 

0.50035 

0.50150 

1.14E-03 

0.50024 

1.17E-04 

0.49964 

7.13E-04 

0.9 

0.1 

0.50000 

0.50432 

4.32E-03 

0.49999 

7.65E-06 

0.49931 

6.92E-04 

0.3 

0.3 

0.54332 

0.54905 

5.73E-03 

0.54427 

9.48E-04 

0.54207 

1.25E-03 

0.7 

0.3 

0.50035 

0.50193 

1.58E-03 

0.50030 

5.40E-05 

0.49961 

7.43E-04 

0.1 

0.5 

0.74221 

0.73665 

5.56E-03 

0.74222 

4.84E-06 

0.74130 

9.14E-04 

0.5 

0.5 

0.54332 

0.54347 

1.51E-04 

0.54366 

3.39E-04 

0.54222 

LlOE-03 

0.9 

0.5 

0.50035 

0.50025 

9.80E-05 

0.50030 

5.60E-05 

0.49997 

3.83E-04 

0.3 

0.7 

0.74221 

0.74263 

4.14E-04 

0.74220 

1.51E-05 

0.74145 

7.64E-04 

0.7 

0.7 

0.54332 

0.54331 

1.08E-05 

0.54367 

3.45E-04 

0.54243 

8.92E-04 

0.1 

0.9 

0.74995 

0.75128 

1.34E-03 

0.74991 

3.92E-05 

0.74913 

8.16E-04 

0.5 

0.9 

0.74221 

0.74218 

3.82E-05 

0.74230 

8.93E-05 

0.74201 

2.04E-04 

0.9 

0.9 

0.54332 

0.54338 

5.66E-05 

0.54377 

4.44E-04 

0.54232 

l.OOE-03 

t  =  2.0 

0.1 

0.1 

0.50048 

0.49845 

2.03E-03 

0.50012 

3.59E-04 

0.49983 

6.52E-04 

0.5 

0.1 

0.50000 

0.50142 

1.41E-03 

0.49996 

3.95E-05 

0.49930 

7.03E-04 

0.9 

0.1 

0.50000 

0.50201 

2.01E-03 

0.49995 

4.57E-05 

0.49930 

7.00E-04 

0.3 

0.3 

0.50048 

0.49020 

1.03E-02 

0.50042 

6.05E-05 

0.49977 

7.12E-04 

0.7 

0.3 

0.50000 

0.49589 

4.11E-03 

0.49999 

L53E-05 

0.49930 

7.03E-04 

0.1 

0.5 

0.55568 

0.55469 

9.86E-04 

0.55516 

5.15E-04 

0.55461 

1.07E-03 

0.5 

0.5 

0.50048 

0.49774 

2.74E-03 

0.50041 

7.31E-05 

0.49973 

7.52E-04 

0.9 

0.5 

0.50000 

0.49878 

1.22E-03 

0.49999 

1.18E-05 

0.49931 

6.93E-04 

0.3 

0.7 

0.55568 

0.56310 

7.42E-03 

0.55587 

1.95E-04 

0.55429 

L39E-03 

0.7 

0.7 

0.50048 

0.49998 

4.98E-04 

0.50045 

3.45E-05 

0.49970 

7.82E-04 

0.1 

0.9 

0.74426 

0.74114 

3.12E-03 

0.74416 

9.21E-05 

0.74340 

8.56E-04 

0.5 

0.9 

0.55568 

0.55848 

2.81E-03 

0.55637 

6.95E-04 

0.55413 

1.55E-03 

0.9 

0.9 

0.50048 

0.50063 

1.44E-04 

0.50051 

2.69E-05 

0.50001 

4.72E-04 
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maximum  absolute  errors  of  u  and  v  at  three  different  time 
increments  are  shown  in  Fig.  8.  When  a  smaller  time  step  is 
used,  the  numerical  accuracy  is  systematically  improved.  It 
seems  that  only  accuracy  instead  of  stability  problem  is 
involved  in  the  selection  of  time  step.  At  the  previous 
section,  we  suggest  that  the  time  level  of  source  points  can 
be  determined  by  the  empirical  function  l(At)  =  //R.  When 
fi  is  set  to  0.5,  1,  5  or  10  and  R  is  equal  to  V2,  the  results  of 
time  history  of  maximum  absolute  errors  are  demonstrated 
in  Fig.  9.  The  numerical  solution  with  fi  —  0.5  is  the  worst 
one  and  the  result  with  fi—  I  is  the  best  case  in  this 
numerical  test.  Therefore,  we  suggest  choosing  n  —  1  and 
all  numerical  results  in  this  investigation  are  obtained  by 


fi—l.  The  numerical  results  in  this  study  show  that  the 
empirical  formula  is  very  useful  and  provides  a  valuable 
guide  to  determine  the  optimal  temporal  location  of  the 
source  point  in  the  unsteady  MFS.  The  theoretical  study 
and  more  numerical  tests  of  the  proposed  formula  will  be 
thoroughly  examined  in  the  future  research. 

The  detailed  velocity  results  and  associated  errors  at 
some  specified  points  are  listed  in  Table  2  for  Re  =  10  and 
the  proposed  numerical  scheme  is  very  stable  and  accurate 
when  the  evolutionary  process  happened.  The  results  of  u 
and  V  components  for  Re  —  100  are  listed  in  Tables  3  and  4, 
respectively,  and  the  problem  is  also  solved  by  FDM 
[8].  The  numerical  computations  were  preformed  using 


Table  4 

Numerical  solutions  of  v  at  different  time  levels  in  some  specific  points  of  problem  2  {Re  =  100,  At  =  0.005) 


X 

T 

Analytical  solution 

A=  11  X  11 

A=  21  X  21 

A=  21  X  21 

ELMFS 

lERRORI 

ELMFS 

lERRORI 

FDM  [8] 

ERROR 

t  =  0.01 

0.1 

0.1 

0.87695 

0.87678 

1.75E-04 

0.87750 

5.51E-04 

0.87688 

7.30E-05 

0.5 

0.1 

0.99838 

0.99860 

2.20E-04 

0.99836 

1.84E-05 

0.99837 

7.93E-06 

0.9 

0.1 

0.99999 

0.99966 

3.28E-04 

0.99988 

1.06E-04 

0.99998 

9.00E-06 

0.3 

0.3 

0.87695 

0.87694 

1.72E-05 

0.87694 

1.56E-05 

0.87689 

6.30E-05 

0.7 

0.3 

0.99838 

0.99799 

3.84E-04 

0.99837 

5.37E-06 

0.99838 

2.07E-06 

0.1 

0.5 

0.75173 

0.75137 

3.52E-04 

0.75164 

8.13E-05 

0.75172 

5.96E-06 

0.5 

0.5 

0.87695 

0.87679 

1.59E-04 

0.87692 

2.92E-05 

0.87689 

6.30E-05 

0.9 

0.5 

0.99838 

0.99857 

1.95E-04 

0.99836 

1.46E-05 

0.99838 

2.07E-06 

0.3 

0.7 

0.75173 

0.75227 

5.39E-04 

0.75175 

2.46E-05 

0.75173 

4.04E-06 

0.7 

0.7 

0.87695 

0.87698 

2.53E-05 

0.87694 

1.52E-05 

0.87689 

6.30E-05 

0.1 

0.9 

0.75001 

0.75031 

2.99E-04 

0.74993 

7.84E-05 

0.75001 

1.71E-06 

0.5 

0.9 

0.75173 

0.75145 

2.73E-04 

0.75170 

2.97E-05 

0.75173 

4.04E-06 

0.9 

0.9 

0.87695 

0.87695 

2.96E-06 

0.87723 

2.74E-04 

0.87689 

6.30E-05 

t  =  0.5 

0.1 

0.1 

0.95668 

0.96467 

7.99E-03 

0.95717 

4.93E-04 

0.95577 

9.08E-04 

0.5 

0.1 

0.99965 

0.99878 

8.67E-04 

0.99952 

1.24E-04 

0.99827 

1.38E-03 

0.9 

0.1 

1.00000 

0.99592 

4.07E-03 

0.99974 

2.60E-04 

0.99861 

1.39E-03 

0.3 

0.3 

0.95668 

0.95127 

5.41E-03 

0.95551 

1.16E-03 

0.95596 

7.18E-04 

0.7 

0.3 

0.99965 

0.99834 

1.30E-03 

0.99952 

1.23E-04 

0.99827 

1.38E-03 

0.1 

0.5 

0.75779 

0.76366 

5.87E-03 

0.75748 

3.01E-04 

0.75699 

7.96E-04 

0.5 

0.5 

0.95668 

0.95667 

3.55E-06 

0.95621 

4.73E-04 

0.95685 

1.72E-04 

0.9 

0.5 

0.99965 

0.99990 

2.52E-04 

0.99957 

8.09E-05 

0.99903 

6.17E-04 

0.3 

0.7 

0.75779 

0.75763 

1.58E-04 

0.75760 

1.86E-04 

0.75723 

5.56E-04 

0.7 

0.7 

0.95668 

0.95669 

1.61E-05 

0.95632 

3.58E-04 

0.95746 

7.82E-04 

0.1 

0.9 

0.75005 

0.74897 

1.09E-03 

0.74984 

2.15E-04 

0.74924 

8.14E-04 

0.5 

0.9 

0.75779 

0.75786 

6.92E-05 

0.75769 

9.33E-05 

0.75781 

2.40E-05 

0.9 

0.9 

0.95668 

0.95661 

6.97E-05 

0.95630 

3.79E-04 

0.95777 

1.09E-03 

t  =  2.0 

0.1 

0.1 

0.99952 

1.00191 

2.40E-03 

0.99946 

6.02E-05 

0.99826 

1.26E-03 

0.5 

0.1 

1.00000 

0.99902 

9.72E-04 

0.99980 

1.95E-04 

0.99860 

1.40E-03 

0.9 

0.1 

1.00000 

0.99845 

1.55E-03 

0.99978 

2.18E-04 

0.99861 

1.39E-03 

0.3 

0.3 

0.99952 

1.01020 

1.07E-02 

0.99938 

1.42E-04 

0.99820 

1.32E-03 

0.7 

0.3 

1.00000 

1.00454 

4.54E-03 

0.99984 

1.56E-04 

0.99860 

1.40E-03 

0.1 

0.5 

0.94432 

0.94571 

1.38E-03 

0.94450 

1.70E-04 

0.94393 

3.95E-04 

0.5 

0.5 

0.99952 

1.00268 

3.16E-03 

0.99941 

1.07E-04 

0.99821 

1.31E-03 

0.9 

0.5 

1.00000 

1.00164 

1.64E-03 

0.99984 

1.56E-04 

0.99862 

1.38E-03 

0.3 

0.7 

0.94432 

0.93727 

7.06E-03 

0.94387 

4.56E-04 

0.94409 

2.35E-04 

0.7 

0.7 

0.99952 

1.00043 

9.14E-04 

0.99937 

1.47E-04 

0.99823 

1.29E-03 

0.1 

0.9 

0.75574 

0.75928 

3.54E-03 

0.75558 

1.66E-04 

0.75500 

7.44E-04 

0.5 

0.9 

0.94432 

0.94188 

2.45E-03 

0.94345 

8.72E-04 

0.94441 

8.50E-05 

0.9 

0.9 

0.99952 

0.99977 

2.49E-04 

0.99938 

1.42E-04 

0.99846 

1.06E-03 
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Fig.  10.  Time  history  of  maximum  absolute  errors  of  (a)  u  and  (b)  v  on  the 
problem  2  with  noisy  data  at  Re  =  100  (At  =  0.005,  N  =  441). 


Fig.  11.  Time  history  of  (a)  u  and  (b)  v  at  (0.5,  0.5)  on  problem  2  with 
noisy  data  at  Re  =  100  (At  =  0.005,  N  =  441). 


uniform  node  distribution,  with  the  number  of  nodes 
121  and  441,  respectively.  The  last  columns  in  both 
Tables  3  and  4  show  the  numerical  results  by  FDM  [8]  with 
a  uniform  mesh  21  x21.  By  examining  those  results,  the 
solution  obtained  by  ELMFS  is  more  accurate  than  FDM 
[8].  Even  using  only  121  coarse  collocating  points  the 
ELMFS  results  have  reached  acceptable  accuracy. 

Furthermore,  we  consider  the  problem  with  noisy  initial 
and  boundary  data  as  follows: 

„U,v,0)  =  (1  + 

(24) 


vix,y,0)  (1  +  /c£)|^  +  ^  exp((-4x  +  4j)(i?e/32))]} 

(x,y)  e  Q,  (25) 

')  =  ( 1  +  fa){  j  - 

{x,y)  e  6f2,  (26) 

411+  «p((-4x  +‘4,.  -  »/(fe/32))]} 

(x,>’)e6f2,  (27) 


(x,y)  e  Q, 
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where  e  is  a  uniformly  distributed  random  number  and 
—  And  k  is  the  amplitude  of  noise  level.  These 

random  numbers  are  generated  by  the  FORTRAN 
subroutine  RANDOM_SEED.  In  our  numerical  experi¬ 
ment,  we  solve  the  problems  with  noise  levels  from  k  — 
10“^  to  10“^.  The  maximum  absolute  errors  of  u  and  v  are 
shown  in  Fig.  10  for  different  k.  When  the  amplitude  of  k  is 
smaller  than  10“^,  the  results  are  accurate.  For  larger 
values  of  k  (1%),  the  results  are  not  as  good  as  solutions 
with  smaller  k  but  still  acceptable  (within  1%  error).  In  this 
test,  the  proposed  ELMFS  without  regularization  methods 


a 


Fig.  12.  Time  history  of  maximum  absolute  errors  of  (a)  u  and  (b)  v  on 
problem  2  for  the  amplitude  of  noise  k=  1%  at  Re  =  100  (At  =  0.005, 
A' =  441). 


can  be  used  to  successfully  analyze  problems  with 
moderate  noise  level  up  to  ^  =  10“^.  The  same  conjecture 
was  also  observed  when  the  MFS  is  used  to  solve  the 
Laplace  equations  with  the  moderate  noise  level  [32].  This 
demonstrates  that  the  present  ELMFS  is  superior  to  other 
numerical  methods  as  far  as  dealing  with  moderate  noise 
level  is  concerned. 

For  larger  noise  disturbance  we  also  consider  the 
regularization  methods  to  improve  the  accuracy  of 
numerical  results  for  k  —  10“^.  Marin  et  al.  [33]  indicated 
that  more  accurate  results  could  be  obtained  if  the  singular 
value  decomposition  (SVD)  technique  was  used.  Fig.  11 
shows  the  time  evolution  of  u  and  v  at  (0.5, 0.5)  by  the 
truncated  SVD  (TSVD)  and  QR  decomposition  with 
the  regularization.  The  results  of  TSVD  are  obtained  by 
the  NUMERICAL  RECIPES  [34]  subroutine  SVDCMP; 
and  the  results  of  QR  decomposition  are  found  by  the 
FORTRAN  subroutine  DLSQRR.  In  addition,  tol  is  a 
parameter  to  be  assigned.  For  TSVD,  it  means  the  singular 
value  smaller  than  tol  of  matrix  is  allowed  to  be  zero.  For 
DLSQRR,  it  means  the  tolerance  tol  used  to  determine  the 


a 


(ri  =  r2  =  1,  q  =  (0,0)  ,C2  =  (-1.8,0)) 


b 


Fig.  13.  (a)  Computational  domain  of  problem  3  (b)  Distribution  of  some 
specific  points  of  problem  3  for  comparison. 
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subset  of  columns  of  matrix  is  included  in  the  solution. 
Fig.  12  shows  the  maximum  absolute  errors  of  u  and  v  by 
TSVD  and  QR  decomposition  (DLSQRR).  Those  figures 
indicate  that  the  regularization  by  TSVD  did  not  improve 
much  numerical  accuracy  as  DLSQRR  did.  Therefore,  we 
conclude  that  the  DLSQRR  is  a  powerful  algorithm  to 
solve  matrices  in  the  regularization  process.  In  summary, 
this  ELMFS  technique  will  produce  accurate  and  stable 
solutions  with  or  without  regularization  for  the  studied 
level  of  noise  added  into  the  data. 

4.3.  Problem  3 

After  validating  the  above  two  problems  by  analytic 
solutions  with  and  without  noise  consideration,  it  is  found 


that  the  ELMFS  can  handle  the  evolutionary  process  of  the 
two-dimensional  unsteady  Burgers’  equations  in  the 
regular  domain.  Even  in  the  second  problem,  the  EEMFS 
will  give  more  accurate  results  than  the  EDM.  In  order  to 
demonstrate  the  flexibility  of  the  meshless  method,  the 
computational  domain  is  chosen  as  an  irregular  one  as 
shown  in  Eig.  13(a).  The  Burgers’  equations  in  such  an 
irregular  domain  are  difficult  to  be  handled  by  mesh- 
dependent  methods,  such  as  EDM  or  EEM.  The  analytical 
solution  is  the  same  as  the  one  which  is  used  in  problem  2. 
The  initial  and  boundary  conditions  are  taken  from  the 
analytical  solutions.  The  u,  v  results  and  absolute  errors  for 
Re  —  100  are  present  in  Eigs.  14  and  15,  respectively.  The 
fronts  moved  in  the  same  direction  as  we  expected  and  the 
absolute  errors  also  moved  with  that  front.  To  examine 
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Fig.  14.  Velocity  profiles  of  problem  3  at  different  time  levels  (Re  =  100,  At  =  0.005,  N  =  364).  (a)  t  =  0.01;  (b)  t  =  0.50;  (c)  t  =  2.00. 
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a 


Fig.  15.  Error  profiles  of  problem  3  at  different  time  levels  (Re  =  100,  At  =  0.005,  N  =  364).  (a)  t  =  0.01;  (b)  t  =  0.50;  (c)  t  =  2.00. 


more  seriously,  the  velocities  and  absolute  errors  at  some 
specific  points,  which  are  drawn  in  Fig.  13(b),  are  recorded 
in  Tables  5  and  6  for  Re  —  \0  and  100,  respectively.  Those 
results  are  very  accurate  even  in  an  irregular  domain  by 
inspecting  these  solutions  in  the  tables.  The  proposed 
ELMFS  can  render  the  correct  results  in  an  irregular 
domain  even  using  very  coarse  collocating  points,  and  then 
it  is  proven  that  this  method  is  a  simple,  stable  and  accurate 
scheme  due  to  the  features  of  nreshless  method. 

5.  Conclusions  and  discussions 

The  unsteady  nonlinear  two-dimensional  Burgers’  equa¬ 
tions  are  analyzed  by  the  ELMFS  which  is  the  combination 


of  the  ELM  and  the  MFS.  The  two-dimensional  quasi- 
linear  Burgers’  equations  are  converted  to  the  characteristic 
diffusion  equations  by  the  ELM,  and  then  the  MFS  is 
applied  to  the  diffusion  equations.  Finally,  the  solutions  of 
the  Burgers’  equations  can  be  obtained  by  performing  the 
back-tracking  scheme  through  the  characteristics.  The 
proposed  numerical  scheme,  which  is  free  from  mesh 
generation  and  numerical  integration,  is  a  truly  meshless 
method.  Therefore,  it  is  very  easy  to  simulate  the  nonlinear 
Burgers’  problem  in  irregular  domain  with  or  without 
the  disturbances  of  noisy  initial  and  boundary  data.  In 
addition  the  unsteady  MFS  is  applied  in  time-space  united 
system,  so  Laplace  transform  or  difference  discretization 
for  time  domain  is  not  needed.  Furthermore,  through  this 
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Table  5 

Numerical  solutions  of  (a)  u  and  (b)  v  at  different  time  levels  in  some  specific  points  of  problem  3  {Re  =  10,  At  =  0.005,  N  =  120) 


A 

f  =  0.01 

t  =  0.5 

t  =  2.0 

Analytical 

solution 

ELMFS 

lERRORI 

Analytical 

solution 

ELMFS 

lERRORI 

Analytical 

solution 

ELMFS 

lERRORI 

(a) 


0.00 

0.90 

0.68858 

0.68863 

4.88E-05 

0.68122 

0.68128 

6.35E-05 

0.65561 

0.65584 

2.23E-04 

-0.70 

0.50 

0.70428 

0.70430 

1.81E-05 

0.69828 

0.69827 

1.87E-06 

0.67645 

0.67648 

3.41E-05 

-0.70 

-0.50 

0.64035 

0.64041 

5.45E-05 

0.63086 

0.63114 

2.83E-04 

0.60183 

0.60212 

2.89E-04 

0.00 

-0.90 

0.56113 

0.56129 

1.68E-04 

0.55433 

0.55475 

4.15E-04 

0.53701 

0.53738 

3.67E-04 

0.90 

0.00 

0.56113 

0.56130 

1.70E-04 

0.55433 

0.55459 

2.60E-04 

0.53701 

0.53736 

3.53E-04 

0.00 

0.50 

0.58698 

0.58700 

1.44E-05 

0.57851 

0.57859 

8.22E-05 

0.55568 

0.55613 

4.59E-04 

-0.45 

0.25 

0.67628 

0.67629 

4.27E-06 

0.66808 

0.66819 

1.04E-04 

0.64054 

0.64080 

2.57E-04 

-0.38 

0.00 

0.65359 

0.65359 

4.21E-06 

0.64437 

0.64453 

1.56E-04 

0.61525 

0.61560 

3.46E-04 

-0.45 

-0.25 

0.64035 

0.64037 

2.02E-05 

0.63086 

0.63113 

2.75E-04 

0.60183 

0.60221 

3.80E-04 

0.00 

-0.50 

0.58698 

0.58699 

7.03E-06 

0.57851 

0.57887 

3.56E-04 

0.55568 

0.55616 

4.83E-04 

0.50 

0.00 

0.58698 

0.58700 

1.44E-05 

0.57851 

0.57859 

8.22E-05 

0.55568 

0.55613 

4.59E-04 

0.00 

0.08 

0.63105 

0.63107 

1.82E-05 

0.62149 

0.62157 

8.11E-05 

0.59292 

0.59339 

4.66E-04 

-0.07 

0.00 

0.62988 

0.62989 

1.28E-05 

0.62031 

0.62042 

1.04E-04 

0.59183 

0.59228 

4.55E-04 

0.00 

-0.08 

0.61856 

0.61858 

1.65E-05 

0.60907 

0.60919 

1.22E-04 

0.58157 

0.58205 

4.78E-04 

0.08 

0.00 

0.61856 

0.61858 

2.36E-05 

0.60907 

0.60917 

9.40E-05 

0.58157 

0.58207 

4.94E-04 

(h) 

0.00 

0.90 

0.81142 

0.81138 

3.52E-05 

0.81878 

0.81873 

5.47E-05 

0.84439 

0.84419 

1.95E-04 

-0.70 

0.50 

0.79572 

0.79572 

7.99E-06 

0.80172 

0.80175 

2.86E-05 

0.82355 

0.82355 

5.04E-06 

-0.70 

-0.50 

0.85965 

0.85961 

4.21E-05 

0.86914 

0.86894 

2.05E-04 

0.89817 

0.89796 

2.09E-04 

0.00 

-0.90 

0.93887 

0.93872 

1.50E-04 

0.94567 

0,94532 

3.48E-04 

0.96299 

0.96269 

2.98E-04 

0.90 

0.00 

0.93887 

0.93874 

1.37E-04 

0.94567 

0.94546 

2.07E-04 

0.96299 

0.96271 

2.76E-04 

0.00 

0.50 

0.91302 

0.91301 

8.04E-06 

0.92149 

0.92142 

6.75E-05 

0.94432 

0.94394 

3.82E-04 

-0.45 

0.25 

0.82372 

0.82372 

8.14E-07 

0.83192 

0.83183 

8.35E-05 

0.85946 

0.85924 

2.16E-04 

-0.38 

0.00 

0.84641 

0.84641 

2.98E-06 

0.85563 

0.85550 

1.30E-04 

0.88475 

0.88446 

2.88E-04 

-0.45 

-0.25 

0.85965 

0.85963 

1.50E-05 

0.86914 

0.86893 

2.15E-04 

0.89817 

0.89787 

3.00E-04 

0.00 

-0.50 

0.91302 

0.91301 

5.04E-06 

0.92149 

0.92117 

3.19E-04 

0.94432 

0.94391 

4.19E-04 

0.50 

0.00 

0.91302 

0.91301 

8.04E-06 

0.92149 

0.92142 

6.75E-05 

0.94432 

0.94394 

3.82E-04 

0.00 

0.08 

0.86895 

0.86894 

1.06E-05 

0.87851 

0.87845 

6.80E-05 

0.90708 

0.90669 

3.91E-04 

-0.07 

0.00 

0.87012 

0.87011 

7.62E-06 

0.87969 

0.87959 

9.19E-05 

0.90817 

0.90779 

3.84E-04 

0.00 

-0.08 

0.88144 

0.88143 

9.72E-06 

0.89093 

0.89082 

1.08E-04 

0.91843 

0.91802 

4.05E-04 

0.08 

0.00 

0.88144 

0.88143 

1.35E-05 

0.89093 

0.89085 

7.76E-05 

0.91843 

0.91801 

4.13E-04 

process  we  are  able  to  extend  the  time-dependent  MFS  to 
solve  nonlinear  partial  differential  equations.  In  this  article, 
the  two-dimensional  Burgers’  equations  in  one  and  two 
variables  are  analyzed  by  the  proposed  meshless  method 
and  the  ELMFS  analysis  compares  very  well  with  the 
analytical  solutions  and  FDM  results.  Hence,  it  is 
convinced  that  the  proposed  method  could  provide  a 
simple,  robust  and  reliable  numerical  tool  for  Burgers’ 
equations. 

Although  the  proposed  ELMFS  can  be  easily  used  to 
deal  with  the  nonlinear  Burgers’  equations,  there  are  still 
some  issues  which  have  to  be  addressed  at  this  stage.  One 
of  the  issues  is  the  stability  of  ELMFS  which  means  the 
determinations  of  the  time  increment  and  the  temporal 
location  of  the  source  points.  Roughly  speaking,  the 
time  increment  of  the  ELMFS  will  be  determined  by  a 
compromise  of  accurate  schemes  between  the  ELM 
(higher-order  finite  difference  scheme  will  surely  improve 
the  accuracy)  and  the  MFS  (very  accurate  method).  So 
there  is  no  stability  but  only  accuracy  problem  in  the 


ELMFS.  On  the  other  hand,  the  temporal  location  of  the 
source  points  can  be  settled  by  the  proposed  empirical 
formula.  More  detailed  numerical  and  theoretical  study  of 
the  stability  and  accuracy  will  be  performed  in  the  near 
future. 

Another  relevant  issue  of  ELMFS  is  the  comparison  of 
efficiency  between  the  proposed  method  and  conventional 
numerical  methods.  Though  the  proposed  method  outper¬ 
forms  conventional  methods  in  the  issue  of  mesh  genera¬ 
tion  and  numerical  quadrature,  and  high  powers  to  get 
accurate  nonlinear  solutions  for  dealing  with  the  irregular 
domains  and  initial  and  boundary  noise  data  by  using  very 
coarse  collocating  points,  the  full-populated  matrices 
solvers  are  crucial  for  promoting  efficiency  of  the  ELMFS. 
It  is  too  premature  to  draw  a  solid  conclusion  now  to  take 
into  considerations  of  so  many  issues  discussed  above. 
Perhaps  a  thorough  study  to  find  an  efficient  matrices 
solver  is  of  paramount  importance  to  the  popularity  of  the 
ELMFS  and  this  investigation  deserves  more  intensive 
research. 
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Table  6 

Numerical  solutions  of  (a)  u  and  (b)  v  at  different  time  levels  in  some  specific  points  of  problem  3  (Re  =  100,  At  =  0.005,  N  =  364) 


X 

y 

t  =  0.01 

t  =  0.5 

t  =  2.0 

Analytical 

solution 

ELMFS 

lERRORI 

Analytical 

solution 

ELMFS 

lERRORI 

Analytical 

solution 

ELMFS 

lERRORI 

(a) 


0.00 

0.90 

0.75000 

0.74992 

7.56E-05 

0.74998 

0.75011 

1.29E-04 

0.74833 

0.74946 

1.13E-03 

-0.70 

0.50 

0.75000 

0.75001 

7.01E-06 

0.75000 

0.74979 

2.12E-04 

0.74996 

0.75184 

1.88E-03 

-0.70 

-0.50 

0.73048 

0.73155 

1.07E-03 

0.67965 

0.67929 

3.60E-04 

0.50574 

0.51385 

8.10E-03 

0.00 

-0.90 

0.50000 

0.49995 

5.45E-05 

0.50000 

0.50013 

1.28E-04 

0.50000 

0.49996 

3.74E-05 

0.90 

0.00 

0.50000 

0.49999 

9.02E-06 

0.50000 

0.50004 

3.73E-05 

0.50000 

0.50082 

8.17E-04 

0.00 

0.50 

0.74950 

0.74951 

6.85E-06 

0.74772 

0.74789 

1.75E-04 

0.62500 

0.63329 

8.29E-03 

-0.45 

0.25 

0.74996 

0.74995 

5.36E-06 

0.74981 

0.74982 

l.OOE-05 

0.73104 

0.73304 

2.00E-03 

-0.38 

0.00 

0.74765 

0.74765 

7.59E-08 

0.73948 

0.73990 

4.22E-04 

0.54332 

0.54915 

5.82E-03 

-0.45 

-0.25 

0.73048 

0.73068 

2.03E-04 

0.67965 

0.68394 

4.29E-03 

0.50574 

0.50772 

1.98E-03 

0.00 

-0.50 

0.50047 

0.50047 

1.29E-06 

0.50010 

0.50014 

4.32E-05 

0.50000 

0.49980 

1.99E-04 

0.50 

0.00 

0.50047 

0.50048 

1.74E-05 

0.50010 

0.50008 

1.65E-05 

0.50000 

0.50087 

8.67E-04 

0.00 

0.08 

0.68122 

0.68127 

5.67E-05 

0.59074 

0.59524 

4.49E-03 

0.50131 

0.50242 

1.12E-03 

-0.07 

0.00 

0.67149 

0.67147 

1.39E-05 

0.58021 

0.58433 

4.13E-03 

0.50108 

0.50213 

1.05E-03 

0.00 

-0.08 

0.56571 

0.56573 

1.83E-05 

0.51790 

0.51827 

3.77E-04 

0.50018 

0.50176 

1.58E-03 

0.08 

0.00 

0.56571 

0.56567 

3.90E-05 

0.51790 

0.51831 

4.14E-04 

0.50018 

0.50070 

5.22E-04 

(h) 

0.00 

0.90 

0.75000 

0.74993 

7.63E-05 

0.75002 

0.74988 

1.35E-04 

0.75167 

0.75059 

1.08E-03 

-0.70 

0.50 

0.75000 

0.74992 

7.61E-05 

0.75000 

0.75029 

2.88E-04 

0.75004 

0.74792 

2.12E-03 

-0.70 

-0.50 

0.76952 

0.76834 

1.18E-03 

0.82035 

0.82075 

4.00E-04 

0.99426 

0.98637 

7.89E-03 

0.00 

-0.90 

1.00000 

0.99996 

4.05E-05 

1.00000 

0.99999 

4.49E-06 

1.00000 

1.00052 

5.24E-04 

0.90 

0.00 

1.00000 

0.99985 

1.42E-04 

1.00000 

0.99996 

4.03E-05 

1.00000 

1.00213 

2.13E-03 

0.00 

0.50 

0.75050 

0.75051 

1.30E-05 

0.75228 

0.75214 

1.44E-04 

0.87500 

0.86745 

7.55E-03 

-0.45 

0.25 

0.75004 

0.75005 

5.50E-06 

0.75019 

0.75018 

8.44E-06 

0.76896 

0.76705 

1.91E-03 

-0.38 

0.00 

0.75235 

0.75235 

2.34E-08 

0.76052 

0.76012 

4.01E-04 

0.95668 

0.95320 

3.47E-03 

-0.45 

-0.25 

0.76952 

0.76932 

2.03E-04 

0.82035 

0.81616 

4.19E-03 

0.99426 

0.99471 

4.59E-04 

0.00 

-0.50 

0.99953 

0.99955 

1.24E-05 

0.99990 

0.99998 

8.07E-05 

1.00000 

1.00276 

2.76E-03 

0.50 

0.00 

0.99953 

0.99953 

1.95E-06 

0.99990 

0.99993 

3.34E-05 

1.00000 

1.00188 

1.88E-03 

0.00 

0.08 

0.81878 

0.81873 

5.63E-05 

0.90926 

0.90478 

4.48E-03 

0.99869 

1.00030 

1.61E-03 

-0.07 

0.00 

0.82851 

0.82853 

1.28E-05 

0.91979 

0.91568 

4.11E-03 

0.99892 

1.00062 

1.71E-03 

0.00 

-0.08 

0.93429 

0.93427 

2.03E-05 

0.98210 

0.98176 

3.47E-04 

0.99982 

1.00096 

1.14E-03 

0.08 

0.00 

0.93429 

0.93433 

3.98E-05 

0.98210 

0.98169 

4.15E-04 

0.99982 

1.00200 

2.18E-03 
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